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Abstract 



We review the properties of BPS, or supersymmetric, magnetic monopoles, with 
an emphasis on their low-energy dynamics and their classical and quantum bound 
states. 

After an overview of magnetic monopoles, we discuss the BPS limit and its relation 
to supersymmetry. We then discuss the properties and construction of multimonopole 
solutions with a single nontrivial Higgs field. The low-energy dynamics of these 
monopoles is most easily understood in terms of the moduli space and its metric. We 
describe in detail several known examples of these. This is then extended to cases 
where the unbroken gauge symmetry include a non-Abclian factor. 

We next turn to the generic supersymmetric Yang-Mills (SYM) case, in which 
several adjoint Higgs fields are present. Working first at the classical level, we describe 
the effects of these additional scalar fields on the monopole dynamics, and then 
include the contribution of the fermionic zero modes to the low-energy dynamics. 
The resulting low-energy effective theory is itself supersymmetric. We discuss the 
quantization of this theory and its quantum BPS states, which are typically composed 
of several loosely bound compact dyonic cores. 

We close with a discussion of the D-branc realization of A/" = 4 SYM monopoles 
and dyons and explain the ADHMN construction of monopoles from the D-brane 
point of view. 
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Chapter 1 
Introduction 



The magnetic monopole may be the most interesting, and perhaps the most impor- 
tant, particle to be never found. 

Once the unity of electricity and magnetism was understood, it was quite natural 
to conjecture the existence of isolated magnetic poles that would be the counterparts 
of electric charges and that would complete the electric-magnetic duality of Maxwell's 
equation. Interest in the possibility of such objects was increased by Dirac's observa- 
tion in 1931 pr| that the existence of even a single magnetic monopole would provide 
an explanation for the observed quantization of electric charge. 

A new chapter opened in 1974, when 't Hooft ^ and Polyakov |.3J showed that in 
certain spontaneously broken gauge theories — a class that includes all grand unified 
theories — magnetic monopoles are not just a possibility, but a prediction. These 
objects are associated with solutions of the corresponding classical field equations 
and, in the weak coupling regime, their mass and other properties are calculable. 

These theoretical developments were accompanied by experimental searches for 
monopoles in bulk matter (including rocks from the Moon) and cosmic rays as well 
as by attempts to produce them in particle accelerators. To date all of these have 
been negative, and theoretical arguments now suggest, at least for GUT monopoles, 
that their abundance in the universe is so low as to make the detection of even one 
to be extraordinarily unlikely. Already in 1981, Dirac wrote [4j, in response to an 
invitation to a conference on the fiftieth anniversary of his paper, 

"I am inclined now to believe that monopoles do not exist. So many years 
have gone by without any encouragement from the experimental side." 

Yet, in the half-decade preceeding Dirac's statement magnetic monopoles had in- 
spired two important lines of theoretical inquiry. First, the attempt to understand 
why there is not an overabundance of monopoles surviving from the early universe 
[5] led Guth to the inflationary universe scenario [6], which has revolutionized our 
understanding of cosmology. The second direction, initiated by the approximation 
introduced by Prasad and Sommerfield [7] and by Bogomolny [8J, has led to consid- 
erable insights into the properties of supersjTiimetric field theories and string theory. 
It is this latter line of research that is the subject of this review. 
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The Bogomolny-Prasad-Sommerfield (BPS) limit of vanishing scalar potential was 
first proposed simply as a means of obtaining an analytic expression for the classical 
monopole solution. However, over the next few years several remarkable properties 
of the theory in this limit emerged. First, it was shown that solutions of the full 
second-order field equations could be obtained by solving the Bogomolny equation, a 
kind of self-duality equation that is first order in the fields. Solutions of this equation 
are guaranteed to have an energy that is exactly proportional to the magnetic charge. 
This suggests that there might be static solutions composed of two or more separated 
monopoles, with their mutual magnetic repulsion exactly cancelled by the attractive 
force mediated by the Higgs field, which becomes massless in the BPS limit. This 
possibility is actually realized, with there being continuous families of multimonopole 
solutions. 

In the context of the classical SU(2) theory, the BPS limit seems to be rather 
ad hoc, and the properties that follow from it appear to be curiosities with no deep 
meaning. Their relevance for the quantum theory seems uncertain. Indeed, it is 
not even clear that the BPS limit can be maintained when quantum corrections are 
included. However, matters are clarified by the realization that this theory can be 
naturally expanded in a way that makes it supersymmetric. The resulting supersym- 
metric Yang-Mills (SYM) theory has a nonvanishing scalar field potential — whose 
form is preserved by quantum corrections — but yet yields the same classical field 
equations. The classical energy-charge relation is seen to correspond to an operator 
relation between the Hamiltonian and the central charges, with states obeying this 
relation lying in a special class of supermultiplets and leaving unbroken some of the 
generators of the supersymmetry. This relation implies the Bogomolny equation in 
the weak coupling limit, but is still meaningful when the coupling is so large that the 
semiclassical approximation can no longer be trusted. 

There is another motivation for making the theory supersymmetric. Montonen 
and Olive |9j had noted that the classical mass spectrum was invariant under an 
electric-magnetic duality symmetry, and suggested that this might be a symmetry of 
the full theory. However, when particle spins are taken into account, the spectrum is 
seen to only be fully invariant if the theory is maximally expanded, to A/" = 4 SYM. If 
the field theory is viewed as a low-energy approximation to string theory, this duality 
symmetry is a reflection of the S-duality of the string theory. 

The supersymmetry brings in other new features. If the gauge group is larger 
than SU(2), the additional scalar fields of the SYM theory give rise to new classical 
solutions that can be viewed as loosely bound collections of two or more dyonic cores. 
These can be studied within the quantum theory with the aid of a low-energy effec- 
tive theory. This is a truncation of the full quantum field theory that retains only 
the bosonic collective coordinates of the individual monopoles and their fermionic 
counterparts associated with fermion zero modes. The correspondence between the 
classical and quantum theories turns out to be rather subtle, revealing some unex- 
pected aspects of the spectra of supersymmetric, or BPS, states in SYM theories. 

The spectrum of BPS states becomes of particular importance in the context of 
duality, both in field theory and in string theory. In the 1990's, as the notion of 
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duality took on a more definite formulation, the study of the BPS spectra became a 
primary tool for checking whether a duality existed between a pair of theories. This 
was true not only for the self-duality of A/" = 4 SYM field theory, but for the various 
dualities between the five string theories in ten dimensions and M theory in eleven 
dimensions, where supersymmetric states involving D-branes are often counted and 
matched with their dual BPS states. 

Although the initial investigations in this direction were fairly successful, the 
counting of more general BPS states turned out to be anything but straightforward. 
This was particularly true for those BPS states that preserve four or fewer super- 
charges. The existence of such states is often sensitive to the choice of vacuum and to 
the choice of coupling constants, which are then interwoven with the duality in a sub- 
tle manner. So far, no general theory of BPS spectra is known, although much effort 
has been devoted to attacking this problem in the many guises in which it presents it- 
self, including D-branes wrapping cycles in Calabi-Yau manifolds, boundary states in 
conformal field theories, open membranes ending on appropriately curved M5 branes, 
and BPS dyons in the Seiberg-Witten description of A/" = 2 SYM. 

We believe the material presented in this review will shed much light on this gen- 
eral unsolved problem. While the methodology used here is itself somewhat limited, 
in that it deals with weakly coupled SYM, some of the qualitative features should 
prove to be common to all these related problems. These include both the marginal 
stability domain wall and the large degeneracy, unrelated to any known symmetry, 
that is often found in BPS states with large charges. 

We begin our review, in Chap. 2, with an overview of the SU(2) magnetic mono- 
pole solution of 't Hooft and Polyakov. We describe how it arises as a topological 
soliton. We also discuss the zero modes about the solution, and explain how one of 
these, related to the unbroken global gauge symmetry, leads to the existence of dyonic 
solutions carrying both electric and magnetic charges. We introduce the moduli 
space of solutions and its metric; these concepts play an important role in our later 
discussions. 

In Chap. 3, we specialize to the case of BPS solutions. We discuss in detail 
their relation to supersymmetry, and describe how magnetically charged states that 
preserve part of the supersymmetry can be obtained. The Montonen- Olive duality 
conjecture is also introduced here. 

Chapter 4 is devoted to the discussion of classical multimonopole solutions. After 
developing the formalism for describing monopoles in theories with gauge groups 
larger than SU(2), we show how index theory methods can be used to determine the 
dimension of the space of solutions. We describe a powerful method, introduced by 
Nahm, for constructing multimonopole solutions and illustrate its use with several 
examples. 

For a given magnetic charge, the multimonopole solutions obtained in Chap. 4 
form a manifold, the moduli space, with the coordinates on this manifold naturally 
taken to be the collective coordinates of the component monopoles. In the low- 
energy limit, a good approximation to the full field theory dynamics is obtained 
by truncating to these collective coordinates, whose behavior is governed by a purely 
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kinetic Lagrangian that is specified by a naturally defined metric on the moduli space. 
The classical motions of the monopoles correspond to geodesies on the moduli space. 
We discuss the moduli space and its metric in Chap. 5, and describe, with examples, 
some methods by which the metric can be determined. 

Most of the discussion in this review assumes that the gauge group is maximally 
broken, to a product of U(l)'s. In Chap. 6 wc discuss some of the consequences of 
the alternate possibility, where there is an unbroken non-Abelian subgroup. Among 
these arc the presence of "massless monopoles" that are the dual counterparts of the 
massless gauge bosons and their supcrpartners. These massless monopoles cannot be 
reahzed as isolated classical solitons, but are instead found as clouds of non-Abelian 
field surrounding one or more massive monopoles. 

Although SYM theories with extended supersymmetry contain either two (for 
M = 2) oi six (for A/" = 4) Higgs fields, the discussion of classical solutions up to this 
point assumes that only one of these is nontrivial. For an SU(2) gauge theory this 
can always be arranged by a redefinition of fields. However, for larger gauge groups 
it need not be the case, a point that was fully appreciated only relatively recently. 
The generic solution then has two nontrivial Higgs fields, and is typically a dyonic 
bound state with components carrying both magnetic and electric charges. The BPS 
solutions preserve only one-fourth, rather than one-half, of the supersymmetry. The 
low-energy dynamics can still be described in terms of the collective coordinates and 
the moduli space that they span, but the moduli space Lagrangian now includes a 
potential energy term. In Chap. 7 wc discuss the effects of these additional scalar 
fields, and show how to derive the potential energy that they generate. 

Although we are considering supersymmetric theories, the effects of the fermions 
have been omitted so far. This is remedied in Chap. 8, where we introduce fermionic 
counterparts to the bosonic collective coordinates, and derive the effects of the fermion 
fields on the low-energy dynamics. The resulting moduli space Lagrangian possesses 
a supersymmetry that is inherited from that of the underlying field theory. The 
discussions thus far, although being set in the context of a quantum field theory, 
have been essentially classical. In this chapter we also show how to quantize this 
low-energy Lagrangian. 

In Chap. 9, we discuss the quantum BPS dyons that arise as bound states of this 
Lagrangian. In a sense, this is the quantum counterpart of the classical discussion 
of Chap. 7. We present the exact wavefunctions for several states comprising only 
two dyonic cores. Although it appears to be much more difficult to obtain explicit 
wavefunctions for states with many cores, wc show how index theorems can be used 
to count such states. An important point that emerges here is the striking difference 
between the spectra of the J\f = 2 and J\f = i SYM theories. In particular, only 
the latter includes certain zero-energy bound states that are required to satisfy the 
duality conjecture for larger gauge groups. 

Although the monopoles that we discuss arise originally in the context of field 
theory, they find a very natural setting when the quantum field theory is viewed as 
the low-energy limit of string theory. In Chap. 10, we describe how the monopoles 
and dyons of A/" = 4 SYM can be realized, in a rather elegant fashion, in terms of D- 
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branes. In particular, we describe how this picture provides a very natural motivation 
for the multimonopole construction of Nahm. 

There are two appendices. Appendix A provides some background material on 
complex geometry and zero modes. Appendix B describes the extension of the dis- 
cussions of Chap. 8 to jV = 2 SYM theories containing matter hypermultiplets. 
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Chapter 2 

The SU(2) magnetic monopole 



The first example of a magnetic monopole solution was discovered by 't Hooft [2] 
and Polyakov |3J, working in the context of an SU(2) gauge theory. Although many 
examples with larger gauge groups have subsequently been found, the SU(2) solution 
remains the simplest, and is perhaps the best suited for introducing some concepts 
that will be important for our subsequent discussions. Furthermore, this solution 
will play an especially fundamental role for us, because in the Bogomolny-Prasad- 
Sommerfield (BPS) [H [S] limit the monopole solutions for larger groups are all built 
up, in a sense that will later become clear, from components that are essentially 
SU(2) in nature. 

We start our discussion in Sec. 12.11 where we describe how nonsingular magnetic 
monopoles can arise as topological solitons, and then focus on the 't Hooft-Polyakov 
solution in Sec. 12.21 These static solutions actually belong to continuous families of 
solutions, all with the same energy. In the one-monopole case considered in this chap- 
ter, these solutions are specified by four parameters, all related to the symmetries of 
the theory; in later chapters we will explore the much richer multimonopole structure 
that arises in the BPS limit. As we explain in Sec. 12.31 infinitesimal variations of 
these parameters are associated with zero modes about a given solution. Excitation 
of these modes gives rise to time-dependent monopole solutions. Translational zero 
modes thus give rise in a straightforward manner to solutions with nonzero linear 
momentum. The case of global gauge modes, which lead to dyonic solutions with 
nonzero electric charge [10], is somewhat more subtle, as we describe in Sec. 12.41 
In Sec. 12.51 we describe how a family of degenerate static solutions can be viewed 
as forming a manifold, known as the moduli space, with a naturally defined metric. 
Although this concept is relatively trivial for the one-monopole solutions considered 
in this chapter, it proves to be a powerful tool for understanding the multimonopole 
solutions we will study in later chapters. Finally, in Sec. 12.61 we discuss the relevance 
of these classical soliton solutions for the quantum theory. 

Our main focus in this chapter is on providing the background for the discus- 
sion for monopoles in the BPS limit. Of necessity, there are many other aspects of 
magnetic monopoles that we must omit. For further discussion of these, we refer the 
reader to two classic reviews [11], [12] . 
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2.1 Magnetic monopoles as topological solitons 

We consider an SU(2) gauge theory whose symmetry is spontaneously broken to U(l) 
by a triplet Higgs field With the generahzation to other gauge groups in mind, we 
will usually write the fields as Hermitian matrices in the fundamental representation 
of the group. However, for this SU(2) example it will sometimes be more convenient 
to work in terms of component fields defined by 

^^ = 1tM«, $=iT"$". (2.1.1) 

Our conventions will be such that = 2Tr$^ = 

The Lagrangian is 

--Ti F^^F^"" + Tr Di^^D^"^ -V{^) (2.1.2) 

where 

V{^) = -f/Tr $2 + A(Tr , (2-1-3) 

L'^$ = 9^$ + ie[>l^,$], (2.1.4) 

and 

i^M. = d^^A, - d,A^ + ie[A^, A,] . (2.1.5) 
It is often convenient to separate the field strength into magnetic and electric parts 

-^i = 2^ijkFjk (2.1.6) 

and 

Ei^Foi. (2.1.7) 

In order that there be a lower bound on the energy, A must be positive. If fi^ > 0, 
as we will assume, there is a degenerate family of asymmetric classical minima with 

m^v^^. (2.1.8) 

These preserve only a U(l) subgroup, which we will describe with the language of 
electromagnetism. 

For definiteness, let us choose the vacuum solution 

$(x) = -yy = $0 
A^{x) = (2.1.9) 

so that the unbroken U(l) corresponds to the "a = 3" direction of the SU(2). The 
physical fields may then be taken to be 

A ^ A^ 
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ip = . (2.1.10) 

The corresponding elementary quanta are a massless "photon", a pair of vector 
mesons with mass m^y = ev and electric charges ±e, and an electrically neutral 
scalar boson with mass mu = Z^- 

This theory also has nontrivial classical solutions. The existence of these can be 
demonstrated without having to examine the field equations in detail. The key fact 
is that any static configuration that is a local minimum of the energy is necessarily 
a solution of the classical field equations. Our strategy will be to identify a special 
class of finite energy configurations and then show that the configuration of minimum 
energy among these cannot be the vacuum. 

It is fairly clear that in a finite energy solution the fields must approach a vacuum 
solution as r ^ oo in any fixed direction. However, this need not be the same vacuum 
solution in every direction. Thus, we could allow 

\\m^r,e,(j)) = $oo(^^) = u{n)%u-\n) (2.1.11) 

to vary with direction, provided that it is accompanied by a suitable asymptotic gauge 
potential. (Note that the smoothness of $ does not imply that U must be smooth. 
In the cases of most interest to us, U has a singularity.) The function $00 (^) is 
a continuous mapping of the two-sphere at spatial infinity onto the space of Higgs 
fields obeying Eq. (12.1.81) . which happens to also be a two-sphere. Such maps can 
be classified into topologically distinct classes corresponding to the elements of the 
homotopy group 112(5'^). Any two maps within the same class can be continuously 
deformed one into the other, while two maps in different classes cannot. 

One can show that 112(5'^) = Z, the additive group of the integers, so that con- 
figurations can be labelled by an integer winding number 

n = ^e,,keabc f (fS.r d^^' dk4>' (2.1.12) 

where cf)^ is the unit vector $'*/|$| and the integration is taken over a sphere at spatial 
infinity. In fact, since the value of the integral is quantized, it must be invariant under 
smooth deformations of the surface of integration that do not cross any of the zeroes 
of $, where 0" is undefined. It follows that any configuration with nonzero winding 
number must have at least \n\ zeroes of the Higgs field (precisely n if one distinguishes 
between zeroes and "antizeroes" and counts the latter with a factor of — l)lll 

The vacuum solution of Eq. fl2.1.9p clearly has = and falls within the trivial, 
identity, element of the homotopy group. 

Now consider the set of field configurations such that the Higgs field at spatial 
infinity has unit winding number, n = 1. Among these configurations, there must be 



^This relation between topological charge and zeroes of the Higgs field does not have a simple 
extension to the case of larger groups. 
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one with minimum energy. This cannot be a vacuum solution (because it has a dif- 
ferent winding number) and cannot be smoothly deformed into the vacuum (because 
winding number is quantized). Hence, this configuration must be a local minimum 
of the energy and thus a static classical solutiono 

Some of the asymptotic properties of this solution can be obtained from general 
arguments. In order that the energy be finite, the asymptotic Higgs field must be of 
the form 

$'^ = t;0". (2.1.13) 
Further, the covariant derivative must fall faster than r"'^/^, which implies that 

9,r-ee,fe,A^0^<O(r-3/2). (2.I.14) 
This in turn requires that the gauge potential be of the form 

At = -eatc^'dS' + Mr)r + ■■■ (2-1.15) 

e 

where the ellipsis represents terms that fall faster than r~^/^. 
The corresponding magnetic field is 



^eatcrd,^'dk(l)'+id,h-dkf,] 



Id 



+ ■••. (2.1.16) 



Its leading terms are proportional to 0'^ and thus lie in the "electromagnetic" U(l) 
defined by the Higgs field. We define the magnetic charge by 

Qm = I d'^Si^Bt. (2.1.17) 

When Eq. f l2.1.16p is inserted into this expression, the first term gives a contribution 
proportional to the winding number fl2.1.12p . which we are assuming to be unity, 
while the contribution from the second term vanishes as a consequence of Gauss's 
theorem; hence, the solution corresponds to a magnetic monopole with charge An/e. 
More generally [15], a solution with Higgs field winding number n has a magnetic 
chargcl 

Qm = -^. (2.1.18) 



^There is actually a loophole in this argument. Because the space of field configurations is not 
compact, there might not be a configuration of minimum energy. For example, there is in general no 
static solution with winding number n = 2, because the minimum energy for a pair of monopoles is 
achieved only when the monopoles are infinitely far apart. (An exception occurs in the BPS limit.) 
Even for n = 1, the existence of singular configurations causes the extension of this argument to 
curved spacetime to fail if v is too large [131 [HI ■ 

•^The Dirac quantization condition would have allowed magnetic charges 2Tin/e. The more re- 
strictive condition obtained here can be understood by noting that it is possible to add SU(2) doublet 
fields to the theory in such a way that the classical solution is unaffected. After symmetry breaking 
these doublets would have electric charges ±e/2 and the Dirac condition would become the same as 
the topological condition obtained here. 
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The classical energy of the solution, which gives the leading approximation to the 
monopole mass, is 



E 



(fx 



Tr E^ + Tr {Do^f + Tr + Tr (A$)^ + V{^) 



(2.1.19) 



For a static solution with no electric charge, one would expect the first two terms 
to vanish. The contribution of the remaining terms can be estimated by rewriting 
Eq. (12.1.191) in terms of the dimensionless quantities s = efx, ip = ^/v, and = Ai/v. 
This isolates the dependence on e and v, and shows that the mass must be of the 
form 



M 



4ttv 



(2.1.20) 



where /(A/e^) is expected to be of order unity. 



2.2 The 't Hooft-Polyakov solution 

In trying to proceed beyond this point, considerable simplification is achieved by 
restricting to the case of spherically symmetric solutions. In a gauge theory this 
means that the fields must be invariant under the combination of a naive rotation 
and a compensating gauge transformation, which may be position-dependent. With 
unit winding number, n = 1, this position-dependence can be eliminated by adopting 
a special gauge choice that correlates the orientation of the Higgs field in internal 
space with the direction in physical space. In this "hedgehog" gauge, rotational 
invariance requires that the fields be invariant under combined rotation and global 
internal SU(2) transformation. This gives the ansat:^ 



1 — u(r) 



AO. _ f.r 

^i.n.m.' 

er 

$a ^ f.a^i^^^ ^2.2.1) 

for the Higgs field and the spatial components of the gauge potential [21 13]. It is easy 
to verify that for time-independent fields one can consistently set = in the field 
equations, and we do so now. 

The equations obeyed by u and h can be obtained either by substituting the ansatz 
(12.2.11) directly into the field equations, or by substituting it into the Lagrangian in 
Eq. (12.1.21) and then varying the resulting expression with respect to these coefficient 
functions. (The latter procedure is allowed because the ansatz is the most general 
one consistent with a symmetry of the Lagrangian.) Either way, one obtains 



= h" + -h'-'^ + x{v^-e)h 

= u"-^-^^ — --e^uh^ (2.2.2) 



^Rotational symmetry would also allow contributions to A° proportional to 5ia or f*f°, both of 
which have opposite parity from the terms included in this ansatz. Including these terms does not 
lead to any new solutions. 
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with primes denoting derivatives with respect to r. Finiteness of the energy requires 
that u{oo) = and h{oo) = v, while requiring that the fields be nonsingular at the 
origin implies that m(0) = 1 and h{0) = 0. 

In general, these equations can only be solved numerically. There is a central core 
region, of radius R 

mon ~ 1/^^) outside of which u and \h — v\ decrease exponentially 
with distance. The function appearing in Eq. fl2.1.20p for the monopole mass is a 
monotonic function of A/e^ with limiting values /(O) = 1 and /(oo) = 1.787 [I6] 

It is instructive to gauge transform this solution from the hedgehog gauge into 
a "string gauge" where the Higgs field direction is uniform. This can be done, for 
example, by the gauge transformation 



U 



(2.2.3) 



(This gauge transformation is singular along the negative z-axis. Such a singularity 
is an inevitable consequence of any transformation that changes the homotopy class 
of the Higgs field at infinity.) In terms of the physical fields defined in Eq. fl2.1.10p . 
this leads to 

fi 1 



— e 



jj3 



er (1 



COS! 



u[r) 



er 



h{r) 



(2.2.4) 



where the complex vectors 



Vl = 


V2 

1 r 


V2 = 




V3 = 





e"^ cos</)(l - cos( 



1 + ze*"^ sin 0(1 - cos( 



(2.2.5) 



obey v*Vj = 1. 

The gauge transformation that connects the string and hedgehog gauges is not 
uniquely determined. If we had multiplied the gauge transformation of Eq. fl2.2.3p on 
the left by e*""^^/^, the only effect would have been to multiply Wj by a phase factor 
e~*". This freedom to rotate by an arbitrary phase while staying within the string 
gauge is a reflection of the unbroken U(l) symmetry. 

The Aj that appears in Eq. (12.2.41) is just the Dirac magnetic monopole potential 
and yields a Coulomb magnetic fleld corresponding to a point magnetic monopole. 
Usually such a fleld would imply a Coulomb energy that diverged near the location 
of the monopole. This divergence is avoided because the charged massive vector fleld 
gives rise to a magnetic moment density 



-ie{W*Wj - W*Wi) 



(2.2.6) 



that orients itself relative to the magnetic fleld in such a way as to cancel the diver- 
gence in the Coulomb energy. 
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2.3 Zero modes and time-dependent solutions 



The unit monopole described in the previous section should be viewed as just one 
member of a four-parameter family of solutions. Three of these parameters corre- 
spond to spatial translation of the monopole and are most naturally chosen to be the 
coordinates z of the monopole center. The fourth parameter is the U(l) phase noted 
in the discussion below Eq. (12.2.51) . Infinitesimal variation of these parameters gives 
field variations SAi and 5$ that leave the energy unchanged and preserve the field 
equations. Hence, they correspond to zero-frequency modes of fluctuation (or simply 
"zero modes") about the monopole. 

In addition to these four modes, there are an infinite number of zero modes corre- 
sponding to localized gauge transformations of the monopole. However, these are less 
interesting because the new solutions obtained from them are physically equivalent 
to the original solution. These zero modes are eliminated once a gauge condition is 
imposed. 

One might wonder why we should want to retain the mode associated with the 
U(l) phase, since it is also a gauge mode. If we were only concerned with static 
solutions, then we could indeed ignore this mode. The distinction between this global 
gauge mode and the local gauge modes only becomes important when we consider 
time-dependent excitations of these modes. As we will describe below, excitation of 
the global gauge mode leads to solutions with nonzero electric charge. By contrast, 
the solutions obtained by time-dependent excitations of the local gauge modes are 
still physically equivalent to the original solutionlf] 

We begin by considering time-dependent excitations of the translational zero 
modes. These should yield solutions of the field equations with nonvanishing linear 
momentum. At first thought, one might expect to obtain a time-dependent solution 
by simply making the substitution r — r — vt in the static solution. This is almost, 
but not quite, right. First, the Lorentz contraction of the monopole modifies the field 
profile. However, since this is an effect of order v^, we can ignore it for sufficiently 
low velocities. Second, we must ensure that the Gauss's law constraint 



is obeyed. For most choices of gauge, this implies a nonzero AqU 

Even without solving for Aq, we can still calculate the kinetic energy associated 
with this linear motion of the monopole. The time-dependence of A^ and of $ comes 

^The distinction between the two types of gauge modes is also seen in the corresponding Noether 
charges. The conserved quantity corresponding to the global phase invariance is the electric charge. 
The conservation laws associated with the local gauge symmetries are simply equivalent to the 
Gauss's law constraint at each point in space, and yield no additional conserved quantities. 

^Neither the hedgehog gauge nor the string gauge is well-suited for dealing with moving 
monopoles. In the former the configurations develop gauge singularities once the zero of the Higgs 
field moves away from the origin, while in the latter the position of the Dirac string must be allowed 
to move. There are other gauges (e.g., axial gauge) that avoid these difficulties [ITj; since this issue 
is peripheral to our main focus, we will not pursue it further. 



= DiF^' 



ie[<l>,L>°$] 
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solely from the factors of vt in the solution. Hence, 



Foi = doA-DiAo 

= -v^dkAi - DiAo 

= -v^Fk^-D^iv^'Ak + A^) (2.3.2) 



Dq^ = 9o$ + ie[Ao,$] 

= -v''dk<^ + ie[Ao,<^] 

= -v''Dk<^ + ie[{Ao + v''Ak),^. 



(2.3.3) 



The kinetic energy can then be written as 
AE = 



+ 



d'xTi {F2, + (Do<f)'} 
d'xTi {{v''Fkif + {v''Dk<i>y} 

d^xTi {{Ao + v^A^) [d\Fo, - v^Fki) + ie[^, (Do* - t^'A$)]] } • 

(2.3.4) 



The second factor in the last integral vanishes as a result of Gauss's law and the field 
equations obeyed by the static solution. Using the rotational invariance of the static 
solution, we can rewrite the remaining terms to obtain 



AE 



(2.3.5) 



The fact that the static solution must be a stationary point of the energy under 
rescalings of the form x px, Ai —>■ p^^Ai implies a virial theorem 







Tr Bj - Tr (A$)^ - 3y($) 



(2.3.6) 



Multiplying this by v^/6, subtracting the result from the previous equation, and then 
recalling Eq. (12.1.191) for the mass, we find that the translational kinetic energy is 



AE = -Mv^ 
2 



(2.3.7) 



in perfect accord with non-relativistic expectations. 



2.4 Dyons 

Let us now consider time-dependent excitations of the zero mode that rotates the 
phase of the charged vector meson fields. Just as excitation of the translational zero 
modes leads to solutions with nonzero values of the linear momentum, the conserved 
quantity corresponding to translational symmetry, excitation of this U(l)-phase zero 
mode produces a nonzero value for the corresponding Noether charge. The physical 
significance of this lies in the fact that the Noether charge of a gauged symmetry 
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is (up to a factor of the gauge coupling) also the source of the gauge field. In the 
case at hand, the Noether charge is the electric charge of the unbroken U(l), and the 
solutions produced by excitation of this zero mode are dyons, objects carrying both 
electric and magnetic charge. 

At least to start, it is easiest to work in the string gauge. In terms of the field 
variables defined in Eq. (12.1.101) . the electric charge is 

Qe = -ie J d^x [w^*{VoWj - VjWq) - W^{VoW* - VjWq)] (2.4.1) 

where the U(l) covariant derivative V^W^, = {d^ — ieA^)Wy. 

To construct dyon solutions, we begin with a static solution in the string gauge and 
multiply the ly-field by a uniformly varying U(l) phase factor e**^*. The U(l) Gauss's 
law requires a nonzero [which itself contributes io Qe through the covariant 
derivative in Eq. (12.4. ip ]. It also guarantees that the asymptotic U(l) electric field 
^oj = doAj — djAo satisfies 

Qe = I = / d'S,rE!t (2.4.2) 

where the integrals are over a sphere at spatial infinity. Plugging the resulting 
back into the other field equations yields corrections to the field profiles that are 
proportional to a;^. These are analogous to the 0(f ^) corrections due to Lorentz con- 
traction that were noted in the previous section, and can be neglected for sufficiently 
small Qe- 

To be more explicit, we start with the string-gauge form of the spherically symmet- 
ric solution, given in Eq. (12.2.4^ . and assume a spherically symmetric Ao{r). Gauss's 
law, Eq. (12.3. ip . reduces to 

= A'^ + -A'o - ^ U - -) . (2.4.3) 

Recalling that m(0) = 1, we see that we must require Ao{0) = u/e in order to avoid 
a singularity at the origin. We also requir^ Ao{oo) = 0. With these boundary 
conditions imposed, ^o(^)) and hence Qe, are proportional to u. 

This time-dependent solution can be transformed into a static solution by a U(l) 
gauge transformation of the form 

Wi Wi = e'^W, 

A, ^ A, = A, + -d,A (2.4.4) 

with A = —ujt. This shifts the scalar potential by a constant, so that .4.o(0) = 
and Ao{oo) = —uj/e. In this static form it is easy to transform the solution into the 
manifestly nonsingular hedgehog gauge, with Al and as in Eq. (12.2. ip and 

Al = r3{r) (2.4.5) 



^It is not necessary to require that Aq{oo) vanish. However, after following through steps anal- 
ogous to those shown below, one finds that starting with a nonzero Ao{oo) is equivalent to starting 
with Aq{oo) — and a different value for w. 
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with j{r) = Ao{r). After this modification to the spherically symmetric ansatz, the 
static field equations become jTU] 



= h" + -h' - + X{v' - h')h (2.4.6) 



= u"-^^^^^^-^-eMh'-f) (2.4.7) 
= f + -f--^. (2.4.8) 

The first of these equations is the same as in the purely magnetic case, while the 
second differs only by the addition of the 0(Q|;) term 2e^up, in accord with the 
remarks above. The last is equivalent to Eq. (12.4.31) 

In this static form, which was the approach used by Julia and Zee [10] in their 
original discussion of the dyon solution, the electric charge does not directly appear 
as a consequence of a rotating phase. Instead, the spectrum of electric charges corre- 
sponds to the existence of a one-parameter family of solutions to Eqs. (12.4.61) - (12.4.81) 
characterized by j(oo) = —uo/e. From the large distance behavior of the second of 
these equations, we see that the existence of a solution requires that |j(oo)| < h{oo), 
and hence that |ti;| < ev. 

To obtain a relation between Qe and u, we return to Eq. (12.4.11) . Substituting 
our ansatz into the right-hand side of that equation, and recalling that Wo = 0, we 
obtain 

Sttuj 



Qi 



j dru{rY 









luj. (2.4.9) 



The integral can be estimated by noting that u{r) falls exponentially outside a region 
of radius ~ 1/ew, implying that 

1='-^ (2.4.10) 

with k of order unity. For \Qe\ Qm the the field profiles are, apart from an overall 
rescaling, only weakly dependent on the charge, and so / is essentially independent 
of u. However, as \uj\ approaches its limiting value ev, the profiles are deformed so 
that / grows without bound. As a result, the upper bound on |ci;| does not imply an 
upper bound on \Qe\- 

As a consistency check, let us verify that the electric charge given in Eq. (12.4.11) 
agrees with that obtained from the asymptotic behavior of the electric field, whose 
radial component is equal to — j'(r). Integrating Eq. (I2.4.8P leads to 

-/(r) = -4 f dsu{sfj{s). (2.4.11) 

For large r, where the integrand is exponentially small, we introduce a negligible error 
by replacing the upper limit of the integral by infinity. Together with Eq. (I2.4.9p . 
this gives 
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as required. 

Finally, let us calculate the correction to the mass associated with the electric 
charge. To lowest order, 



AE = I d^xTiF^i 



J (fx [-9,(Tr AoFoO + Tr AoAFo*] 



= -\jo{^)Qe = yQe- (2.4.13) 

(We have used the equations of motion and the fact that -00*^^ = to eliminate the 
final term in the integrand on the second line.) Recalling Eqs. fl2.1.19p and fl2.4.13p . 
we then obtain 



2el Uvr/ 2kf ~ 2Qm 



AE = = [ — ) -^f- . (2.4.14) 



2.5 The moduli space and its metric 

The results of the previous two sections can be reformulated by introducing the 
concept of a moduli space. While the advantage for these relatively simple examples 
may seem slight, this formalism will be of considerable utility when we turn to less 
trivial cases. 

To motivate this, let us first consider a purely bosonic non-gauge theory whose 
fields, which we assume to all be massive, are combined into a single multicomponent 
field '?/'(x, t). Let us suppose that there is a family of degenerate static solutions, 
parameterized by n collective coordinates Zr, that we denote by ip'^^{-x; z). These 
static solutions may be viewed as forming a manifold, known as the moduli space, 
with the Zr being coordinates on the manifold. This manifold is itself a subspace of 
the full space of field configurations. 

An arbitrary field configuration can be decomposed as 

V'(x, t) = z{t)) + #(x; z{t),t) (2.5.1) 

with Sip required to be orthogonal to motion on the moduli space, in the sense that 
at any time t 

0= [ d?x^6ij (2.5.2) 

J OZj. 

for all r. Thus, 5ip measures how far the configuration is from the moduli space. 
Stated differently, if ip is expanded in terms of normal modes of oscillation about 
ip'^^i^'K.; z(t)), only the modes with nonzero frequency contribute to 6ip; the zero-mode 
contribution is included by allowing the Zr to be time-dependent. 

If the kinetic energy is of the standard form, with C = {l/2)ip'^ + ■ ■ then substi- 
tution of Eq. (12.5. ip into the Lagrangian leads to 

L = — -^static + T:9rs{z)ZrZs + -^^quad + " " " (2.5.3) 
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where -^static is the energy of the static solutions, Lquad is quadratic in 5ip and the 
elhpsis denotes terms that are cubic or higher in Sip. The coefficients grs{z) are given 
by 

/^a^^^ (2.5.4) 



dzr dzs 

and may be viewed as defining a metric on the moduh space. 

Now assume that the collective coordinates are slowly varying and that the energy 
is small compared to the lowest nonzero normal frequency. The deformations of the 
solution corresponding to excitation of the modes with nonzero frequency are then 
negligible, and the field configuration will never wander far from the moduli space. A 
good approximation to the dynamics is then given by the moduli space Lagrangian 

m ^ 

-^MS = -^Qrsiz) ZrZs ■ (2.5.5) 

In this approximation, the time dependence of the field comes only through the 
collective coordinates; i.e., 

i;i^,t) = r\^;z{t)) (2.5.6) 

with z{t) being a solution of the Euler-Lagrange equations that follow from Lus- If 
grs{z) is viewed as a metric, these equations require that z{t) be a geodesic motion 
on the moduli space. 

We now turn to the SU(2) gauge theory in which we are actually interested. It 
will be convenient to adopt a Euclidean four- dimensional notation in which Aj and 
$ are combined into a single field Aa, with a running from 1 to 4. In this notation 
Da and Fab have their usual meanings if a and b are 1, 2, or 3, while 

D^Aa = -ie[^,Aa] 

F„4 = -F^a = Da^. (2.5.7) 

Note that Aa does not include Aq; in this notation zero subscripts on fields and 
derivatives will always be explicitly displayed. 

This theory differs from the above example in two significant aspects. First, 
because there are massless fields in the theory, the spectrum of normal frequencies 
extends down to zero. Hence, there is no range of energies that is small compared 
to all of these frequencies, and so one might wonder whether this invalidates the 
moduli space approximation. We will postpone a detailed discussion of this point 
until Sec. 15.51 We will see there that the presence of massless fields does not have 
a significant effect on the approximation for the monopoles in the SU(2) theory, 
although it does have consequences in some other theories. 

The second difference is that the fact that we are dealing with a gauge theory 
means that there is an infinite-dimensional family of static solutions. From these, 
we pick out a finite-dimensional set of gauge-inequivalent configurations A'^{'X]z). 
The specific choice that is made here is essentially a specification of gauge, and 
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therefore cannot affect any physical results. Now let us introduce a time-dependence 
by allowing the to be slowly varying. As we saw in Sees. 12.31 and 12. 4[ Gauss's law, 



= D^F"^ = D 



D^A"" - Zr 



dZr 



(2.5.8) 



then requires a nonzero Aq. 

From the form of this equation, it is clear that Aq is proportional to the collective 
coordinate velocities, and so can be written in the form 



^0 = Zrer . (2.5.9) 

Hence, 

F"° = -i^5^v4" (2.5.10) 
where ^ 

= "^^5 - -P°er • (2.5.11) 

OZr 

The second term in 5rA'^ has the same form as an infinitesimal gauge transformation. 
This suggests a second approach to the motion on the moduli space, in which we 
work in the temporal gauge, Aq = 0. Because of the Gauss's law constraint, the 
time evolution of the fields can no longer be restricted to the family of configurations 
A'^{'x; z) with which we started. Instead, the fields must also move "vertically" along 
some purely gauge directions, with the specific choice of gauge function being dictated 
by Eq. fl2X8|) . 

Whichever approach one takes, SrA"- has two important properties: 

1) It is a zero mode of the linearized static field equations. This follows imme- 
diately from the fact that collective coordinate if er vanishes. Since a time- 
independent gauge transformation preserves the static equations, 6rA°- must still be 
a zero mode even if 7^ 0. 

2) It obeys the "background gauge" condition 

DaSrA"" = (2.5.12) 

as a result of Eq. fl2.5.8p . 

The moduli space Lagrangian can be obtained by substituting Eq. (12.5. lOp into 
the Lagrangian of Eq. (I2.1.2p . The resulting metric is 



2 J d^xTrSrA'^SsA'' (2.5.13) 



Let us now speciahze to the case of a single SU(2) monopole. Not counting local 
gauge modes, there are four zero modes [I9j|, and thus a four- dimensional moduli 
space whose coordinates can be chosen to be the location R of the monopole center 
and a U(l) phase a. From the discussion in Sees. 12.31 and [2^ we find that 

grs{z) ZrZs = Mil^ + - a"^ . (2.5.14) 
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where M is the mass of the monopole and / is defined by Eq. (12.4.91) . The factor of 
e enters the second term on the right hand side because I was defined with reference 
to the electric charge Qe-, whereas the canonical momentum conjugate to a (i.e., the 
Noether charge), 

P.^'-^^^, (2.5.15) 

e e 

differs from by a factor of the gauge coupling. 

The metric in Eq. (12.5. 14p is manifestly flat. Because a is a periodic variable, the 
moduli space is a cylinder, B? x S^. The geodesic motions are straight lines with 
constant v = R and uj = a, and correspond to dyons moving with constant velocity. 
The special cases u; = and v = give the moving monopole of Sec. 12.31 and the 
stationary dyon of Sec. 12.41 respectively. 



2.6 Quantization 

The relevance of these classical solutions for the quantum theory is most easily un- 
derstood in the weak coupling limit. For small e the radius of the monopole core, 
-Rmon ~ is much greater than the monopole Compton wavelength, l/Mmon ~ 

e/v. Consequently, the quantum fluctuations in the monopole position can be small 
enough relative to the size of the monopole for the classical fleld proflle to be physi- 
cally meaningful. 

In this weak coupling limit the quantum corrections to the monopole mass can be 
calculated perturbatively. The calculation follows the standard method for quantizing 
fields in the presence of a soliton [SUlEIlElESlEaESlESlEZlEHlEn]. For a theory 
with only bosonic fields, one decomposes the fields as in Eq. (12.5. ip and takes the Zj. 
and 5ip{^) as the dynamical variables to be quantized, thus leading to the expression 
for the Lagrangian given in Eq. (I2.5.3p . The first term on the right-hand side of 
Eq. (12.5.30 is a number, the classical energy of the soliton. The next two terms can 
be taken as the unperturbed Lagrangian; note that to lowest order the Zr and 5%Ij 
do not mix, and so these two terms can be treated separately. Finally, the terms 
represented by the ellipsis can be treated as perturbations. 

If Stl) is expanded in terms of normal modes about the soliton, the quadratic term 
Lquad is diagoualized and becomes a sum (or, more precisely, an integral) of simple 
harmonic oscillator Lagrangians. The contribution to the soliton mass from the zero- 
point energies of these oscillators might seem to be divergent. However, one must 
subtract from this the zero-point oscillator contributions to the vacuum energy. The 
difference between the two — i.e., the shift in the zero-point energies induced by the 
presence of the sohton — is finite and, for weak coupling, suppressed relative to the 
classical energy. 

For the specific case of the monopole, the classical energy is, as we have seen, of 
order v/e = mw/e^. The contribution from the shift of the zero point energies is of 
order mw- Because the metric is fiat, the quantization of the collective coordinates 
is particularly simple. The position variables range over all of space, and so their 
conjugate momenta P take on all real values. The phase angle a has period 27r, 
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implying that Pa is quantized in integer units and that the electric charge is of the 
form Qe = ne. 

The monopole energy can thus be written as 



l2 



E = Md + (AM),ero-point + 7771- + ^ + 



mw 



0(l/e')+0(l) + 0(v7e') + 0(nV) + --- . (2.6.1) 



The terms represented here by the ellipsis are due to the perturbations, and contain 
additional powers of e^. They include terms that are quartic in the momenta, and so 
cannot be neglected if either v or is too large. This last condition can be made 
more precise by requiring that the terms quadratic in the momenta be at most of 
order unity, which implies ^ and n ^ 1/e. 

Now imagine that the theory is extended to include additional fields, with the 
couplings of these being such that the previous monopole solution, with all of the 
new fields vanishing identically, remains a solution of the classical field equations. 
If the new fields are bosonic, the analysis is unchanged except for the addition of 
new eigenmodes. The same is true for the nonzero-frequency modes of any fermion 
fields, apart from the usual restriction that the occupation numbers must be or 1. 
However, the spectrum of a fermion field in the presence of a monopole typically also 
contains a number of discrete zero modes [30]. Because the energy of the system is 
independent of whether these modes are occupied or not, it is not useful to interpret an 
occupation number of or 1 as corresponding to the absence or presence of a particle. 
Instead, a set of N fermion zero modes should be viewed as giving rise to multiplets 
containing 2^ degenerate states that all have equivalent status. In particular, the 
monopole ground state becomes a degenerate set of states with varying values for the 
spin angular momentum. 
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Chapter 3 

BPS Monopoles and Dyons 



For the remainder of this review we will concentrate on monopoles and dyons in the 
BPS limit [H [8], which we introduce in this chapter. As we describe in Sec. 13.11 this 
limit was originally invented as a trick for obtaining an analytic expression for the one- 
monopole solution to Eqs. (12.2.21) . It was soon realized [HI [31] that the solutions thus 
obtained saturate an energy bound and satisfy a generalized self-duality equation, 
as we explain in Sec. 13.21 These insights led to the discovery that the BPS limit 
gives rise to a rich array of classical multimonopole and multidyon solutions with 
very interesting properties. Further, it turns out that the special features of this 
limit can be naturally explained in terms of supersymmetry. This connection, which 
is described in Sec. 13. 3[ allows these features to be seen as properties, not simply 
of the classical field equations, but also of the underlying quantum field theory. In 
particular, one is naturally led to conjecture a duality symmetry of the theory, as was 
first done by Montonen and Olive [0]; we discuss this in Sec. 13. 4[ 

3.1 BPS as a limit of couplings 

We begin by recalling Eqs. (I2.2.2p for the coefficient functions entering the spherically 
symmetric monopole ansatz of Eq. (12.2.11) . These equations depend on the three 
parameters e. A, and v. Two of these parameters can be eliminated by rescaling h 
and r, but the combination A/e^ still remains. 

In general, these equations cannot be solved analytically. However, one might 
hope to be able to proceed further for special values of A/e^. In particular, Prasad 
and Sommerfield [7] proposed considering the limit A/e^ — > 0. More precisely, they 
took the limit /i^ ^ 0, A — 0, but with v'^ = /i^/A held fixed so as to maintain 
the boundary condition on h{oo). The last term in the first of Eqs. (12.2.21) then 
disappears, and by trial and error one can find the solution 

evr 
sinh(efr) 

f coth(efr) . (3.1.1) 

er 

Notice that h{r) only falls as 1/r at large distance, in contrast with its usual expo- 



u{r) 
h{r) 
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nential decrease. This is a consequence of the fact that tuh = vanishes in this 
"BPS hmit". Because the Higgs field is now massless, it mediates a long-range force, 
a fact that turns out to be of considerable significance. 

These results can be easily extended to the case of nonzero electric charge. The 
dyon Eqs. fl2M - fl2:i:8D are solved by 



■u(r) 

h[T) 



where 



evr 



sinh(ef r) 



Qm + Qe 

Qm 
Qe 



2 r 



V coth(e'yr) 



Q 



M L 



V = V 



V coth(efr) 

er. 



Q 



M 



Q'm + Qe 



1 

er 



(3.1.2) 
(3.1.3) 



3.2 Energy bounds and the BPS limit 



Further special properties associated with this limit were pointed out by Bogomolny 
and by Coleman et al. [8], [31]. Although the argument was first formulated in terms 
of the SU(2) theory, it immediately generalizes to any gauge group, provided that 
the Higgs field is in the adjoint representation. As in the SU(2) case, we take all 
parameters in the Higgs potential to zero, but keep appropriate ratios fixed so that 
the Higgs vacuum expectation value is unchanged. 

With the Higgs potential omitted, and and $ written as elements of the Lie 
algebra, the energy is 



E 



[Tr E'f + Tr {D^^f + Tr + Tr ( A$)^ 
d^x [Tr {B, T cos aDi^f + Tr {Ei ^ sin aDi^f + Tr {D^^f 
±2 j d^x [cos aTr {B,Di^) + sin aTr (E^ A$)] 



(3.2.1) 



where a is arbitrary. If we integrate by parts in the last integral and use the Bianchi 
identity DiBi = and Gauss's law, Eq. fl2.3.ip . we obtain 



E 



d^x 



Tr (Bi T cos aDi^y + Tr (E^ t sin aDi^f + Tr {Do^f 



± cos a Qm i sin a Qe 
> ± cos a Qm ± sin a Q^; 



(3.2.2) 



where 



Qm 
Qe 



2 1 d^SiTi ($fi,) 
2 J rf2^,Tr($E,). 



(3.2.3) 
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with the integrations being over the sphere at spatial infinity. For the case of 
SU(2), these quantities are related to the magnetic and electric charges defined in 
Eqs. f l^XT7|) and flT^ by Qm = vQm and Qe = vQe- 

The inequality (13.2.21) holds for any choice of signs and of a. The most stringent 
inequality, 

E > ^jQl, + Q| (3.2.4) 

is obtained by setting a = taii~^{QE/ Qm) and choosing the upper or lower signs 
according to whether Qm is positive or negative; without loss of generality, we can 
take Qm > 0. This lower bound is achieved by configurations obeying the first-order 
equations 

Bi = cos a 
Ei = sinaA^ 
Do* = 0. (3.2.5) 

Configurations that minimize the energy for fixed values of Qm and Qe are solu- 
tions of the full set of second-order field equations, provided that they also obey the 
Gauss's law constraint. Using the Bianchi identity, together with the fact that Ei 
is proportional to Bi, one readily verifies that this latter condition is satisfied here. 
Hence, solutions of the first-order Eqs. (13.2.51) are indeed classical solutions of the 
theoryll] They are referred to as BPS solutions, and their energy is given by the BPS 
mass formula 

M = v/Q1/ + Q| . (3.2.6) 

We will be particularly concerned with the case Qe = 0, and hence with static 
configurations with Aq = that satisfy the Bogomolny equation 

Bi = A$ . (3.2.7) 

This equation is closely related to the self-duality equations satisfied by the instanton 
solutions [33] of four-dimensional Euclidean Yang-Mills theory. The latter equations 
can be reduced to Eq. (I3.2.7P by taking the fields to be independent of X4 and writing 
A4 = Because of this analogy, solutions of Eq. (I3.2.7P are often referred to as 
being self- dual. 

We have thus found that going to the BPS limit leads to two striking results. First, 
we have found a set of first-order field equations whose solutions actually satisfy the 
full set of second-order field equations of the theory. Second, the energy of these 
classical solutions is simply related to their electric and magnetic charges. Analogous 
properties are actually found in a number of other settings, including Yang-Mills 
instantons [33], Ginzburg-Landau vortices at the Type I- Type II boundary [31], and 
certain Chern-Simons vortices [3S1I3S]- These examples all have in common the fact 
that they can be simply extended to incorporate supersymmetry, an aspect that we 
turn to next. 

^ There are also solutions of the second-order field equations that are not solutions of these first- 
order equations [32]. However, these correspond to saddle points of the energy functional, and are 
therefore not stable. 
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3.3 The supersymmetry connection 



The approach to the BPS hmit described above is somewhat artificial and unsatisfac- 
tory. One introduces a potential to induce a nonzero Higgs field vacuum expectation 
value, but then works in a delicately tuned limit in which the potential vanishes. 
Aside from the conceptual difficulties at the classical level, it is hard to see how this 
limit would survive quantum corrections. 

These difficulties can be overcome by enlarging the theory. To start, consider the 
bosonic Lagrangian 

^ = -^TrF^^,+ X:Tr(D,$Pr + ^ f Tr [<|.p, (3.3.1) 
^ P=l ^ P,Q=l 

where $p [P = 1, ■ ■ ■ ,k) are a set of Hermitian adjoint representation scalar fields. 
The scalar potential vanishes whenever the $p all commute, leading to a large number 
of degenerate vacua. In particular, let us choose a vacuum with $1 7^ and <l>p = 
for all P > 2 and seek soliton solutions with corresponding boundary conditions!^ 
If we impose the constraint that $p(x) vanish identically for P > 2, then the field 
equations reduce to those of the BPS limit described in the previous subsections. 

The form of the potential in Eq. (13.3.11) is not in general preserved by quantum 
corrections. However, for k = 2 {k = 6), Eq. (13.3.11) is precisely the bosonic part of 
the Lagrangian for a SYM theory with M = 2 {M = 4) extended supersymmetry [37]. 
Adding the fermionic terms required to complete the supersymmetric Lagrangian will 
not affect the field equations determining the classical solutions, but will ensure, via 
the nonrenormalization theorems, that quantum corrections do not change the form 
of the potential. 

The BPS self-duality equations take on a deeper meaning in this context of ex- 
tended supersymmetry. We illustrate this for the case of Af = A supersymmetryJl It 
is convenient to write the six Hermitian spinless fields as three self-dual scalar and 
three anti-self-dual pseudoscalar fields obeying 

Grs = -Gsr = -erstuGtu H^s = 'Hsr = --trstuHtu (3.3.2) 

(with r, s = 1, . . . , 4), while the fermion fields are written as four Majorana fields . 
The Lagrangian 



c = tv[-\fI + \d,gI + \d,hI 



6^ 2 ^ 2 ^ 

" ^ [G'rs , Gtu] + — [Hrs , Htu] + — { 



^In the SU(2) theory, any symmetry-breaking vacuum can be brought into this form by an SO{k) 
transformation of the scalar fields. For gauge groups of higher rank there are more possibilities, to 
which we will return in Chap. 7. 

■^Our conventions in this section generally follow those of Sohnius [38j . although our 7^ differs by 
a factor of i. 
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is invariant under the supersymmetry transformations 



(3.3.3) 



6 Grs 
SHrs 

SXr 



'^Crl ^Xr 

CrXs CsXr ^rstuCtXu 

-Krl^Xs + Ksl^Xr + ierstuCtl^Xu 

+ ^ [Grt + tl^HrU Gts - n^HtslCs 



(3.3.4) 



where the are four Majorana spinor parameters and a'^" = {i/2)['y^,'~f'^]. 

Now consider the effect of such a transformation on an arbitrary classical (and 
hence purely bosonic) configuration. The variations of the bosonic fields are propor- 
tional to the fermionic fields and so automatically vanish. The variations of the Xr, 
on the other hand, are in general nonzero. However, for certain choices of the (r 
there are special configurations for which the fermionic fields are also invariant, so 
that part of the supersymmetry remains unbroken. 

To illustrate this, let us suppose that Gu = G34 = b and Hu = —-^34 = a are 
the only nonzero spin-0 fields. Requiring that the Sxr all vanish gives two pairs of 
equations, one involving ^1 and (2 and one involving ^3 and ^4- Using the identity 
7^^^ = ie^i^a^^ = 2it^^^S^^ we can write these as 

= 2 {S ■ [(B7^ - i¥,)5rs + D(6 + i7^a)7°e^," 

+iDo{b + i-f^a)-f^ers - e [6, a]-f^6rs] C r, s = 1, 2 

= 2 {S ■ [(B75 - iE)6rs + D(6 - Z75a)7°e,,] x 

+iDo{b - i7^a)7°e^s + e [b, al^y^drs] C r, s = 3, 4 



-£21 



£34 



where ei2 = 
equations: 

1) Suppose that the four are related by 



(3.3.5) 

643 = 1. We will list three special solutions to these 



Ci 

C3 



Equation ( 13.3.5^ then requires 



Bi 
Dob 



-e*"^'7S°C4 • 



cos a Dib 
sin a Dib 


[b, a]=0. 



(3.3.6) 



(3.3.7) 
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Thus, the BPS solutions of Eq. fl3.2.5p . possibly supplemented by a constant field a 
that commutes with all the other fields, are invariant under a two-parameter set of 
transformations, and thus preserve half of the supersymmetry. 

2) If we further restrict the (r by requiring 

Ci = -7'7°C2 

Cs = C4 = 0, (3.3.8) 

then Eq. (13.3.51) requires 

Bi = Dih 
Ei = -Dia 
Dob = ie [b, a] 

Doa = 0. (3.3.9) 

In contrast with case 1, these equations do not guarantee that the fields satisfy Gauss's 
law, 

DiEi = e^b,[b,a]], (3.3.10) 

which must be imposed separately. However, any configuration that satisfies both 
Gauss's law and Eq. (13.3.91) is also a solution of the full set of field equation. 

3) Alternatively, one can require that 

Ci = C2 = o 

Cs = -7VC4. (3.3.11) 

This leads to 

Bi = D,b 
Ei = Ditt 
Dob = —ie [b, a] 

Doa = 0. (3.3.12) 

As with case 2, Eq. (13.3.121) must be supplemented by the Gauss's law constraint in 
order to guarantee a solution of the field equations. 

In both case 2 and case 3, there is only one independent (r, and so only one 
fourth of the A/" = 4 supersymmetry is preserved by the solution. We will return to 
these 1/4-BPS solutions in Chap. 7. The case of A/" = 2 supersymmetry is obtained 
by restricting the values of the indices r and s to 1 and 2. In this case, both solu- 
tions 1 and 2 preserve half of the supersymmetry, while solution 3 breaks all of the 
sup er sy mmet r y. 

The significance of a configuration's preserving a portion of the supersymmetry 
can be illuminated by considering the supersymmetry algebra. Recall that the the 
most general form of the algebra of the supercharges can be written as 

{Qra, Qsp} = 26rs{Y)apP^ + 2l5^pXrs - 2{-i'')^pYrs (3.3.13) 

where Xrs = —Xsr and Yrs = —Ygr are central charges that commute with all of the 
supercharges and with all of the generators of the Poincare algebra. These central 
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charges can be calculated by writing the supercharge as the spatial integral of the time 
component of the supercurrent S^. Performing a supersymmetry transformation on 
Sg{x) gives {Qr, S^{x)}. A spatial integral then gives {Qr,Qs}- The central charges 
arise as surface terms that are nonvanishing in the presence of electric or magnetic 
charges. Explicitly, 

Xrs = 2 J (fSi Tr [GrsEi + HrsBi] 

Yrs = 2 j (fS,Tl[GrsB^ + HrsEi]. (3.3.14) 

Multiplying Eq. (13.3. 13p on the right by 7°^ we obtain {Qr, Qsl^}- Because this is 
a positive definite matrix, its eigenvalues must all be positive, thus implying a lower 
bound on the mass. This bound is most easily derived by multiplying this matrix by 
its adjoint and then taking the trace to obtain 

M2 > -^[XrsXrs + YrsYrs] • (3.3.15) 

For the case of a single nonzero scalar field, this is equivalent to the BPS bound, 
Eq. (I3.2.4p . that we obtained previously. 

For a state to actually achieve this lower bound, it must be annihilated by a subset 
of the supersymmetry generators. To see how this works, let rjr and 77^ be a set of su- 
persymmetry parameters that satisfy relations of the form of Eq. (13.3.61) . Within the 
subspace of states annihilated by the corresponding combinations of supersymmetry 
transformations, the matrix elements of 

F = nrl^P^i, + Xrsf]rC's + ^Yrsf]rlH (3-3.16) 

must vanish for all choices of rjr and r]'^. By considering in turn the cases f]4 = fj'^ = 
and ri2 = = 0, we find that within this subspace 

= F = 2r]2 [YP,^ - sina7°Xi2 - cos a-f^Yu) V2 (3.3.17) 

and 

= F = 2r/4 (jf'P^ - sin aj'^Xu - cos a-f^Y^) ■ (3.3.18) 

In order that these hold for all allowed choices of rjr and rj^, the spatial momentum 
P must vanish and 

Pq = M = sinaXi2 + cosa;Yi2 = sin 0X34 + cos 0134 . (3.3.19) 

Further, by considering the cases rj2 = rj'^ = and 774 = r/2 = 0, one can show that all 
of the other independent components of X^s and Yrs must vanish. Combining the two 
parts of Eq. (13.3.191) . and recalling that Grs and Hrs are self-dual and anti-self-dual, 
respectively, we obtain 

M = 2 sin a / £Si Tr (G^E^) + 2 cos a / d'^Si Tr (GuB,) . (3.3.20) 
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The integrals in this equation are, in fact, just the quantities Qe and Qm that were 
defined in Eq. fl3.2.3p . with Gu playing the role of Recalling now the relation 
between the electric and magnetic charges that follows from Eq. fl3.3.7p . we see that 
the energy bound is indeed achieved by these BPS states. 

Although this relation between the mass and the charges is the same as we found 
in Sec. 13.21 the crucial difference is that we have now obtained it as an operator 
expression, rather than by relying on the classical solutions. Indeed, the connection 
between the BPS conditions and the central charges guarantees that there are no 
corrections to Eq. fl3.2.6p . In the absence of central charges, massless supermulti- 
plets are smaller than massive ones. The analogous result in the presence of central 
charges is that states preserving half of the supersymmetry form supermultiplets that 
are smaller than usual; with AA-extended supersymmetry, a minimal super mult iplet 
obeying Eq. (13.3. 15p has 2^ states, compared to 2^-^ states otherwise. In the weak 
coupling regime, where one would expect perturbation theory to be reliable, it would 
not seem surprising if one- loop effects gave a small correction to Eq. (13.2.60 . However, 
this would imply an increase in the size of the supermultiplet, which would be quite 
surprising. Hence, we conclude [39] that the BPS mass formula must be preserved 
by perturbative quantum corrections0 



3.4 Montonen-Olive duality 

Montonen and Olive p] pointed out that the particle spectrum of the SU(2) theory 
defined by Eq. (12.1.20 has an intriguing symmetry in the BPS limit. Table 1 shows 
the masses and charges for the elementary bosons of the theory, together with those 
of the monopole and antimonopole. If one simultaneously interchanges magnetic and 
electric charge {Qm ^ Qe) and weak and strong coupling (e 47r/e), the entries for 
the ly-boson are exchanged with those for the monopole, but the overall spectrum of 
masses and charges is unchanged. [This refiects the fact that the elementary particles 
of the theory obey the BPS mass relation of Eq. (13.2.60 .] 

It is tempting to conjecture that this symmetry of the spectrum refiects a real 
symmetry of the theory, one that generalizes the electric-magnetic duality symmetry 
of Maxwell's equations. Such a symmetry would interchange the W states corre- 
sponding to quanta of an elementary field with the monopole states arising from a 
classical soliton. This may seem strange, but it may well be that the apparent dis- 
tinction between these two types of states is merely an artifact of weak coupling. In 
other words, there could be a second formulation of the theory in which the monopole, 
rather than the W , corresponds to an elementary field. For large e (and hence small 
47r/e), this second formulation would be the more natural one, and the W would 
be seen as a soliton state. This would be analogous to the equivalence between the 
sine-Gordon and massive Thirring models [H] , except that the two dual formulations 

^It was first pointed out in Ref. [40] that the bosonic and fermionic corrections to the supersym- 
metric monopole mass should cancel. However, there turn out to be a number of subtleties involved 
in actually verifying that the BPS mass formula is preserved by quantum corrections. For recent 
discussions of these, see Refs. [4T |l42ll43] . 
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of the theory would both take the same form; i.e., the theory would be self-dual. 





Mass 


Qe 


Qm 


photon 
























ev 


±e 





Monopole 


Attv 






e 





e 



Table 1: The particle masses and charges in the BPS limit of the SU(2) 
theory. 

In addition to the self-duality of the particle spectrum, further evidence for this 
conjecture can be obtained by considering low-energy scattering. As we will see 
in the next chapter, there is no net force between two static monopoles, because 
the magnetic repulsion is exactly cancelled by an attractive force mediated by the 
massless Higgs scalar. The counterpart of this in the elementary particle sector 
can be investigated by calculating the zero-velocity limit of the amplitude for W-W 
scattering. Two tree-level Feynman diagrams contribute in this limit — one with a 
single photon exchanged, and one with a Higgs boson exchanged. Their contributions 
cancel, and so there is no net force [9]. 

There is, however, one very obvious difficulty. The H^-bosons have spin 1, whereas 
the quantum state built upon the spherically symmetric monopole solution must 
have spin 0. (Had the solution not been spherically symmetric, there would have 
been rotational zero modes whose excitation would have led to monopoles with spin.) 
The resolution is found by recalling that the BPS limit is most naturally understood 
in the context of extended supersymmetry. On the elementary particle side, the 
additional fields of the supersymmetric Lagrangian clearly add new states. For A/" = 2 
supersymmetry, the massive W becomes part of a supermultiplet that also contains 
a scalar and the four states of a Dirac spinor, all with the same mass and charge; 
for = 4, there are five massive scalars and eight fermionic states, corresponding to 
two Dirac spinors. 

New states also arise in the soliton sector, although by a more subtle mechanism. 
Recall that the existence of a fermionic zero-mode about a soliton leads to two de- 
generate states, one with the mode occupied and one with it unoccupied; with k such 
modes there are 2'^ degenerate states. In the presence of a unit monopole (BPS or 
not) an adjoint representation Dirac fermion has two zero modes. (We will prove this 
statement for the BPS case in the next chapter, but note that these modes can be 
obtained by acting on the bosonic BPS solution with the supersymmetry generators 
that do not leave it invariant.) The Af = 2 SYM theory has a single adjoint Dirac 
field, and thus two zero modes giving rise to four degenerate states. These have 
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helicities 0, 0, and ±1/2, and so the magnetically charged supermultiplet does not 
match the electrically charged one. With A/" = 4 supersymmetry, on the other hand, 
there are 16 states, and one can check that their spins exactly match those of the 
electrically charged elementary particle supermultiplet [15]. Thus, the J\f = 4 theory 
is a prime candidate for a self-dual theory. 
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Chapter 4 

Static multimonopole solutions 



We now want to discuss BPS solutions with more structure than the unit SU(2) 
monopole, including both solutions with higher magnetic charge in the SU(2) theory 
and solutions in theories with larger gauge groups. 

Within the context of SU(2), one might envision two classes of multiply-charged 
solutions. The first would be multimonopole solutions comprising a number of com- 
ponent unit monopoles. At first thought, one might expect that the mutual magnetic 
repulsion would rule out any such solutions. However, this is not obviously the case 
in the BPS limit, because the massless Higgs scalar carries a long-range attractive 
force that can counterbalance the magnetic repulsion [IHl SZl SB]- In fact, it turns 
out that there are static solutions for any choice of monopole positions. 

One might also envision localized higher charged solutions that were not multi- 
monopole configurations and that would give rise, after quantization, to new species 
of magnetically charged particles. This possibility is not realized, at least for BPS 
solutions. While there are localized higher charge solutions, the parameter counting 
arguments that we give in Sec. 14.21 show that these are all multimonopole solutions 
in which the component unit monopoles happen to be coincident. 

For larger gauge groups, there turn out to be not one, but several, distinct topo- 
logical charges. Associated with each is a "fundamental monopole" [IH] carrying a 
single unit of that charge. These fundamental monopoles can be explicitly displayed 
as embeddings of the unit SU(2) monopole. As with the SU(2) case, we find that 
there are static multimonopole solutions, which may contain several different species 
of fundamental monopoles. Also as before, there are no intrinsically new solutions 
beyond these multimonopole configurations. 

We begin our discussion in Sec. 14.11 by reviewing some properties of Lie algebras 
and establishing our conventions for describing monopoles in larger gauge groups. The 
fundamental monopoles are described in this section. Next, in Sec. 14.21 we use index 
theory methods to count the number of zero modes about an arbitrary solution with 
given topological charges. We find that an SU(2) solution with n units of magnetic 
charge, or a solution in a larger group with topological charges corresponding to a set 
of n fundamental monopoles, has exactly 4n zero modesjj It is therefore described 

^There are some complications if the unbroken gauge group contains a non-Abelian factor, as we 
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by 4n collective coordinates and corresponds to a point on a 4n- dimensional moduli 
space. These collective coordinates have a natural interpretation as the positions and 
U(l) phases of the component monopoles. 

While these methods determine the number of parameters that must enter a 
solution with arbitrary charge, they do not actually show that any such solutions 
exist. In Sec. I4.3l we present some general discussion of the problem of finding explicit 
solutions. Then, in Sec. 14.41 we describe a method, due to Nahm [501 EH ESI [53] . 
that establishes a correspondence between multimonopole solutions and solutions of a 
nonlinear differential equation in one variable. Not only does this method yield some 
multimonopole solutions more readily than a direct approach, but it also provides 
insights in some cases where an explicit solution cannot be obtained. Some examples 
of the use of this construction are described in Sec. 14.51 

4.1 Larger gauge groups 

The topological considerations that give rise to monopole solutions in the SU(2) 
theory can be generalized to the case of an arbitrary of gauge group G, with the Higgs 
field $ being in an arbitrary (and possibly reducible) representationo If the vacuum 
expectation value of $ breaks the gauge symmetry down to a subgroup if, then the 
vacuum manifold of values of $ that minimize the scalar field potential is isomorphic 
to the quotient space G/H. Topologically nontrivial monopole configurations exist 
if the second homotopy group of this space, Il2{G/H), is nonzero. This homotopy 
group is most easily calculated by making use of the identity Ii2{G/H) = Ili{H), 
which holds if 112(6') = (as is the case for any semisimple G) and Ili{G) = (which 
can be ensured by taking G to be the covering group of the Lie algebra). 

Because we are interested in BPS monopoles, our discussion in this review will 
be restricted to the case where $ transforms under the adjoint representation of the 
gauge group. 

4.1.1 Lie algebras 

Let us first recall some results concerning Lie groups and algebras. Let G be a simple 
Lie group of rank r. A maximal set of mutually commuting generators is given by 
the r generators that span the Cartan subalgebra; it is often convenient to choose 
these to be orthogonal in the sense that 



(This normalization agrees with the conventions we have used in the preceding chap- 
ters.) The remaining generators can be taken to a set of ladder operators that are 
generalizations of the raising and lowering operators of SU(2). These are associated 

will explain in Chap. [6l 

^For a detailed discussion, see Ref. [51] . 





36 



with roots a. that are r-component objects defined by the commutation relations 



[U,E^] = (xE^ (4.1.2) 

of the ladder operators with the Hi. These roots may be viewed as vectors forming a 
lattice in an r-dimensional Euclidean space. We will also make use of the dual roots, 
defined by 

cx* = a/a'^. (4.1.3) 

Any root can be used to define an SU(2) subgroup with generators 

t\c.) = --^^(E^-E^^) 

t'icx) = ^c^-H. (4.1.4) 

The remaining generators of G fall into irreducible representations of this SU(2). The 
requirement that they correspond to integer or half-integer values of implies that 
any pair of roots a and /3 must satisfy 

^ = «-/3 = f (4.1.5) 

for some integer n. Further, if > o;^, then 0^ /cx^ = k must equal 1, 2, or 3, and 
\n\ < k. It follows that at most two different root lengths can occur for a given Lie 
algebra. 

One can choose a basis for the root lattice that consists of r roots f3^, known as 
simple roots, that have the property that all other roots are linear combinations of 
these with integer coefficients all of the same sign; roots are termed positive or nega- 
tive according to this sign. The inner products between the simple roots characterize 
the Lie algebra and are encoded in the Dynkin diagram. This diagram consists of r 
vertices, one for each simple root, with vertices a and b joined by 

(4,1,6) 

lines. The Dynkin diagrams for the simple Lie algebras are shown in Fig. 14.11 

The choice of the simple roots is not unique (although the m^b are). However, it 
is always possible to require that the 13^ all have positive inner products with any 
given vector. If these inner products are all nonzero, then this condition picks out a 
unique set of simple roots. 



4.1.2 Symmetry breaking and magnetic charges 

By an appropriate choice of basis, any element of the Lie algebra — in particular the 
Higgs vacuum expectation value $o — can be taken to lie in the Cartan subalgebra. 
We can use this fact to characterize the Higgs vacuum by a vector h defined by 

<l>o = h-H. (4.1.7) 
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SU(N+1) 




Figure 4.1: Dynkin diagrams for all simple Lie algebras. SU(A^), S0(2A'"), 
and Ek are simply laced, meaning that all roots have the same length. For the 
remaining groups, the arrow points toward the long root(s). 



The generators of the unbroken subgroup are those generators of G that commute 
with $0- These are all the generators of the Cartan subalgebra, together with the 
ladder operators corresponding to roots orthogonal to h. There are two cases to be 
distinguished. If none of the ol are orthogonal to h, the unbroken subgroup is the 
U(l)'~ generated by the Cartan subalgebra. If instead there are some roots 7 with 
7 ■ h = 0, then these form the root diagram for some semisimple group K of rank r', 
and the unbroken subgroup is K x U(l)'^~^ . 

For the time being we will concentrate on the former case, which we will term 
maximal symmetry breaking (MSB), leaving consideration of the case with a non- 
Abelian unbroken symmetry to Chap. O Because 112 (G/i?) = ni[U(l)''] = Z'', the 
single integer topological charge of the SU(2) case is replaced by an r-tuple of integer 
charges. 
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To define these charges, we must examine the asymptotic form of the magnetic 
field. At large distances Bi must commute with the Higgs field. Hence, if in some 
direction $ is asymptotically of the form of Eq. fl4.1.7l) , we can choose to also lie 
in the Cartan subalgebra, and can characterize the magnetic charges by a vector g 
defined by 

^^ = 4^g-H. (4.1.8) 

The generalization of the SU(2) topological charge quantization is the requirement 
that 

e''^-^ = I (4.1.9) 

for all representations of G \5E\ . This is equivalent to requiring that g be a linear 
combination 



Air ^ 



^ a=l 

of the duals of the simple roots. The integers Ua are the desired topological charges. 

We noted above that there are many possible ways to choose the simple roots. 
Each leads to a different set of rza, with the various choices being linear combinations 
of each other. A particularly natural set is specified by requiring that the simple 
roots all satisfy 

/3,.h>0. (4.1.11) 

Associated with this set are r fundamental monopole solutions, each of which is a 
self-dual BPS solution carrying one unit of a single topological charge. Thus, the ath 
fundamental monopole has topological charges 

Ub = 6ab (4.1.12) 

and, by the BPS mass formula of Eq. (13.2.6^ . has mass 

m, = — h./3:. (4.1.13) 

e 

This fundamental monopole can be obtained explicitly by embedding the unit 
SU(2) solution in the subgroup defined by /3„ via Eq. 04.1.51] . If A[^\r;v) and 
^[^\r;v) (s = 1,2,3) are the gauge and scalar fields of the SU(2) monopole with 
Higgs expectation value v, then the ath fundamental monopole solution is 



A, = ^4^)(r;/3,.h)t^(/3J 

s=l 

$ = X:*fHr;/3,-h)t^(/3J + [h-(h./3:)/3J.H. (4.1.14) 



(The second term in $ is needed to give the proper asymptotic value for the scalar 
field.) 
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With the aid of Eqs. fl4.1.10p and fl4.1.13p . the energy of a self-dual BPS solution 
with topological charges can be written as a sum of fundamental monopole masses, 

M = nama. (4.1.15) 

While it may not be obvious that such solutions actually exist for all choices of the 
Ua (an issue that we will address later in this chapter), some higher charge solutions 
can be written down immediately. Since every root, simple or not, defines an SU(2) 
subgroup, the embedding construction used to obtain the fundamental monopoles can 
be carried out for any composite root ex.. The topological charges of the corresponding 
solution are the coefficients in the expansion 

cc* = na(3l. (4.1.16) 

At first sight, the embedded solutions based on composite roots seem little dif- 
ferent than the fundamental monopole solutions. However, there is an essential, 
although quite surprising, difference. Whereas the fundamental monopoles are unit 
solitons corresponding to one-particle states, the index theory results that we will ob- 
tain in the next section show that the solutions obtained from composite roots are ac- 
tually multimonopole solutions. They correspond to several fundamental monopoles 
that happed to be superimposed at the same point, but that can be freely separated. 

The ideas of this section can be made a bit more explicit by focussing on the case 
of SU(A^), which has rank — 1. Its Lie algebra can be represented by the set of 
traceless Hermitian N x N matrices. The Hi can be taken to be the N — 1 diagonal 
generators. The Ea are then the N{N — 1) matrices that have a single nonzero 
element in an off-diagonal position. The Higgs expectation value $o can be taken to 
be diagonal, with matrix element^ 

si < S2 < ■ ■ ■ < sn . (4.1.17) 

If any A; > 2 of the sj are equal, there is an unbroken SU(fc) subgroup. Otherwise, 
the symmetry breaking is maximal, and the simple roots defined by Eq. (14.1. lip cor- 
respond to the matrix elements lying just above the main diagonal. The fundamental 
monopoles are embedded in 2 x 2 blocks lying along the diagonal, with the ath funda- 
mental monopole lying at the intersections of the ath and (a-l-l)th rows and columns 
and having a mass proportional to Sa+i — Sa- In a direction where the asymptotic 
Higgs field is diagonal with matrix elements obeying Eq. (14.1.170 . the asymptotic 
magnetic field is 

Bk = — ^ diag {-rii, ni - n2, . . . , nN-2 - nN-i, riN-i) ■ (4.1.18) 

Finally, we conclude this section with a brief note about normalizations. It is 
sometimes convenient to modify the normalization given by Eq. (I4.1.ip . so that the 

Hi obey 

Tt (HiH,) = ^ 6., (4.1.19) 

■^While this ordering of the eigenvalues is the most convenient one for our purposes, it should 
be noted that it corresponds to an ordering of the rows and columns of the matrices in the Cartan 
subalgebra that is the opposite of the usual one; e.g., for SU(2), Hi — diag(— 1, 1). 



40 



with c 7^ 1. Under a rescaling of the normahzation constant c, the roots ck ~ c, while 
their duals a* ~ c~^. To maintain the correct quantization of the topological charge, 
g ~ c-^ 

4.1.3 Generalizing Montonen- Olive duality 

At the end of Chap. [3] we discussed the duality conjecture of Montonen and Olive. 
This conjecture was motivated by the invariance of the BPS spectrum if the trans- 
formation e 47r/e is accompanied by a simultaneous interchange of electric and 
magnetic charges. We are now in a position to ask how this duality conjecture might 
be generalized to the case of larger gauge groups. 

The first step is to identify the particles to be exchanged by the duality. In the 
SU(2) theory these are the massive electrically charged gauge boson and its superpart- 
ners, on the one hand, and the magnetically charged supermultiplet obtained from 
the unit monopole and the various possible excitations of the fermion zero modes in 
its presence. With a larger gauge group, the particle spectrum of the electrically- 
charged sector is again composed of the gauge bosons that acquire masses through 
the Higgs mechanism, and their superpartners. On the magnetically charged side, 
matters are more subtle. The simpest guess is that the dual states should be built 
upon the classical solutions obtained by using the various roots of the Lie algebra to 
embed the SU(2) unit monopole. The problem with this is that, as we noted in the 
previous section, the embedded solution is actually a multimonopole solution if the 
root a used for the embedding is composite; only embeddings via the simple roots 
yield one-monopole solutions. 

As we will explain in Chap. [9l this difficulty is resolved by the existence of thresh- 
old bound states of the appropriate fundamental monopoles. These arise by a rather 
subtle mechanism involving the fermion fields, and are only possible if the theory 
has M = 4 supersymmetry. The existence of these bound states has been explicitly 
demonstrated for the case where the embedding root a is the sum of two simple roots 
[55l[56]. Because the construction used for this case becomes much more tedious when 
more than two simple roots are involved, the existence of the bound states for these 
cases has not been verified, although there seems little doubt that they are present. 
For the remainder of this discussion, we will simply assume their existence. 

The next step is to look more closely at the masses of these particles. The gauge 
boson associated with the root a has a mass 

Ma = eh- a. (4.1.20) 

This should be compared with the mass 

An 47r h ■ a 

ma = — h ■ a = — 

e e ct'' 

of the magnetically charged state (whether a fundamental monopole or a threshhold 
bound state) associated with the same root. The crucial point to note here is the 
appearance of the root in the former case, but of its dual in the latter. 



(4.1.21) 
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For gauge groups whose root vectors all have the same length fi (the so-called 
"simply laced" groups), the roots and their duals differ by a trivial factor of /i^. All 
that is necessary to generalize the duality conjecture is to replace the transformation 
e ^ 47r/e by e ^ 47r/e/i^; indeed, the necessity of the additional factor becomes clear 
as soon as one recalls that the normalization of the gauge coupling depends on the 
convention that determines the root length. 

However, the situation is not so simple if the gauge group has roots of two different 
lengths, since in this case the roots and their duals are not related by a common 
rescaling factor. Instead, replacing all of the roots by their duals is equivalent, up 
to an overall rescaling, to simply interchanging the short and the long roots. It is a 
remarkable fact [571 [58] that the new set of roots obtained in this fashion is again the 
root system of a Lie algebra, although not necessarily the original one. 

This is easily demonstrated for the rank N algebras S0(2A^+ 1) and Sp(2A^). Let 
Cj, i = 1, 2, . . . , be a set of unit vectors in iV-dimensional Euclidean space. The 
roots of S0(2A^ + 1) can then be written as ±v^ Cj and (ie^ ± ej) / \pl {% ^ j), while 
those of Sp(2A^) can be chosen to be ±ej/v^ and (icj ± ej)/^/2 [i ^ j). Replacing 
each root of S0(2A^ + 1) by its dual then simply yields the roots of Sp(2iV), and 
conversely. The other two non-simp ly laced Lie algebras, F4 and G2, are self-dual, 
up to a rotation; i.e., replacing the roots by their duals yields the initial root system, 
but rotated. [The same is actually true of the algebras S0(5) and Sp(4), which are 
identical.] 

The generalized Montonen-Olive conjecture can now be stated as follows |59j . 
Theories with simply laced gauge groups are self-dual under the interchange of electric 
and magnetic charges and weak and strong coupling. If the gauge group has a Lie 
algebra that is not simply laced, but is still self-dual, the theory is again self-dual, 
but with appropriate relabeling of states. In the remaining cases [S0(2A^ + 1) and 
Sp(2iV) with > 3], the duality maps the gauge theory onto the theory with the 
dual gauge group. 

4.2 Index calculations 

In Chap. [2] we noted the existence of four zero modes (in addition to those due to 
local gauge transformations) about the unit monopole, and related that fact to the 
existence of a four-dimensional moduli space of solutions. We will now consider the 
zero modes about BPS solutions of arbitrary charge. In contrast with the previous 
case, we do not know the form of the unperturbed solution. Also unlike the case of 
unit charge, the zero modes do not all arise from the action of symmetries on the 
monopole solution. It is, nevertheless, possible to determine the number of these zero 
modes 

The first step, which we describe in Sec. 14.2. ![ is to formulate the problem in 
terms of a matrix differential operator T>, and to define a quantity I that counts the 
normalizable zero modes of V. Next, in Sec. 14.2.21 we rewrite the problem in terms of 
a Dirac equation. This translation from bosonic to fermionic language both simplifies 
the calculation and illuminates some important properties of the moduli space. The 
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actual evaluation of X is described in Sec. 14.2.31 



4.2.1 Perturbation equations 

For the calculations in this section, it will be convenient to adopt a notation where the 
fields Ai and $ of the unperturbed solution are written as anti-Hermitian matrices 
in the adjoint representation of the group, while the perturbations 6Ai and 5$ are 
written as column vectors. Using this notation, we expand Eq. (13.2.71) . Keeping 
terms linear in the perturbation gives 

= A5$ - eMAi - eijkDj6Ak (4.2.1) 

where 

A = 5^ + eAi (4.2.2) 

is the covariant derivative with respect to the unperturbed solution. 

The solutions of Eq. (14.2.11) include perturbations that are local gauge transfor- 
mations of the form 

6Ai = DiA , (5$ = e$A . (4.2.3) 

We are not interested in these, and so require that our perturbations be orthogonal 
to such gauge transformations, in the sense that 

= Jd^x [{D,Ay6Ai + e($A)"^(5$ 

= - Jd^x At [Di6Ai + eM<l>] + J d^Si A^Ai . (4.2.4) 

(The last integral is to be taken over a surface at spatial infinity.) For gauge functions 
A{x) that fall off sufficiently rapidly that the surface term vanishes, orthogonality is 
ensured by imposing the background gauge condition 

= Di6Ai + e^6^. (4.2.5) 

This does not eliminate all of the gauge modes for which A(oo) is nonzero. The sur- 
viving modes correspond to global gauge transformations in the unbroken subgroup. 
These modes are physically significant, as we saw in the analysis of the U(l) phase 
mode and the related dyons in Sec. 12.41 

Our goal is to count the number of linearly independent solutions of Eqs. (14.2.11) 
and (14.2.51) . These equations can be combined into a single matrix equation 



= 1)^ (4.2.6) 



where ^' = (Mi, M2, M3, 5$)* and 



V 





-e<I> 




-D2 








-6$ 




D2 




D2 




-6$ 


D3 


[ 


-D, 


-D, 







(4.2.7) 
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The quantity that we want is the number of normahzable zero modes of V. These 
are the same as the normahzable zero modes of V^V, where is the adjoint of V. 
(Note that differs from V only in the signs of the diagonal elements.) 
Let us define 

J= lim I(M^) (4.2.8) 

where 

^(*'^) = (wot) - (iJ^) (^■^■'') 

and Tr indicates a combined matrix and functional tracefl Each normahzable zero 
mode of V'^V contributes 1 to the right-hand side of Eq. fl4.2.9p . while each normal- 
izable zero mode of DP "I" contributes —1. However, by making use of the fact that Ai 
and $ obey the Bogomolny equation, it is easy to show that 

PI?t = _/}2 _ g2^2 _ (4.2.10) 

This is a manifestly positive definite operator (remember that $ is an anti-Hermitian 
matrix) and therefore has no normahzable zero modes. It would thus seem that I is 
precisely the quantity that we want. 

There is one potential complication. Because we are dealing with operators that 
have continuum spectra extending down to zero, we must worry about a possible 
contribution to X from the continuum. Such a contribution would be of the form 

where po(fc^) is the density of continuum eigenvalues of the operator O. For this to 
be nonvanishing, the po{k^) must be rather singular at fc^ = 0. 

Singularities of this sort are absent when there is maximal symmetry breaking. 
This is most easily understood by viewing the theory in a string gauge, where the 
correspondence between particles and field components is clearest. First, note that 
the smaAl-k behavior of the densities of states is determined by the large- distance 
structure of the differential operators. Hence, terms in T> and that fall expo- 
nentially with distance can be ignored. The potentially dangerous terms that fall 
as inverse powers of r can only arise from field components corresponding to the 
massless gauge and Higgs bosons. Further, the only modes that can have eigenvalues 
near zero are those with components corresponding to perturbations of these massless 
fields. Because the unbroken theory is Abelian, the massless fields do not interact 
with themselves. The long-range terms in T> and therefore have negligible effect 
on the small- /c behavior and cannot give rise to any singularities. Hence, Xcont = 0. 

If, instead, the unbroken gauge group is non- Abelian, the long-range fields in the 
unperturbed solution can act on the massless perturbations, and the above arguments 
no longer apply [61]. We will return to this issue in Sec. 16.11 where we will see that 
a nonzero continuum contribution to X actually does arise in certain situations. 



f d^k 1 r 



^On a compact space, where D^D and DT)'' would have discrete spectra with identical nonzero 
eigenvalues, X(M^) would be independent of AP. The fact that it is not is a consequence of the 
continuum spectra. 
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4.2.2 Connection to Dirac zero modes and supersymmetry 

Let us define a 2 x 2 matrix ip by 

iP = IS<i> + icTjSAj . (4.2.12) 

Equations (14.2.11) and (14.2.51) can then be rewritten as the Dirac-type equation [62] 

= i-icTjDj + e$)^ = Vfi: . (4.2.13) 

Note, however, that when Eq. (14.2. 12p is inverted to give 6Aj and 5$ in terms of ip, 
the bosonic perturbations obtained from iip are hnearly independent of those obtained 
from ip. The number of normahzable zero modes of V is thus twice the number of 
normahzable zero modes of the Dirac operator Vf. Hence, if Xf is defined in the same 
manner as X, but with V replaced hy Vj, the two quantities will be related by 

I = 2If. (4.2.14) 

This shows that the number of bosonic zero modes must be even. In fact, an even 
stronger result holds. If ?/' is a solution to Eq. (14.2.131) . then so is tpU, where U is 
any unitary 2x2 matrix. By this means a second linearly independent ip can be 
constructed from the first. Together, this complex doublet of Dirac modes implies a 
set of four linearly independent bosonic zero modes. To make this explicit, let us use 
a four- dimensional Euclidean notation, similar to that introduced in Sec. 12. 5[ where 
(5$ = 6A4. If 6Aa is the bosonic zero mode corresponding to the Dirac solution ip, 
then the zero mode corresponding to ip' = iipar has components 

(M)l = -v:,6Ab (4.2.15) 

where the anti-self-dual tensor r;^^ and its self-dual counterpart r^^^ (with r = 1, 2, 3) 
are defined by rj^j = fjl- = Crij, rf^^ = —Va4 = ^ra- Because of the antisymmetry of the 
fj^ii, 6 A' is orthogonal to SA at each point in space. 

The zero modes form a basis for the tangent space at a given point on the moduli 
space. We thus have three maps J*-^-* of this tangent space onto itself, with 

j{r) n >: A _ _-r r a 

These obey the quaternionic algebra 

jir)j{s) ^ _^rs ^ ^rstjit) (4.2.17) 

and thus define a local quaternionic structure on the moduli space. In Sec. 15.11 we 
will obtain an even stronger result, that the moduli space is hyper-KahlerJf] 

The existence of these multiplets of zero modes, and of the hyper-Kahler structure 
that follows from them, can be understood in terms of supersymmetry. We have 
seen that by the addition of appropriate fermion and scalar fields the Lagrangian 

discussion of quaternionic and hyper-Kahlcr manifolds is given in Appendix A. 



(4.2.16) 
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can be extended to that of TV = 4 SYM theory, and that this is the most natural 
setting for the Bogomolny equation. Because the BPS solution breaks only half of the 
super symmetry, the zero modes about any solution must fall into complete multiplets 
under the unbroken M = 2 supersymmetry. The smallest possible multiplet has four 
real bosonic and four real fermionic components, with the fermionic components 
transforming as a complex doublet under the SU(2) R-symmetry. 

In fact, there are always four bosonic zero modes that can be obtained directly 
from a supersymmetry transformation. We saw in Sec. 13.31 that half of the super- 
symmetry in the = 2 or A/" = 4 SYM theories is preserved by the BPS solutions. 
Acting on these solutions with the generators of the broken supersymmetry produces 
Dirac zero modes. In particular, by examining Eqs. (13.3.41) - (13.3.61) . with a = and 
Ci = ^7^7°C25 we see that 

ip = ia-B (4.2.18) 

should be a solution of Eq. (14.2.131) . as can be easily verified. Guided by Eq. (I4.2.12p . 
we immediately read off the bosonic zero mode 

5Ai = Bi, (5$ = (4.2.19) 

that corresponds to a global U(l) phase rotation. Acting on this mode with the three 
yields the three translation zero modes 

SpA^ = Fpi , 5$ = Dp$ . (4.2.20) 

[These differ from the naive form of the translation zero mode, SpAi = dpAi and 
(5p$ = 9p$, by a local gauge transformation with gauge function A = —Ap, and 
thereby satisfy the background gauge condition, Eq. (I4.2.5p .] 



4.2.3 Evaluation of I 

Returning to our calculation, let us define a set of Euclidean Dirac matrices 

-icrk\ r =f^ ^ 

l(Tk J ' \I 



(4.2.21) 



obeying 
as well as 



{Ta,Tb} = 25ab, (4.2.22) 
15 = 1x121314= _°^) . (4.2.23) 



As in the preceding section, it will sometimes be convenient to use the four-dimen- 
sional notation in which = $, Fa4, = D^^, and (because we are using adjoint 
representation matrices for the unperturbed fields in this section) = e$. However, 
we will at times need to switch back to the three-dimensional notation. To distinguish 
between the two, we will let indices a,b, . . . range from 1 to 4, while i,j, . . . will range 
from 1 to 3. 
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With this notation, 



and 



r-D = TaDa 



-Trr, 



Vf 

-vl 



M2 



;r-D)2 + M2 



—I 
—I 



d xix i X 



d^x tr ( a; 



'-(r-L>)2 + M2 



X 



M[-{T-D)+M] 



-(r • Dy + M2 



(4.2.24) 



/ 



— / d X Iy i X 



r, 



M 



{T-D) + M 



X 



(4.2.25) 



where tr indicates a trace only over Dirac and group indices. (To obtain the third 
equahty, one must use the cychc property of the trace and the fact that anticom- 
mutes with an odd number of F-matrices.) 

The trick to the evaluation of X is to show that the integrand on the right-hand 
side is a total divergence. This allows Xf{M'^) to be written as a surface integral at 
spatial infinity that depends only on the asymptotic behavior of the fields. To this 
end, we define a nonlocal current 



Ji{x,y) = tr i^x 

Using the identities 

5{x-y) = 



1 



{r-D) + M 



(4.2.26) 



d 



ri— + er-A + M 

OXi 



X 



1 



= ( X 



{T-D) + M 
+ er-A + M 

OXi 



{T-D) + M 

and the cyclic property of the trace, we find that 

-tr [2M - eT ■ A{x) + eV ■ A{y)] (x 



(4.2.27) 



y 



'{r-D) + M 

(4.2.28) 



The manipulations here are analogous to those used in the calculation of the 
divergence of the four-dimensional axial current. In four dimensions, there are short- 
distance singularities as y approaches x that produce an anomaly. In three dimensions 
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these singularities are weaker and there is no anomaly. We can therefore set x = y 
in Eq. fl4.2.28l) and, by comparing with Eq. fl4.2.25p . obtain 



= lim / dSi Ji{x,x) 

I R^oo Jr 



where the surface of integration in the last line is a sphere of radius R. 
We now rewrite Ji{x,x) as 



Ji{x, x) = — tr ( X 



r,T, (r ■ D) 



1 



X 



Because 



the last factor in Eq. (14.2.301) can be expanded as 
1 1 



-(r ■ D)2 + M2 -D^ - e2$2 + M2 



(4.2.29) 



(4.2.30) 
(4.2.31) 



+ 



(4.2.32) 



When this expansion is inserted into Eq. (I4.2.30p . the contribution from the first 
term vanishes after the trace over Dirac indices is taken, while the 1/x^ falloff of Fab 
implies that the terms represented by the ellipsis do not contribute to the surface 
integral. To evaluate the remaining term, we write 



-ijkBk 



•ijk 



4:71 x' 



■Q + 0{l/x') 



(4.2.33) 



where Q is an element of the Lie algebra specifying the magnetic charge. Inserting 
this into Eq. (14.2.301) and performing the Dirac trace leads to 



Xi J iix^ X ) 



tr ( X 



e2$2 + M2^-V2-e2$2 



M2 



X 



+0(l/x^ 



(4.2.34) 



where now tr indicates a trace only over group indices. 

By an appropriate gauge transformation, we can put the asymptotic Higgs and 
magnetic fields into forms corresponding to those in Eqs. (I4.1.7P and (14.1.81) . Keeping 
track of the sign changes that arise because the Hi are Hermitian, we obtain 



XiJii^X ^ x) 



71 X'^ 



■ tr ( X 



(h-H)(g-H) 



-V2 + e2(h-H)2 + M2 



X 



+ 0(l/x^). (4.2.35) 
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In the adjoint representation the matrix elements of the generators are given by the 
structure constants. In particular, the matrix elements of the are determined by 
the roots. The matrix trace in the above equation thus leads to a sum over roots, 
and 



E 



X 



(h ■ Q;)(g ■ ol) 



-V2 + e2(h-a)2 + M2 



x)+0{l/x^). (4.2.36) 



Using the identity 



1 



-V2 + 



X 



(27r)3 (P + ^ 



2\2 



(4.2.37) 



then gives 



XirJii^X ^ x) 



E 



(h • a)(g ■ a) 



^ [e2(h -0)2 + ^4-2] 



^ + 0(l/x^). 



(4.2.38) 



The contributions to the sum from the positive and negative roots are clearly 
equal, so we can insert a factor of two and restrict the sum to the positive roots. 
Then substituting this last equation into Eq. fl4.2.29p . we obtain 



(h ■ (x){g ■ a) 



27r ^ [e2(h . a)2 + M2] 



1/2 • 



(4.2.39) 



Taking the limit M"^ 0, using the fact that all positive roots satisfy a ■ h > 0, and 
inserting Eq. (14.1.101) . we then find 



If 



2tt 



2E^aE'/3:-« 



(4.2.40) 



where the prime indicates that the sum is only over the positive roots. We now 
make use of the fact that if /J^ is any simple root, and a 7^ /3„ is a positive root, 
then reflection in a hyperplane orthogonal to /B^ gives another positive root ex.' with 
ex' ■ fia = f^a- Hence, all the terms in the sum over a cancel pairwise, except for 
the one with a = f3^, and we have 



= 2E^a- 



(4.2.41) 



Finally, the quantity that we want is 

I=2If 



(4.2.42) 



Equation fl4.2.42p tells us that the SU(2) solutions with n units of magnetic charge 
lie on a 4n-dimensional moduli space. The natural interpretation is that there are 
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four moduli for each of n independent monopoles. One would expect three of these 
to specify the position of the monopole. The fourth modulus should be analogous to 
the fourth zero mode of the unit monopole, which is associated with a global U(l) 
phase. It is perhaps most easily understood by considering its conjugate momentum. 
For the unit monopole, this is the electric charge divided by e; for solutions with 
higher charge, excitation of these "U(l)-phase modes" leads to independent electric 
charges on each of the n component monopoles]^ 

The story is very much the same with larger gauge groups. The fundamental 
monopoles are obtained by embeddings of the SU(2), and they have only the four 
position and U(l) modes inherited from that solution. All solutions with higher 
charge live on higher-dimensional moduli spaces, and are thus naturally understood 
as multimonopole solutions. 



4.3 General remarks on higher charge solutions 

The BPS mass formula suggests the possibihty of static multimonopole solutions, 
with the Higgs scalar field mediating an attractive force that exactly cancels the 
magnetic repulsion between the monopoles. Further, the index theory calculations 
of the previous section show that the number of parameters entering solutions with 
higher magnetic charge — if any such solutions exist — is just what might be expected 
for a collection of noninteracting static monopoles. 

While suggestive, neither of these considerations actually establishes that multi- 
monopole solutions exist. However, an existence proof has been given by Taubes |63j . 
In the context of the SU(2) theory, he showed that there is a finite distance R such 
that, given arbitrary points ri, r2 . . . , rjv with all |rj — rj\ > R, there is a magnetic 
charge solution with zeroes of the Higgs field at the given locations^ 

In the next section we will describe a construction for obtaining these higher 
charge solutions. Before doing so, we present here some general remarks concerning 
the nature of these solutions. While we will focus on SU(2) solutions, similar con- 
siderations apply with larger gauge groups. We start by considering solutions with 
N monopoles whose mutual separations are all large compared to the monopole core 
radius. There are N zeroes of the Higgs field, with a monopole core surrounding each 
zero and the massive fields falling exponentially outside these cores. These solutions 
are in a sense both rather complex and yet quite simple. 

The complexity becomes evident as soon as one considers the twisting of the Higgs 
field. In any nonsingular gauge the Higgs field orientation in the neighborhood of each 
individual monopole must look like that for a singly- charged monopole. However, 
these Higgs fields must join up at large distances to give a configuration with winding 

^Note, however, that while a dyon with unit magnetic charge satisfies the BPS mass formula of 
Eq. (I3.2.6P for any value of Qe, a multidyon solution is only BPS if each of the component dyons 
has the same electric charge. 

^The existence of the minimum distance R is not simply a technical restriction that might be 
eliminated from the proof by further analysis. We will see below that when the monopole cores 
overlap, the simple connection between zeroes of the Higgs field and monopole positions can be lost. 
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number A^. The analytic expression for such a configuration cannot be simple. 

At the same time, there is an underlying simplicity arising from the fact that, 
apart from the exponentially small massive fields, the physical fields outside the 
cores are purely Abelian. These obey linear field equations, and so it should be 
possible to obtain approximate solutions by superposition. This is most easily done 
by working in a gauge with uniform Higgs field direction, $ = (0, 0, if), and defining 
electromagnetic and massive vector fields and as in Eq. fl2.2.4p . In this gauge 
there is a Dirac string originating at each of the zeros of the Higgs field and running 
off to spatial infinity. The specific paths of the strings are gauge-dependent; let us 
assume that they are chosen to avoid all monopole cores except the one in which they 
originate. 

For a single monopole centered at the origin, the electromagnetic field in this 
gauge is Aj{r) = A^^^^^{r). The Higgs field can be written as 

(^(r-x^")) =t; + (^(r;t;). (4.3.1) 

For |r| > 

<^(r;t;) = -l + 0(e^n (4.3.2) 
er 

and the massive vector field Wj{r; v) is exponentially small. 

Now consider a solution for which the Higgs field has zeros at x*^"-*, with a = 
1,2, . . . , N. The linearity of the Abelian theory implies that outside the n core regions 

N 

Ajir) = ^Af'-^^(r-x('^)) + ■•• 

a=l 

TV ^ 

= --E^731^ + --- (4.3.3) 

where the ellipsis represents terms that, like the Wj field itself, fall exponentially with 
distance from the cores. 

The fields inside the core regions are similar to those for a single monopole, but 
with a few notable differences. First, the scalar field tails of the other monopoles 
reduce the Higgs expectation value seen in the ath core from v to 

<^ = ^ - E elxW-xWI + Oie-—) . (4.3.4) 

This produces an increase in the core radius, and implies that the Higgs and W fields 
inside this core are approximately 

ipir) ^ Weff + <^(r-x('^);<ff) 

Wj{r) ^ W^j(r-x('^);<fj). (4.3.5) 

Because the massive fields fall exponentially with distance, they have negligible 
effects on the interactions between the monopoles. However, they can have a curious 
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effect on the symmetry of the solutions, with interesting physical consequences. This 
can be seen most clearly by considering a solution containing two monopoles, one 
centered at (0, 0, —R) and one at (0, 0, R), with the Dirac string of the first (second) 
chosen to run along the z-axis from the monopole to z = — oo {z = oo). Since a single 
monopole is spherically symmetric, it would be natural to expect that this solution 
would be axially symmetric under rotations about the z-axis. 

Let us examine this in more detail. If only the first monopole were present, 
its Higgs and electromagnetic fields would be invariant under rotation by an angle a 
about the 2;-axis. Its W field would also be invariant if this rotation were accompanied 
by a global U(l) gauge transformation with gauge function A = e~*". Similarly, if 
only the second monopole were present, it would be invariant under the same rotation, 
except that the change in direction of the Dirac string would require that A = e*". 

The mismatch between the two gauge transformations means that, despite naive 
expectations, the solution cannot be axially symmetric. A gauge invariant measure 
of this is given by the scalar product W^-^-j ■ W(2), where W(a) denotes the field due 
to the ath monopole; this is 0(e~^'"^). 

One consequence of this breaking of axial symmetry is that the spectrum of fluctu- 
ations about the solution must include a zero mode corresponding to spatial rotation 
about the 2;-axis. A time-dependent excitation of this mode gives a solution with 
nonzero angular momentum oriented along the axis joining the two monopoles. This 
can be understood by noting that, because of the mismatch in A's noted above, this 
rotation also corresponds to a shift in the relative U(l) phase between the monopoles. 
When done in a time- dependent fashion, this turns the monopoles into a pair of dyons 
with equal and opposite electric charges. The angular momentum is just the usual 
charge-monopole angular momentum, which for a pair of dyons with electric and 
magnetic charges qj and gj points toward dyon 1 and has a magnitude giq2 — g2qi- 

In contrast to the case of widely separated monopoles, where the general properties 
of the solutions could have been anticipated, some surprising features arise when 
several monopoles are brought close together. We will just note a few examples: 

1) When two monopoles are brought together [SU [651 EH [71] , the axial symmetry, 
whose curious absence we have noted, actually emerges when the two zeros of the 
Higgs field coincide. The profiles of the energy density and of the Higgs field have a 



2) There is a solution with tetrahedral symmetry [731 [71], with the energy density 
contours looking like tetrahedra with holes in the centers of each face. Although the 
Higgs field has a zero at each vertex of the tetrahedron, there is also an antizero (i.e., 
a zero with opposite winding) at the center. Thus, this is actually a three-monopole 
solution, illustrating quite dramatically that the zeroes of the Higgs field are not 
always the same as the monopole positions [75] . 

3) Solutions corresponding to the other Platonic solids, but again with nonintu- 
itive charges, have been found. There is a cubic = 4 solution [751 [71] for which 
the Higgs field has a four-fold zero at the center and no other zeros [TH], an A^ = 5 

®There are also axially symmetric solutions with more than two units of magnetic charge [5711551 
[Sni [7D] . One can show that in all such cases the zeros of the Higgs field must all coincide [72] . 
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octahedral solution [77] with zeros at the vertices and an antizero at the center [76] . 
an = 7 dodecahedral solution [77] with a seven- fold zero at the center [7B] , and an 
= 11 icosahedral solution ^78j|. 

One feature that cannot emerge is spherical symmetry. Not only are there no 
spherically symmetric SU(2) solutions with N > 2, there are not even any finite 
energy configurations with spherical symmetry. This result was first obtained by 
a detailed analysis of the behavior of gauge fields under rotations, including the 
effects of the possible compensating gauge transformations |79j. However, a much 
simpler proof can be obtained by considering the properties of generalized spherical 
harmonics. This analysis is best done in the string gauge used above, with a uniform 
SU(2) orientation for the Higgs field, and electromagnetic and massive gauge fields 
Afj, and W^. Each of these fields can be expanded in spherical harmonics, with the 
coefficients being functions only of r. A spherically symmetric configuration is one 
that contains only harmonics with total angular momentum quantum number J = 0. 

The spin and charge of a field determine what type of harmonics are appropriate 
for its expansion. A neutral scalar field can be expanded in terms of the Ylm, the 
eigenfunctions of the orbital angular momentum L = r x p. For a charged scalar 
field one must use the monopole spherical harmonics [BHl [SI] that take into account 
the extra charge- monopole angular momentum; because the latter contribution is 
orthogonal to the usual orbital angular momentum, it places a lower bound on J and 
implies that the harmonics for a monopole with q units of charge have J > q. The 
additional spin angular momentum of a charged vector field, such as Wj, leads to 
vector monopole spherical harmonics [821 [83]. These all have J > g — 1, so Wj would 
vanish identically in any spherically symmetric configuration with multiple magnetic 
charge. This would leave only the the Higgs and electromagnetic fields, giving an 
essentially U(l) configuration that has infinite energy because of the singularity of 
the Coulomb field at the origin]^ 

4.4 The Atiyah-Drinfeld-Hitchin-Manin-Nahm con- 
struction 

Several methods for constructing multimonopole solutions have been developed, in- 
cluding ones using twistor methods [HH [SHI [HI], Backlund transformations [221 [SSI 
[911 [95], and rational maps [96l ETl [9S1 [99]. However, the method due to Nahm 
[501 l5Tl [521 [53] has proven to be the most fruitful^ It is readily extended from 
SU(2) to the other classical groups [102] . and also has a natural string theoretic 
interpretation in terms of D-branes [103] . 

Nahm's approach is based on the observation that the monopole solutions of 
the Bogomolny equation can be viewed as dimensionally reduced analogues of the 

^Spherically symmetric solutions with higher magnetic charges are possible, however, if the gauge 
group is larger than SU(2). See the discussions of these in Refs. [SH [85l [86l [87l [88] and their 
construction by the ADHMN method in [89] . 

lOpQj. further discussion of the other construction methods, see Refs. [lOOj and [lOlj . 
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instanton solutions of the self-dual Yang-Mills equation. For the latter, the Atiyah- 
Drinfeld-Hitchin-Manin (ADHM) construction [104] gives an equivalence between the 
solutions of the nonlinear self-duality differential equations in four variables and a set 
of algebraic matrix equations. From a solution of these matrix equations, an instanton 
solution can be obtained by solving linear equations. 

Nahm generalized this construction to the monopole problem. Instead of an equiv- 
alence between differential equations in four variables and a set of purely algebraic 
equations, this Atiyah-Drinfeld-Hitchin-Manin-Nahm (ADHMN) construction gives 
an equivalence between the Bogomolny equation in three variables and the Nahm 
equation, which is a nonlinear differential equation in one variable |105j . The coun- 
terparts of the ADHM matrices are matrix functions T^(s) (/i = 0,1,2,3), known 
as the Nahm data. [We will see that it is always possible to eliminate Tq{s). This 
is usually done, yielding the more familiar form of the construction in terms of the 
three Tj{s).] 

We begin our discussion in Sec. 14.4. l1 by presenting, without proof, the prescription 
for constructing a fc-monopole solution in the SU(2) theory. Then, in Sec. 14.4.21 we 
describe some gauge freedoms associated with this construction, and also describe 
how the symmetries of spacetime are reflected in the Nahm data. In Sec. 14.4.31 we 
show that the fields obtained by the construction are indeed self-dual; the argument 
is quite parallel to that for the ADHM construction. We also verify here that the 
solutions have the correct magnetic charge and that they lie in SU(2). Next, in 
Sec. 14.4.41 we demonstrate the completeness of the construction by showing that any 
solution of the Bogomolny equation yields a solution of the Nahm equation. Finally, 
the extension to other classical groups is described in Sec. 14.4.51 

In order to simplify the equations, we will set the gauge coupling e to unity 
throughout this section. The factors of e can be easily restored by simple rescalings. 

4.4.1 The construction of SU(2) multimonopole solutions 

The ADHMN construction of a BPS SU(2) solution with k units of magnetic charge 
can be viewed three-step process: 

1) Solving for the Nahm data 

The first step is to find a quartet of Hermitian k x k matrices T^(s) that satisfy 
the Nahm equation, 

dT- i 

= ^ +2[To,T,] + -ei,fc[T,,Tfc] , (4.4.1) 

where the indices j, and k run from 1 to 3, and the auxiliary variable s lies in the 
range —v/2 < s < v/2, with v being the Higgs vacuum expectation value. For k = 1, 
the Ti{s) are clearly constants. For > 1, we impose the condition that the Ti{s) 
have poles at the boundaries of the form 
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The Nahm equation implies that the Lf form fc- dimensional representations of the 
SU(2) Lie algebra, 

[Lf,Lf] = te,,,L^. (4.4.3) 

The final boundary condition is that these representations be irreducible; i.e., they 
must be equivalent to the angular momentum {k — l)/2 representation of SU(2). 
There are no boundary conditions on Tq. 

2) The construction equation 

The next step is to define a linear operator 

^(*) = T" + ^^o(s) ® I2 - Ti{s) ® cTi + rJk ® (AAA) 
as 

and to solve the construction equation 



= A\s)w{s, r) 



d 

tTo (g) h - Ti (g) ai + rJk ® (Xj 

as 



w{s,r) (4.4.5) 



where w{s, r) is a 2/c-component vector. (We will usually suppress the indices denoting 
the components of w.) 

We are only interested in the normalizable solutions of this equation. We denote 
by Wa a complete linearly independent set of such solutions, and require that they 
obey the orthonormality condition 

5ab= dswl{s,r)wb{s,r) . (4.4.6) 

J~v/2 

3) Obtaining the spacetime fields 

We assert now, and prove below in Sec. 14.4.31 that there are only two normalizable 
Wa(s,r). The spacetime fields are obtained as 2 x 2 matrices from these by the 
equations 

$"''(r) = dsswl{s,r)wb{s,r) (4.4.7) 

J-v/2 



rv/2 
v/2 

and 

rv/2 



Af{r) = -ir dswi{s,r)djWb{s,r) . (4.4.8) 

J-v/2 



4.4.2 Gauge invariances and symmetries 

Every set of Nahm data satisfying the Nahm equation and boundary conditions yields 
a self-dual spacetime solution. Furthermore, every $(r) and Ai{r) obeying the Bo- 
gomolny equation can be obtained in this fashion. However, because of the existence 
of gauge freedom on both sides, the correspondence between Nahm solutions and 
Bogomolny solutions is not one-to-one. 
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The usual spacetime gauge transformations correspond to changes in the basis of 
the solutions of the construction equation, 

Wais, r) w'^{s, r) = Wbis, r) t/;,a(r) (4.4.9) 

with the SU(2) matrix U (r) being the usual spacetime gauge function. 

The corresponding gauge symmetry on the Nahm side is an SU(fc) gauge action 
that preserves the Nahm equation. It takes the form 

T,(s) ^ T;is) = gis)T,is)g-\s) 

Us) ^ T;,{s)=g{s)Us)g'\s)+t^g-\s) (4.4.10) 

where g{s) is an element of SU(fc). If w{s, r) is a solution of the construction equation 
defined by the T^, then 

w'{s,r) = g{s) (g)l2w{s,r) (4.4.11) 

is a solution of the construction equation defined by the T^. Referring to Eqs. (14.4.71) 
and (14.4.81) . one then sees that, just as the spacetime gauge transformation has no 
effect on the 7)i(s), this SU(A;) action leaves $(r) and Aj{r) unchanged. 

By exploiting this SU(/c) gauge action, it is always possible to transform away any 
nonzero To(s). We will usually assume that this has been done, and will write the 
Nahm equation as 

dTi i 



^^'^ATj,n] (4.4.12) 



and the construction equation as 







Tj (g) CTj + rjfc (g) (Tj 

as 



w{s,r). (4.4.13) 



In addition to these gauge actions, there are also transformations on the Nahm 
data that reflect the symmetries of spacetime. If Tj(s) is a solution of the Nahm 
equation, then so is 

Tl{s)=T,{s) + D,\. (4.4.14) 

Referring to the construction equation, we see that the T/(s) generate a solution that 
is translated in physical space by a displacement D. 

Similarly, if Rij is an s-independent SO (3) matrix, the replacement of Ti{s) by 

T[{s) = R,,T,{s) (4.4.15) 

corresponds to a rotation of the spatial coordinates in the construction equation, and 
thus to a rotation of the solution in physical space. 
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4.4.3 Verification of the construction 

We now show that the fields obtained by the ADHMN construction have the desired 
properties. Thus, we must show that they are self-dual, i.e., that they satisfy the 
Bogomolny equation fl3.2.7p : that they lie in SU(2); and that they have k units of 
magnetic charge. 

1) Proof of self-duality 

To verify the self-duality of the fields, we separately calculate Bi and and 
show that the two are equal. The approach described here |105j closely follows that 
used in Ref. |106j to demonstrate the self-duality of the instanton solutions obtained 
by the ADHM construction. For the sake of clarity, we will not explicitly show the 
dependence on the spatial position r, although we will have to make use of the spatial 
derivative di. 

We begin with 

1 



_ Tpac 

2^i^ ij 



ds djwl{s) dkWc{s) + J ds ds' wl{s) djWb{s) wl{s') dkWc{s') 
ds ds' djwiis) s') dkWc{s) (4.4.16) 



where 
obeys 



J^{s,s') = 5{s-s')-wt,{s)wl{s') 



J ds'T{s, s') J^{s\ s") = T{s, s") 



(4.4.17) 



(4.4.18) 



These last two equations show that is the projection operator onto the space 
orthogonal to the kernel of A"!". It can therefore be written as 

J^(s, s') = A{s) G{s, s') A\s') (4.4.19) 

where the Green's function G = (A"''A)^^ obeys 

At(s)A(s) G{s, s') = 6{s, s') . (4.4.20) 

To show that G actually exists; i.e., that A"''A is indeed invertible, note that 

At A = - + ^^o) hk + m - ri\kf ® + 1^ + ^[To, T,] + ^ei,fcT,T,| ® . 

(4.4.21) 

The last term vanishes because the obey the Nahm equation, and so A^A is a 
positive operator. The vanishing of this term also means that A^A, and hence G, 
commute with all of the aj. 

Returning to Eq. (14.4.161) . we substitute the expression in Eq. (14.4. 19p for JF, and 
then use the definition of the adjoint to obtain 



BT 



ds ds' \a\s) djWais)] G{s, s') A\s') dkWcis' 



(4.4.22) 
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Next, by differentiating the construction equation, Eq. (14.4.51) . we obtain the identity 

A\s) diw{s) = - \diA\s)] w{s) = -h Oi w{s) . (4.4.23) 



Substituting this identity into Eq. (14.4.221) and using the facts that the (jj commute 
with G and obey eijk<7j<7k = 2iai, we obtain 

5f = 2jds ds Wa{s) G{s, s') a, w,(s') . (4.4.24) 

This must be compared with 

(A$)"' = |f/ss9a«;l(s)«;,(s)]-|t/srfs'[s'5,u;l(s)«;fc(s)«;,t(s>,(/) 
+s wl{s) Wb{s) wl{s') diWc{s) 



ds ds' 



diw\{s) J-'{s, s') s' Wc{s') + s wl{s) J-'{s, s') diWc{s') 



(4.4.25) 



Proceeding as before, we can rewrite this as 

ds ds' ( \a\s) diWa{s)] ^ G{s, s') A\s') s' w,{s') 

, sit 



+ 



At( 



S]SWa{S, 



G{s,s') A\s')d,wls') 



By making use of Eq. (14.4. 23p and the identity 

A\s) SWa{s) = -Wais) , 

Eq. (14.4.261) can be rewritten as 

( A*)"' = 2jds ds' wl{s) G{s, s') ai w^is') . 



(4.4.26) 



(4.4.27) 



(4.4.28) 



Comparing this with Eq. (14.4.241) . we see that the Bogomolny equation is indeed 
satisfied. 

2) Proof that the solutions lie in SU(2) 

In general, Eq. (14.4.51) will have 2k linearly independent solutions. However, in 
order for $ and Aj to be SU(2) fields, all but two of these solutions must be eliminated 
as being non-normalizable. To do this, we must examine the behavior of the Nahm 
data near the endpoints s = ±v/2. 

Substituting Eq. (I4.4.2p into the construction equation (14.4.51) . we see that near 
the endpoints the latter can be approximated by 







d 



ds s^v/2 



w . 



(4.4.29) 
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Either by explicit calculation, or by noting that the tensor product is essentially 
equivalent to the addition of two angular momenta [L = {k — l)/2 and S = 1/2], one 
finds that Lf cTj has only two distinct eigenvalues: (/c — l)/2 with degeneracy k + 1, 
and — (fc + l)/2 with degeneracy k — 1. 

In a subspace where Lf ®ai has eigenvalue A, the solutions of Eq. (I4.4.29P behave 
as {s — v/2)'^. Hence, a normalizable solution must lie in the subspace with positive A. 
Requiring that w{—v/2, r) be orthogonal to the subspace with eigenvalue —{k + l)/2 
gives k — 1 conditions, and the analogous requirement at the other boundary, s = v/2, 
gives another k — 1 conditions. Since w has 2k components in all, this leave two 
independent normalizable solutions, just as we wanted. 

It is at this point that the necessity for the Lf to be irreducible arises. Had either 
of them been reducible, the construction equation would have had more than two 
normalizable solutionscj 

In order to be SU(2) fields, $ and Ai must not only have the correct dimension, 
but must also be Hermitian and traceless. The Hermiticity follows immediately from 
Eqs. (14.4. 7p and (I4.4.8p . but the tracelessness requires a bit more work. To show this, 
we first note that if $ and Ai obey the Bogomolny Eq. ( 13.2.7p . as we have shown, 
then their traces obey the Abelian form of this equation, 

d,{TT^)=e,,kdj{TTA,). (4.4.30) 

It immediately follows that Tr $ is harmonic. Further, since it is finite at spatial 
infinity, Tr$ must be constant. (Evaluation of the asymptotic fields, which we will 
do in the next subsection, shows that this constant is actually zero.) Equation ( 14.4.30p 
then implies that TrSj = 0, and that Tr is therefore a pure gradient that can be 
gauged away by a U(l) gauge transformation; i.e., by an r-dependent rotation of the 
phases of the Wa- 

3) Evaluation of the magnetic charge 

To verify that the fields obtained by this construction actually have k units of 
magnetic charge, all we need to do is to examine the long-distance behavior of the 
fields. We will follow the approach of Ref. |107j . For sufficiently large r, the T^(s) 
terms in Eq. (14.4.5^ are significant only in the pole regions. Hence, after using an 
SU(/c) gauge action of the form of Eq. (14.4.101) to set Lf = L^ = Li, we can approx- 
imate by 

A^ = --^+( ^-— + —^-—]Li^a^ + ril^ai (4.4.31) 

as \s — v/2 S + V/2J 

and try to solve the approximate construction equation 

A^w = 0. (4.4.32) 

Because of the spherical symmetry of the asymptotic fields, we can, without any 
loss of generality, work on the positive z-axis and take r = (0,0,r). Now note that 



^^One can show that Nahm data with reducible Lf correspond to monopole solutions for a larger 
group, with the unbroken gauge group having, in general, a non-Abelian component. 
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there is a unique vector 77+ that is both an eigenvector of with the maximum 
eigenvalue, {k — l)/2, and an eigenvector of with eigenvalue 1. This is also an 
eigenvector of Lj ® o", with eigenvalue {k — l)/2. Similarly, there is a unique vector 
?7_ that is an eigenvector of L3 with eigenvalue — (fc — l)/2, of (T3 with eigenvalue — 1, 
and of Li (jj with eigenvalue {k — l)/2. Hence, two solutions of Eq. (I4.4.32I) are 
given by 



g±{s,r)ri± 



with 



This equation is solved by 



9± 




± r 



w 



N 



v\ / V 

s s + - 

2A 2 



(fc-l)/2 



(4.4.33) 



(4.4.34) 



(4.4.35) 



with the constant being fixed by the normalization condition. These two solutions 
are clearly normalizable. By the arguments we gave above, the remaining solutions 
of Eq. fl4.4.32p must be non-normalizable, and so can be ignored for our purposes. 

Since r/4. and //_ correspond to different eigenvalues of L3 and a^, the functions 
w+{s) and w_(s) are pointwise orthogonal. It follows that $ is diagonal, with eigen- 
values 

rv/2 

dssgl{s,r) 

. (4.4.36) 



$±(r) 



v/2 



v/2 



ds g'^i 



s,r 



The exponential behavior of g±{s) allows us to make some simplifying approximations 
in the limit of large r. Because g+{s) is concentrated near s = v/2, there is little 
error in replacing —v/2 by — cxd in the lower limits of the integrals for $+. Writing 
y = {v/2) — s and cancelling some common factors, we then have 



fdy [l-y)y'-\v-yr'e^'^y 

) 

dyy''-\v-y)'-'e-'^y 

JO 

dyy\v-y)''-'e-'^y 
V Jo 

I dyy''\v-yf''e-^''y 




(4.4.37) 



To leading order in 1/r we can replace the factors oi {v — y)^ ^ by f ^. The integrals 
are then easily evaluated to give 



(4.4.38) 
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An analogous argument gives 



$-(r) = -| + |: + 0(l) . (4.4.39) 



This is precisely the behavior expected for the Higgs field in an SU(2) BPS solution 
with k units of magnetic charge. As a bonus, we see how the eigenvalues of the 
asymptotic Higgs field are determined by the location of the boundaries. 

4.4.4 Completeness of the construction 

In the previous subsection we showed that a solution of the Nahm equation leads, via 
the ADHMN construction, to spacetime fields that satisfy the Bogomolny equation. 
We now prove the converse; i.e., that given a solution of the Bogomolny equation, 
one can obtain a set of matrices that obey the Nahm equation |1U5] . 

Thus, let us assume that Aj{r) and $(r) are a magnetic charge k solution of the 
Bogomolny equation, with v being the vacuum expectation value of We define 

V = i[a -B - ^ + z] 

= i[cr-D + $-2] (4.4.40) 

where Dj is the gauge covariant derivative with respect to the Aj{r) and z is a real 
number. Because Aj and $ are self-dual, 

V^V = -D^ + ($ - z)2 . (4.4.41) 

It follows from this that V has no normalizable zero modes. However, one can show 
by an index theorem jlU8j that 

= (4.4.42) 

has precisely k linearly independent normalizable solutions if —v/2 < z < v/2, and 
none otherwise. It is convenient to assemble these solutions into a 2 x k matrij0 
normalized so that 

' rf3a;^t(x,2)^(x,z) = Ife. (4.4.43) 



Note that Eq. (I4.4.42p implies that 

V^^^ = . (4.4.44) 
We also define Green's function (^^(x, y), ^^(x, y), and 5*2 (x,y) by 
ptpG,(x,y) = 5(3) (x,y) 

Pt5,(x,y) = 5(=^)(x,y) 



^^The construction of -0 assumes a particular basis for the solutions of Eq. (|4.4.42p . The freedom 
to make a z-dependent change of basis (i.e., to multiply ijj on the right by a unitary matrix) gives 
rise to the SU(fc) gauge action described in Sec. 14.4.21 
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P^,(x,y) = S^'\^,y)-ij{i^,z)ij\^,z). (4.4.45) 
These Green's functions are related by 

I?G,(x,y) = S,(x,y) 

G,(x,y)^ = 5,(x,y). (4.4.46) 

Next, we need an expression for dip/dz. Differentiating Eq. (14.4.421) with respect 
to z gives 

V^^ = i^lj, (4.4.47) 
dz 



which imphes that 

diplx.) 



dz 



I J A5.(x,y)^(y) + C^(x) (4.4.48) 



for some constant C. (For the sake of clarity we have suppressed the z-dependence 
of tp, here and below.) To determine C, we multiply this equation on the left by 
ip^i^.) and integrate over x. After noting that the resulting double integral involving 
S'z(x, y) vanishes, we find that 

^=^f rf3^5.(x,y)^(y) + ^(x) / d'y^^y)^. (4.4.49) 
dz J J dz 

Having completed these preliminaries, we assert that the Nahm data are given by 

Tj{z) = - f d^xxj^\x)^{x) 



To{z) = t fd^x^\^)^^^. (4.4.50) 

These matrices are manifestly Hermitian, and are defined on the interval v/2 < z < 
v/2. To verify that they satisfy the Nahm equation, we first calculate 



TiTj = / d''idVn!/j i;.t(x)V'(x)i/.t(y)V'(y) 



d^xXiXj^^{^)tlj{x) + J d^xd^yXiyj-^^{x)VG,{x,y)V tp{y) 
d'^xXiXjip\i^)^lj{-K) - j d^xd^y^^ {x.)aiajG,{^,y)^p{y) (4.4.51) 
where the last equality is obtained by integrating by parts twice. It follows that 

[T,,T,] = -2te,,k I d''xd^y^\-K)akG,{-K,y)^{y) . (4.4.52) 



Next, 



^ = - fd'xxk^^- fd^xxk^lj^^. (4.4.53) 
dz J dz J dz 
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Using Eq. (14.4.491) and integrating by parts in the last step, we find that 

= tJd^xd^y^\^)akG,{^,y)^{y) + tnTo. (4.4.54) 

This equation and its adjoint then give 
dT r 

^ = -2y t;3^f/3^^t(x)or,G,(x,y)^(y) +^[T,,To] . (4.4.55) 
Together with Eq. (14.4.521) . this verifies that the satisfy the Nahm equation. 

4.4.5 Larger gauge groups 

SU(iV) 

The next step is to generalize the ADHMN construction for SU(2) to the case of 
an arbitrary classical group |102j . (The construction does not readily extend to the 
exceptional groups.) The natural starting point is SU(A^). We seek a construction 
for solutions with asymptotic Higgs field 

$ = diag(si,S2,...,sjv) (4.4.56) 
[with the Sp ordered as in Eq. (14.1.171) ] and asymptotic magnetic fielc|^ 

Bk = diag (-ni, ni - na, . . . , nN-2 - un-i, un-i) ■ (4.4.57) 

We will often refer to such SU(iV) solutions as (ni, n2, . . . , n^^i) solutions. Their 
asymptotic properties can be captured graphically in a "skyline" diagram [109], such 
as that shown in Fig. 14. 2[ 

Clearly, the SU(2) construction somehow must be modified so that there are N, 
rather than just two, normalizable Wa- In addition, the construction must somehow 
encode eigenvalues for the asymptotic Higgs field and for the magnetic charge 
obtained from the asymptotic magnetic field. 

Clues as to how to proceed can be found in the last part of Sec. I4.4.3[ We saw 
there that the positions of the boundaries corresponded to the two eigenvalues of the 
asymptotic Higgs field, and that the dimensions of the SU(2) representations in the 
pole terms gave the eigenvalues of the magnetic charge, with a plus or minus sign 
depending on whether the pole term was to the right or left of the boundary. 

We start by dividing the interval Si < s < s^- into — 1 subintervals separated 
by the Sp. On the pth subinterval, Sp < s < Sp+i, the Nahm data are Up x Up 



^•^The factor of 1/e is absent from the magnetic field because we are setting e = 1 throughout this 
section. 
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Figure 4.2: An example of a skyline diagram that illustrates the magnetic 
charges and Higgs expectation value for an SU(A^) solution. 



matrices Tjf^ Within a given subinterval, these obey the same Nahm equation as 
the SU(2) Nahm data, Eq. ( ]4.4.ip . The behavior at the outer boundaries, s = si and 
s = sn, is just as for SU(2). The behavior at the boundaries between the subintervals 
depends on the size of the adjacent Nahm data. Let us first suppose that Hp > np+i. 
The Nahm data just to the left of the boundary at s = Sp+i (i.e., corresponding to 
s < Sp+i) are x Hp matrices that can be divided into submatrices 



( pip) 




(4.4.58) 



n. 



P+i 



X n. 



P+ii 



I.e. 



the same size as T(P+i). There are no restrictions 



with being 

on Tq'\ For the Tj^\ we require that the lower right corners be continuous across 
the boundary, and that the upper left corners have poles with residues forming an 
irreducible (n^ — ?7,p+i)-dimensional representation of SU(2). This implies that the 
off-diagonal blocks must vanish at the boundary, and that 



/ 



T. 



ip) 



ip) 



+ 0(1) 



o 



Sp+l) 



(mp-l)/2 



\ 



o 



\ 



v(mp-l)/2 



T. 



(p+i) 



+ 0(s 



(4.4.59) 



(p+i) 



The prescription is the same if Up < Up+i, except that the Tj are divided into 
blocks and the pole lies to the right of the boundary. The case Hp = n^+i is more 
complex, and will be addressed shortly. 

The modifications to the construction equation are similar. Within a given in- 
terval, the construction equation is as before, with w^^) having 2np components on 
the pth subinterval. If Up > n^+i, then the lower 2np+i components of w^^^ match 



continuously onto the components of w^~^^\ while the upper 2(n. 



components 



must be such that Wa is normalizable. The case Up 



is similar but, again, the 
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case Hp = Up^i is more complex. As long 7^ Hp for every p, the normalization 

conditions are the obvious generalization of Eq. fl4.4.6p . with the single integral being 
replaced by a sum of integrals over the various subintervals. 

Likewise, the prescription for obtaining the spacetime fields is the obvious gen- 
eralization of the SU(2) case, with Eqs. (14.4.71) and (14.4.81) now involving a sum of 
integrals. Again, this prescription must be modified, as we describe below, if any two 
consecutive Hp are equal. 

It is easy to see why this construction works. To count the Wa, let us divide the 
Sp (including si and sn) into "rising" and "falling" boundaries according to whether 
Up^i is greater or less than n^; at each such boundary we define Ap = Up — np_i, 
with the outer boundaries giving Ai = rii and Ajy = —n^_i. We can schematically 
imagine solving the construction equation by starting with initial data on the left and 
then integrating to larger values of s. From this point of view, each rising boundary 
gives 2Ap initial degrees of freedom. However, by an obvious generalization of the 
arguments given below Eq. (14.4.291) . normalizability imposes |Ap| — 1 conditions at 
each boundary. Subtracting these off, each rising boundary gives Ap + 1 degrees 
of freedom that must be adjusted to satisfy the constraints arising at the falling 
boundaries. Noting that each of the latter gives — Ap — 1 conditions, and that the 
sum of the Ap vanishes, we find that there are 

N 

^ (Ap + 1) - 5: (-Ap - 1) = + l) = N (4.4.60) 

Ap>0 Ap<0 p=l 

independent normalizable Wa, as required for an SU(A^) solution. As in the SU(2) 
case, the Wa can be chosen so that for large r one Wa is concentrated near each of the 
Sp, giving a diagonal element of $ of the form 

*«--. + ^ + o(l) 

This is just what is required to satisfy Eqs. (14.4.561) and (14.4.571) . 

This counting of solutions to the construction equation goes astray if any of the 
Ap vanish, since there clearly can't be Ap — 1 = — 1 conditions at the corresponding 
boundary. To remedy this, a new degree of freedom must somehow be introduced. 
This is done as follows. At every boundary where Ap vanishes we introduce new 
"jumping data" in the form of a (2np)-component vector a^^\ with r = l,2,...np 
and the spinor index a = 1,2. (The subscripts on a^^^ correspond exactly to those on 
the Wb, so it can be thought of as an np- vector of two-component spinors.) Instead 
of requiring that the Nahm data be continuous across the boundary, we require that 
the discontinuity 

{6T,Y^^^T^^-'\sp)-T^'\sp) 
be an Up x Hp matrix of the form 

= ^4t(^.Wai?- (4.4.63) 



(4.4.61) 



(4.4.62) 
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Correspondingly, the solutions of the construction equation are allowed to be 
discontinuous, with the discontinuity required to be proportional to a^^^: 

= wl''-^\sp, r) - wi''\sp, r) = Sj^V)"^''^ • (4.4.64) 

The freedom to adjust Sl^\r) provides the additional degree of freedom that was 
needed. The orthonormality conditions on the solutions of the construction equation 
now take the form 

^-1 rs +1 

Sat=T. I r)ds + Y: Si^>{r)Sl'\r) . (4.4.65) 

p=i •'^p p 

The second sum, of course, only receives contributions from the boundaries at which 
Ap = 0. 

There are similar modifications in the prescriptions for the spacetime fields, which 
are now given by 

N-l „s 

$-^=^/' dsswj^^^{s,r)wi'\s,r)+Y,SpSiP>{r)Si''\r) (4.4.66) 
p=i -^^p p 

and 

N-l s 

< = -^E / ' dsw^f^\s,r)dA'\s,r) -zj:si^>d,S;^\ (4.4.67) 
p=i p 

At first glance, the introduction of the jumping data and the modifications to the 
ADHMN construction seem quite strange. We can gain some physical insight |11U] 
into what is going on by considering the case of two adjacent subintervals, with n + 1 
and n monopoles, respectively, and then removing one of the n + 1 monopoles by 
a distance R ^ i, where i is the spatial separation of the remaining n monopoles. 
Intuitively, one would expect that as R tended toward infinity, the last monopole 
should in some sense decouple from the rest. This is reflected as follows in the Nahm 
data. Outside a narrow region of width Asr ~ R~^\n{R/i) near the boundary, the 
Nahm matrices on the (n + l)-monopole side are essentially block diagonal, with 
nontrivial 1x1 and nxn blocks and exponentially small off-diagonal Ixn and nxl 
blocks. The Nahm equation then naturally separates into two independent parts, as 
does the construction equation. 

Inside the narrow boundary region, however, the off-diagonal blocks are nontrivial, 
and the nxn parts of the Nahm data (which must be continuous across the subinterval 
boundary) are rapidly varying with a net change AT,-. As R —>■ oo, the width 
Asji — > 0, but the AT, have a finite nonzero limit. This limiting value is precisely of 
the form of Eq. fl4.4.63p . with the a^o being naturally obtained from the off-diagonal 
blocks of the Tj corresponding to the two spatial directions orthogonal to that along 
which the (n -|- l)th monopole was removed. 
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SO(A^) and Sp(A^) 

The strategy for obtaining multimonopole solutions for orthogonal and symplectic 
gauge groups is based on the fact that SO(A^), for all A^, and Sp(iV), for even N, 
are subgroups of SU(A^). Specifically, if is an x matrix with KK* = I, then 
SO(A^) is the subgroup of SU(A^) whose elements obey G^KG = K. Its generators 
satisfy 

T^K + KT^O. (4.4.68) 

If J is an X matrix with J J* — —I, then Sp(A^) is the subgroup of SU(A^) whose 
elements obey G^JG — J. Its generators obey 

T* J + JT - . (4.4.69) 

Hence, the solutions for these groups are also SU(A^) solutions, but must satisfy 
certain additional restrictions. More specifically, note that the rank of Sp(A^) is N/2, 
while that of SO(A^) is N/2 for even A^ and (A^ - l)/2 for odd A^. By comparison, 
the rank of SU(A^) is A^ — 1. This reduction in rank is accompanied by a reduction 
in the number of species of fundamental monopoles. This is accomplished by the 
identification of certain pairs of SU(A^) monopoles, which is manifested by a type of 
reflection symmetry of the Nahm data. 

Thus, we first require that the eigenvalues of the SU(A^) Higgs field obey 

Sp = SN+i-p (4.4.70) 

and that the topological charges satisfy 

Up = npf-p (4.4.71) 

These conditions imply that the skyline diagram will be symmetric under the refiec- 
tion s — >■ —s. Next, the Nahm data must satisfy 

Tj{-s) = C{s)T\s)C{s)-' (4.4.72) 

where the matrix G obeys 

' c{sy sp{N) 



G{-s) 



(4.4.73) 

-C(s)* SO(A^) 



and it is understood that dimension of G{s), like that of the Tj{s), varies in a stepwise 
fashion according to the value of s. 

The spacetime solutions corresponding to these Nahm data have two possible 
interpretations. They can be viewed as SU(A^) solutions with topological charges na 
{a — 1,2,..., A?" — 1) that have the special property that the locations of certain pairs 
of fundamental monopoles happen to coincide. Alternatively, they can be viewed as 
Sp(A'") or SO(A'") solutions with topological charges ha- The two sets of topological 
charges are related (in an obvious notation) as follows: 

Sp(N): ria^na, a ^ 1,2, . . . , N/2 
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S0{2k) 



n. 



a = 

+ n_ 



1,2, 



k-2 



S0(2A; + 1) 



ria , 
2nk 



1,2, 



k-1 



(4.4.74) 



4.5 Applications of the ADHMN construction 

In this section we will illustrate the ADHMN construction by applying it to several 
examples. We begin with the SU(2) k = 1 and k = 2 solutions, the only SU(2) 
cases for which a general closed form solution of the Nahm equation is known. Once 
one knows the Nahm data for these cases, it turns out to be a fairly straightforward 
matter to obtain the Nahm data for two cases with larger gauge groups: the (2, 1) 
solutions for SU(3) broken to U(l)xU(l), and the (1, 1, ... , 1) solution for SU(iV) 
broken to U(l)^^^. Throughout, we set Tq = 0. 



4.5.1 The unit SU(2) monopole 

It is natural to begin by showing how the unit BPS solution is recovered in the 
ADHMN construction |lllj . Because k = 1, the Tj are simply numerical functions of 
s. The commutator terms in the Nahm equation then vanish, implying that the Tj 
must be constants. From the manner in which the Tj enter the construction equation, 
it is evident that these constants are simply the spatial coordinates of the center of 
the monopole. By translational invariance, we can set Tj = 0, so that the monopole 
is centered at the origin. 

The construction equation (14.4. 13p then reduces to 

— = r-cr. (4.5.1) 

ds 

A pair of orthonormal solutions are 

W7„(s,r) = Ar(r)e^'-'^r/„ (4.5.2) 

where is a normalization factor and the r]a are orthonormal two-component con- 
stant vectors. 

Making use of the integrals 

ds = '^^h (4.5.3) 

-v/2 r 

and 

s e^** '"■'^ ds = — — [vr cosh vr — sinh vr] , (4.5.4) 

-v/2 r-^ 
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we find that 



and 



N 



sinh vr 



^ab = ^ co*'^ vr -^^r]lr ■ (Tr]b. 
A shghtly lengthier calculation gives 



i)ab = -^Vl diVb - i^ijk fj V^CTkVb [ -TT + 



2r 2 sinh vr 



(4.5.5) 
(4.5.6) 

(4.5.7) 



The hedgehog gauge solution of Eqs. (12.2. ip and (13.1.11) is obtained by choosing 
rji = (1, 0)* and 772 = (0, 1)*. Alternatively, we can take the rja to be eigenvectors of 
r ■ cr, with 



ir — z 



2r 



I X -iy \ 

r — z 

\ 1 / 



V2 



ir — z 



2r 



( ' \ 

X + iy 



V 



(4.5.8) 



r — z 



J 



This gives the string gauge form of the solution in which the Higgs field is everywhere 
proportional to a^. 



4.5.2 SU(2) two-monopole solutions 

The Nahm construction for the k = 2 case |112j is much less trivial^ From our count- 
ing of zero modes, we know that these solutions should form an eight-dimensional 
moduli space. One of the eight parameters corresponds to an overall U(l) phase and, 
as in the k = 1 case, does not enter the Nahm data. Of the remaining parameters, 
three correspond to spatial translations of the solution and three more to spatial 
rotations, leaving only a single nontrivial parameter. 

The Tj are Hermitian 2x2 matrices, and so can be expanded as 

T,{s) = ]^C;{s)-T + R,{s)h. (4.5.9) 

Substituting this expression into the Nahm equation shows that the Ri are constants, 
while the Cj obey 

dC- 1 

^ = 2^..fcC, ><Cfc. (4.5.10) 
It follows that the elements of the real symmetric matrix 

1 
3 



M,,- = C, ■ C, - -6,jCk ■ Ck (4.5.11) 



are independent of s. If A is the orthogonal matrix that diagonalizes M, the three 
vectors 

Bi{s) = AjiCjis) (4.5.12) 



*For an alternative approach to the general k = 2 solution, see Ref. [113j . 
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are mutually orthogonal and so can be written as 



Bi{s) = g.isMs) (4.5.13) 

where the are a triplet of orthogonal unit vectors obeying ei x 62 = 63, and no 
sum over i is implied. Substituting these expressions into Eq. (14.5. lOp . we find that 
the ej are independent of s, while the gi{s) obey the Euler-Poinsot equations 

dgi 

-1- = 92 9-i 

as 

dg2 

-1- = 93 91 
as 

^ = 9192. (4.5.14) 

as 

These imply that the differences Aij = gf — g'^ are constants. It follows that once two 
of the gi{s) are known, the third is determined. Hence, there are only two independent 
constants of integration, which must be chosen so that the T, have poles at s = ±v/2. 
Adopting the convention that |(7i(s)| < |5'2('S)| ^ l5'3(s)|, we can write 

g^is) = Ms + v/2;k,D) (4.5.15) 

where the fi are the Euler top functions 

cn^{Du) 



Mu;k,D) = -D 
f2{u-K,D) = -D 



dn^{Du) 
sn^{Du) 



Mu-K,D) = ^ . (4.5.16) 

The fi have poles at u = and at Du = 2K{k,), where K{k,) is the complete 
elliptic integral of the first kind. The u = pole gives the required behavior at 
s = —v/2. Requiring that the second pole be at s = f/2 gives the relation 

2K{k,) = Dv (4.5.17) 

between k, and D. Because K{k) increases monotonically over the allowed range 
< K < 1, with K{0) = 7i/2 and K{1) = 00, we see that D must lie in in the range 

-<D<oo. (4.5.18) 

V 

Putting all of this together gives 

T,{s) = ^Y. ^^JfA■' + ^/2; Dy^ + M2 (4.5.19) 
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where k and D are related by Eq. (14.5. 17p and rj = {ej)kTk. Because Ej^ = (ej)^ 
is an orthogonal matrix, there exists an SU(2) matrix g such that an s-independent 
gauge action of the form of Eq. (14.4.101) will rotate the back into the standard 
Pauli matrices. Hence, the most general k = 2 Nahm data can be written as 

T,{s) = W A,^f,{s + v/2; k, D)t, + R,h ■ (4.5.20) 

The next step in the construction would be to solve the construction equation 
obtained by inserting these Tj(s) into Eq. (14.4. 13p . Unfortunately, it has not proven 
possible to obtain a closed-form analytic solution of this equation. (For some progress 
in this direction, see Refs. |114[ I115[ 1116] .) 

Nevertheless, we can obtain a physical understanding of the parameters that enter 
these Nahm data. As expected, there are seven of these, with the components of R 
giving the center-of-mass position and the three Euler angles in the orthogonal matrix 
A determining the spatial orientation of the solution. All three of these angles enter 
the solution (thus verifying the lack of axial symmetry) as long as the three fj are 
all different, as is true for al0 D > n/v. 

The physical meaning of the last parameter, D, is most easily seen by studying the 
limit Dv ^ 1, where the construction equation simplifies somewhat. For simplicity, 
let us set R = and Aij = 6ij. 

Equation (14.5. 17p implies that k, must approach unity for large D; specifically, 

(l- 16e-^^) . (4.5.21) 
For K, close to unity, and s not too close to or 2K{k), 

cn^^s) ^ dnK(s) ~ sechs 

sn^{s) ^ tanhs. (4.5.22) 
Hence, for v/2 — \s\ ^ D^^ (i.e., away from the poles of the Tj) 

Ti ^ T2 ^ 

T3 ^ jTs. (4.5.23) 

In the pole regions, we have 



near s = —v/2, and 



^^The exceptional case occurs when D = w/v, its minimum allowed value. Recalling that K{Q) = 
7r/2, we see that this implies that k = 0. The Jacobi elliptic functions simplify when k = 0, giving 
0, tt/v) ~ — cot(7rM/w) and /2(w, 0, tt/v) = fsiu, 0, n/v) = —csc{ttu/v). 



Ti ^ - (4.5.24) 



s + v/2 2 

1 TiT 

s-v/2 ~2 



T. ^ V ^ (4.5.25) 
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near s = v/2. 

In the interval —v/2 + D^^ < s < v/2 — D~^, where Eq. ( I4.5.22p apphes, the 
construction equation can be approximated by 

'^ = Mw (4.5.26) 
as 

with A4 being the block diagonal matrix 

M^C^Y ^_\) ,4.5.27) 

and r-i- = r — x± with x± = {0,0,±D/2). Hence, in this region four independent 
solutions of the construction equation are 



Vl{ 




= e~ 


-r+(s+v/2) 


V2{ 




= e~ 


-r+{v/2~s) 


V3i 




= e~ 


-r.{s+v/2) 


v^i 




= e 


-r-iv/2-s)^^ 



(4.5.28) 

where t]i and r]2 are eigenvectors of r+ ■ <t with eigenvalues 1 and —1, and rj^ and 774 
are eigenvectors of r_ • cr with eigenvalues 1 and —1. Of these solutions, Vi and v^ are 
of order unity at the left end of the interval and then decrease monotonically with s, 
while f 2 and f 4 are of order unity at the right end and monotonically decreasing as 
one moves back toward the lower limit of s. 

These solutions all develop singularities if they are integrated all the way out to 
the poles of the Nahm data at s = ±v/2. However, we know that there must be two 
linearly independent combinations of these solutions that remain finite even in the 
pole region. These can be chosen to be of the form 

wi{s) = Ni[vi{s) + b3V3{s) + b4V4{s)] 

W2is) = N2[v2{s)+C3V3is)+C4V4{s)] (4.5.29) 

with appropriately chosen constants bj and Cj. 

Now consider a point in space that is much closer to x+ than to x_, so that 
r+ <^ r_. Here the exponential falloffs of V3 and ^4 are much faster than those of vi 
and V2- As a result, over most of the central interval (which is itself most of the total 
range of s) wi ~ vi and W2 ^ V2- In fact, both the normalization integrals and the 
integrals that give $ and Ai are, to first approximation, the same as they would be 
if Vi and V2 were everywhere given by Eq. (14.5.281) . The result is that the spacetime 
fields at this point are approximately those due to an isolated monopole centered at 
x_|_. By a similar analysis, the fields in the region where r_ -C r+ are approximately 
those of a monopole centered at x_. Hence, for widely separated monopoles D is 
simply the intermonopole distance. 
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4.5.3 (2, 1) solutions in SU(3) broken to U(l)xU(l) 

These solutions contain three fundamental monopoles, two associated with /B^ and 
one with f32, and thus form a twelve- dimensional moduli space [117j . The two global 
U(l) phases do not enter the Nahm data, which therefore depend on ten parameters: 
six corresponding to overall spatial translations and rotations, and four specifying 
intrinsic properties of the solutions. 

We denote the eigenvalues of the asymptotic Higgs field as Si < S2 < S3. On the 
"left" interval Si < s < S2 the Nahm data are 2x2 matrices T^^, while for S2 < s < S3 
the data are a triplet of numbers tf . The T^^ obey the same equations as the Nahm 
data for the k = 2 SU(2) solutions, except that they have poles only at Si, but not at 
S2. The are constants, just like the k = 1 SU(2) data, with the matching conditions 
at S2 requiring that tf be equal to the 22 component of Tj^(s2). 

Thus, by recalling the steps that led to Eq. (14.5. 19p . we find that 

Tf-is) = ^ E ^^jfA^ - + . (4.5.30) 

Previously, k, was determined by D. Now, the requirement that the T^^ be finite at 
s = S2 (and not have any poles for si < s < S2) gives the inequality 

2K{k) > D{s2- si) . (4.5.31) 

A second difference from the SU(2) case concerns the gauge action. Before, the full 
SU(2) gauge action was available to rotate the rj into the standard Pauli matrices. 
Because the matching condition at S2 picks out the 22 components of the rj, the only 
available gauge action is the U(l) subgroup that leaves these components invariant. 

Thus, the four intrinsic parameters of the solutions can be taken to he k, D, and 
two of the three Euler angles in the matrix Ejk that defines the rj. We expect the 
physical interpretation of these to be clearest when the three monopoles are well- 
separated. Let us see what this means. 

It it clear that in this regime the specify the position of the /32-iiionopole 
relative to the two /^^-monopoles. For the /32-monopole to be far from the other two, 
the tf, and hence the Tj^(s2), must be large, which means that S2 must be near the 
pole in the fj. The behavior of the fj in the pole region then gives, to leading order, 

/i(s2 - Si) = -/2(S2 - Si) = -/3(S2 - Si) = 2r (4.5.32) 

where r is defined by 

Dlso — Si) , , 

2r S2 - si = ' . ^ r » 1 • 4.5.33 

2K[K) - D[s2 - si) 

In order that the two /^^-monopoles be well separated from each other, we must also 
require that D be large and hence that k be close to unity. 

Assuming these conditions to hold, let us choose our spatial axes so that Aij = 6ij 
and Ri = 0. The Nahm data on the left interval are then 

TI^(s) = ^Ms-s^;k,D)tI (4.5.34) 
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with no sum on i. These correspond to two /3]^-monopoles centered at the points 
(0, 0, ±D/2). The data on the right interval are 



t 



R 



22 



(4.5.35) 



and correspond to a /32-nionopole whose center is a distance r from the origin, at 
{-rEi3, rE23, rE^s). 



4.5.4 (1, 1, . . . , 1) solutions in maximally broken SU(A^) 

These solutions [118] contain N — 1 distinct fundamental monopoles, one of each 
type@ They form a 4(A^ — l)-dimensional moduli space, with 3(A^ — 1) parameters 
entering the Nahm data. As with the k = 1 solution for SU(2), the commutator 
terms in the Nahm equation vanish, and so the Nahm data are constant within each 
interval. Thus, on the pth interval we write 

Tf )(s) = (4.5.36) 

where is naturally identified as the position of the pth fundamental monopole. 

Because adjacent intervals have equal numbers of monopoles, we must introduce 
jumping data. At s = Sp, the boundary between the {p — l)th and pth intervals, 
there is a two-component spinor a^P^ that, according to the matching condition of 
Eq. (14.4.631) . must obey 

1 

— ( 
2 

Up to an irrelevant overall phase, the solution is 



xP - a;f ' = - ^a(P)t ^. ^{p) _ (4.5.37) 



/cos(0/2)e-*'^/2\ 

a(p) = ^2|xP-xP-i| (4.5.38) 

V sin(^/2)e^<^/2 / 

where 6 and specify the direction of the vector = x^"^ — x^. 

(It is a nontrivial result that jumping data satisfying the matching condition can 
be found for arbitrary choices of the x*'. The jumping data at the boundary between 
two intervals with the same value of k contain at most 4k real numbers, while the 
matching condition imposes 3fc^ constraints. Hence, for k > 1, the Nahm data within 
the intervals must satisfy nontrivial restrictions for the matching to be possible.) 

Having obtained the Nahm data, the next step is to solve the construction equa- 
tion. In order to obtain an SU(iV) solution, there must be N linearly independent 
solutions, with the ath such solution consisting of — 1 functions w^\s), one for 
each interval, and N — 2 complex numbers S^p\ one for each inter- interval boundary. 
Within each interval, the construction equation is easily solved, giving 

wlP\s) = e(^-^^)('-"^)""w(P)(sp) • (4.5.39) 



^^For earlier results, by a different method, on the (1, 1) solutions in SU(2), see Refs. [120] and 
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The matching conditions at the boundaries then give 

w^P\sp) = e^'''-'^~'^'^^-''wlP-^\sp^i) - S^P'^a'^P'^ (4.5.40) 

so that the entire solution is specified by giving its value at s = Si, together with the 
(p=2, 3, ...,iV-l). 

For each solution, the two components of w^\si) contain four real numbers and 
the S^^ give 2N — A more. All together, there should be N such solutions obeying the 
orthonormality condition of Eq. fl4.4.65p . This orthonormality condition gives A^^ real 
constraints on the 2N'^ numbers specifying the solutions. Of the remaining degrees 
of freedom, iV^ — 1 correspond to the allowed changes of basis that are equivalent to 
SU(iV) gauge transformations on the spacetime fields, while the last is an an overall 
phase that has no effect on the spacetime fields. 

It is a straightforward, albeit tedious, matter to obtain a complete set of solutions 
and to then insert them into Eqs. (14.4.661) and (14.4.671) to obtain $ and Ai. All of the 
required integrals are readily evaluated, and the spacetime fields can be expressed in 
closed (but not very compact) form in terms of elementary functions. 
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Chapter 5 

The moduli space of BPS 
monopoles 

Up to this point we have considered monopoles and dyons as classical solitons of 
Yang-Mills-Higgs theory. While we started with general theories, we saw how super- 
symmetry introduced many simplifications into the study of solutions. The study of 
these BPS monopoles and dyons has, in turn, contributed immensely toward our un- 
derstanding of SYM theories, especially in regard to the nonperturbative symmetries 
of TV > 2 SYM theories known as dualities. 

One important handle for studying the behavior and classification of monopoles 
and dyons is the low-energy moduli space approximation ^18j. In this description, 
most of the field theoretical degrees of freedom are ignored, leaving only a finite 
number of bosonic and fermionic variables to be quantized. The bosonic variables 
are the collective coordinates that encode the positions and phases of the individ- 
ual monopoles, while the fermionic pieces are needed to complete certain low-energy 
supersymmetries that are preserved by the monopole solutions. Dyons arise in this 
description as excited states with nonzero momenta conjugate to the phase coordi- 
nates. 

The moduli space approximation ignores radiative interactions and is relevant only 
when we ask questions suitable for the low-energy limit. For instance, while one can 
study the scattering of monopoles within this framework, the result is only reliable 
if none of monopoles are moving rapidly or radiating a lot of electromagnetic energy. 
This can be ensured by restricting to low velocity and by working in the regime with 
small Yang-Mills coupling constant |12H ll22j F] This restriction is harmless when we 
are investigating the possible types of low-energy monopole bound states, which will 
be one of our main goals when we want to make contact with the nonperturbative 
aspects of the underlying Yang-Mills theories. 

Although supersymmetry, specifically the supersymmetry that is left unbroken by 
the monopoles, is important for understanding the low-energy dynamics, we will start, 

""^We are assuming here that the gauge group has been broken to an Abehan subgroup. Matters 
are more compUcated if there is an unbroken non-Abehan subgroup, as we wiU see in the next 
chapter. 
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in this chapter, with the purely bosonic part of the theory. When there is only one 
adjoint Higgs we have the notion of fundamental monopoles, which was introduced 
in Chap. HI Each fundamental monopole carries four collective coordinates, and 
thus a 4n-dimensional moduli space emerges as the natural setting for describing n 
monopoles interacting with each other. We will presently define, characterize, and 
find explicit examples of such moduli spaces. 

Of course, SYM theory with extended supersymmetry comes with either two or 
six adjoint Higgs fields in the vector multiplet. Except in the SU(2) theory, this 
feature turns out to qualitatively modify the low-energy dynamics and is in fact quite 
crucial for recovering most of the dyonic states in the theory. However, by taking a 
suitable limit in which one of the Higgs fields takes a dominant role in the symmetry 
breaking, we can study monopole dynamics in such multi-Higgs vacua with a simple 
and universal modification of the moduli space dynamics. This modified moduli space 
dynamics will occupy the second half of this review. For now, we will concentrate on 
the conventional moduli space dynamics, with only a single Higgs field. 

We begin, in Sec. 15. ![ by describing some general properties of monopole moduli 
spaces. We then go on to describe how the moduli space metric can be determined 
in several special cases. In Sec. 15. 2^ we use the interactions between well-separated 
monopoles to infer the metric for the corresponding asymptotic regions of moduli 
space. Next, in Sec. 15.31 we show how these asymptotic results, together with the 
general mathematical constraints on the moduli space, determine the full moduli 
space for the case of two fundamental monopoles. If the two monopoles are of distinct 
types, it turns out that the asymptotic form of the metric is actually the exact form 
for the entire moduli space. This result is extended to the case of an arbitrary number 
of distinct monopoles in Sec. 15.41 Finally, in Sec. 15.51 we will illustrate the use of the 
moduli space approximation by using the metrics we have obtained to discuss the 
scattering of two monopoles. 



5.1 General properties of monopole moduli spaces 

We recall from the discussion in Chap. 2 that in the moduli space approximation the 
dynamics is described by a Lagrangian of the form 

L = —(total rest mass of monopoles) + - grs{z)z'^z^ (5.1.1) 

where the Zr are the collective coordinates that parameterize the monopole configu- 
rations, and the constant first term will usually be omitted in our discussions. 

The moduli space is naturally viewed as a curved manifold with metric gmn{z), 
as illustrated in Fig. 15.11 As was shown in Sec. 12.51 the metric can be obtained from 
the background gauge zero modes via 

grsiz) = 2 J d^X tl {6rAi6sAi + Sr^^ds^} = 2 j d^x tl {SrAaSsAa} . (5.1.2) 

In the last integral we have used the convention, introduced previously, of letting 
Roman indices from the beginning of the alphabet run from 1 to 4, with A^ = $. 
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Figure 5.1: The monopole moduli space is a curved manifold whose points 
correspond to monopole solutions. Thus, the tangent vectors at any given point 
on the moduli space of a BPS monopole encode the infinitesimal deformations 
of the corresponding monopole solution that preserve the BPS condition. 



This expression for the metric is anything but accessible. The computation of 
the metric would seem to require that we know the entire family of BPS monopole 
solutions, which remains a very difficult task. Historically, moduli space metrics have 
been found by various indirect methods that invoke the symmetries of the underlying 
gauge theory and the moduli space properties that are derived from them. 

One essential property of a monopole moduli space is its hyper-Kahler structure. 
In Sec. 14.2.21 we found that at each point on the moduli space there are three com- 
plex structures J'-''-' that map the the tangent space onto itself and that obey the 
quaternionic algebra 

J(s)j{t) ^ _^st ^ ^stuj{u) _ ^5_^_3) 

Furthermore, as we will now show, it turns out that the manifold is Kahler with 
respect to each of the J^''-*, which is equivalent to saying that 

V/') = (5.1.4) 

with respect to the Levi-Civita connection of the moduli space metric. When a 
manifold possesses such a triplet of Kahler structures, it is called a hyper-Kahler 
manifold. This puts a tight algebraic constraint on the curvature tensor and thus 
provides a differential constraint on the moduli space metric]^ 

As explained in Sec. IA.1.2l of Appendix A, to prove that a manifold is hyper-Kahler 
it is sufficient to show that the three Kahler forms 

more detailed discussion of complex structures, integrability, and Kahler and hyper-Kahler 
geometry is given in Appendix A. 
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= 2 1 d^xT]'^,Tr (SgAJrA,) 



(5.1.5) 



are all closed. 

We start by rewriting Eq. (12.5. lip for the zero modes as 

SrAa = drAa - Daer . (5.1.6) 

It is is convenient to view as defining a connection on the moduli space, and to 
define the covariant derivative 

Vr = dr + ie[er, ] (5.1.7) 

and the field strength 

(j)rs = [l^r, l^s] = drts - 9^6^ + icfe^, 6^] . (5.1.8) 

To show that the Kahler forms are closed, we must evaluate 

epqrdpUj'^) = 2epgr J d^Xf]l^Tl[Vp{5gAa6rAb)] 
= Aepqr J d^X f]if,Tl [{Vp5gAa)6rAk] 

= -2ep,r I d:'xf,,Ti [{Da^pg)5rA,] . (5.1.9) 

Using Eq. (14.2. 16p . an integration by parts, and the background gauge condition, 
Eq. 02.5.121) . we obtain 

epgrdpu;^,^ = 24'> Jd^xTT[{D,(l)pg)SnA,] 

= -2jW"y'rf3^Tr[0p,DAA] 

= 0, (5.1.10) 

verifying that all three Kahler structures are closed, and thus that any BPS monopole 
moduli space is hyper-Kahler [123[ I124[ 1125] . 

It is also important to take note of the isometrics of the moduli space, which 
reflect the underlying symmetries of the BPS monopole solutions themselves. For 
instance, since we are discussing monopoles in an space with rotational and trans- 
lational symmetries, the moduli space should possess corresponding isometrics. The 
translation isometry shows up somewhat trivially in the center-of-mass part of the 
collective coordinates and does not enter the interacting part of the moduli space. 

The SO (3) rotational isometry (which can, in general, be elevated to an SU(2) 
isometry), turns out to be particularly useful, because it acts on the relative position 
vectors of the monopoles. Spatial rotation of a BPS solution always produces another 
BPS solution. This takes one point on the moduli space to another, and thus induces 
a mapping of the moduli space onto itself. Because the physics is invariant under 
such spatial rotations, this mapping preserves the moduli space Lagrangian, and thus 
the metric. 
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The infinitesimal generators of tlie isometries are realized as vector fields on the 
moduli space. We will denote the three generators of the rotational isometry by 
with s = 1, 2, 3. The statement that the L'^ generate isometries is reflected in the fact 
that they are Killing vector fields, whose components therefore satisfy 

= {CLs[g])^^ ^ VmK + VnLl, (5.1.11) 

where £y denotes the Lie derivative with respect to the vector field V . 

The SU(2) structure of these isometries is in turn encoded in the commutators of 
these vector fields, 

[L'^L*]= e'^'^W , (5.1.12) 
where the commutator of two vector fields, X and F, is defined as 

[X, YY" = X'^dnY"" - VdnY"" . (5.1.13) 

This SU(2) isometry does not leave the complex structures, J^^\ invariant. Instead, 
the complex structures transform triplet: 

/:^4JW] = e^*"/") . (5.1.14) 

Equivalently, the three Kahler forms w'^ transform as 

Cls[w'] = e''V . (5.1.15) 

The fact that the J*^*-* transform as a rotational triplet can be easily understood by 
recalling, from Eq. (14.2.161) . that their action originates from the action of the 't Hooft 
tensor rj^^^ on the zero modes. After carefully sorting through how spatial rotation 
acts on the r^^^,, one finds that the J^*-* form a triplet. 

The unbroken gauge group, U(l)'', can also be used to transform a BPS solution; 
this generates another set of isometries of the moduli space. (There are at most r 
independent isometries of this sort.) The zero modes associated with these gauge 
isometries take the particularly simple form 

6aAs = D,Aa, Sa^ = ^e[$, A^] (5.1.16) 

with A = 1,2, . . . ,r labelling the r possible gauge rotations. The zero mode equations 
then simplify to a single second-order equation, 

D^AA + e'[<l>,[<^,AA\]=0. (5.1.17) 

Although the long-range part of the solution commutes with the unbroken gauge 
group, the monopole cores, which contain charged fields, are transformed. Through- 
out this review, we will denote the Killing vector fields associated with these U(l) 
isometries by K^. Returning to Eq. (14.2.161) . we see that the effect of a gauge trans- 
formation commutes with those of the J^^\ Hence, these U(l) isometries, unlike the 
rotational isometry, preserve the complex structures of the moduli space, 

^kAJ^''']=0, (5.1.18) 
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and are thus "triholomorphic" . 

In the following we will find it useful to have an explicit coordinate system where 
the gauge isometrics act as translations of the angular coordinates. Generally, we 
may consider a coordinate system where these Killing vectors are written as 



_d_ 



(5.1.19) 



for some angular coordinates The Lagrangian must then have no explicit depen- 
dence on the other than via their velocities, and so may be written most generally 
as 

L = \ hMff + \ kAB{y) [i^ + y'w^iy)] + y'w^.iy)] (5.1.20) 

where the y^ are the other coordinates. In other words, the are all cyclic coordi- 
nates whose conjugate momenta are conserved quantities, just as in the case of SU(2) 
monopoles. We can identify these conjugate momenta as the electric charges that 
arise when the monopole cores are excited in such a manner that the monopoles are 
converted into dyons. 



5.2 The moduli space of well separated monopoles 

The metric on the moduli space determines the motion of slowly moving dyons. 
Conversely, the form of the moduli space metric can be inferred from a knowledge of 
the interactions between the dyons. In general, this is not a simple task, since the 
complete interaction between the dyons is no easier to understand than the complete 
form of the classical Yang-Mills solitons. 

On the other hand, a drastic simplification occurs when we restrict our attention 
to cases where the monopole cores are separated by large distances. In this limit, 
the only interactions between the monopoles come about by the exchange of massless 
fields, which are completely Abelian |126l 1127] I128j . In other words, the interactions 
involved are simply the Maxwell forces and their scalar analogue. By studying these 
interactions, then, we will be able to recover those regions of the moduli space where 
the intermonopole distances are all large. In this section, we will show how to do 
this. 

5.2.1 Asymptotic dyon fields and approximate gauge isome- 
tries 

Let us imagine that we have a set of fundamental monopoles, all well separated 
from each other. We label these by an index j. Because only Abelian interactions are 
relevant at long distances, the non- Abelian process of electric charge hopping from one 
monopole core to another is extremely suppressed. Consequently, in this regime we 
have a larger number of "gauge" isometrics than we have a right to expect. Instead of 
having a conserved electric charge for each unbroken U(l) gauge group, we effectively 
have a conserved electric charge for each monopole core. The AN moduli of the 
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monopole solution are easily visualized as 3A^ position coordinates Xj and angular 
coordinates with j labelling the monopole cores. Translation along C,j is then 
an approximate symmetry of the moduli space metric, so we have an approximate 
gauge isometry associated with each monopole. The effective Lagrangian of this 
approximate moduli space must be of the form 

L = 1 M,,(x)x^ ■ x^- + i K,,(x) (e + W^x) ■ x'^) (e + W/(x) . x') (5.2.1) 

for some functions Mij, Kij, and W* of the x^. This Lagrangian is similar in form to 
that displayed in Eq. fl5.1.20p . but with the significant difference that there is now a 
phase angle for every monopole, rather than just one for each unbroken U(l) factor, 
no matter how many fundamental monopoles of a given species are present. 

Let us work in a gauge where the asymptotic Higgs field lies in the Cartan sub- 
algebra. Then, as was described in Sec. 14. 1^ the jth monopole, located at x^, gives 
rise to an asymptotic magnetic field 

where a.j is one of the fundamental roots and gj = An/e. Exciting Qj, the momentum 
conjugate to ^j, gives rise to a long-range electric field 

E(^) = g, («* . H) J"^"_"^|^3 . (5.2.3) 

Because of the appearance of cx*, instead of a.j, the electric charge Qj is quantized 
in integer units of eaj. 

We will also need the long-range effects of these dyons on the Higgs field. Applying 
a Lorentz transformation to the solution of Eq. (14.1.141) . we see that the jth dyon 
induces a deviation 

= -4!^^V^\/^F^ + Oir-') (5-2-4) 

from the vacuum value <l>o- 

The interactions among these dyons are most easily described by a Legendre 
transformation of the original monopole Lagrangian, in which we trade off the in 
favor of their conjugate momenta Qj/e. The resulting effective Lagrangian is often 
called the Routhian, and has the form 

R = L-^i^ = - M„- X* ■ x^' - - (K~J^ + ^W:- • x^' . (5.2.5) 

e 2 2 e e e ■' 

In the following section we will compute this Routhian directly from the long-range 
interactions of dyons and then extract the asymptotic geometry of the moduli space. 
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5.2.2 Asymptotic pairwise interactions and the asymptotic 
metric 



We begin by considering a pair of well-separated dyons, and asking for the effect of 
dyon 2 on the motion of dyon 1. This has two parts — the long-range electromagnetic 
interaction and the scalar interaction. The former is a straightforward generalization 
of the interaction between a pair of moving point charges in Maxwell theory. Given 
two U(l) dyons with electric and magnetic charges Qj and gj, the electromagnetic 
effects of the second on the first are described by the Routhian 



R 



(1) 

Maxwell 



Qi vi-A(^)(xi)-4')(xi 



+ 91 



vi.A(2)(xi)-ifHxi 



(5.2.6) 



Here A*^^) and A^^^ are the ordinary vector and scalar electromagnetic potentials due 
to charge 2, while A*^^^ and A^q'^ are dual potentials defined so that E = —V x A and 
B = -Vio + dk/dt. 

Using standard methods to obtain these potentials, and keeping only terms of up 
to second order in Qj or Vj, we obtain 



(1) 

maxwell 



9i92 



12 



Vi ■ V2 - 



Q1Q2 

9i92 



- -r{9iQ2 - 92Qi){y2 - vi) ■ W12 



where ri2 



obeys 



|xi — X2I and the Dirac monopole potential 
W12 = w(xi - X2) 

r 

V X w(r) = — —rr . 



In terms of the usual spherical coordinates for r, we can write 

wfr) ■ dr = cos 6 dch 



(5.2.7) 

(5.2.8) 
(5.2.9) 

(5.2.10) 



locally. 

These electromagnetic interactions can all be traced back to the F^j, term in the 
Maxwell Lagrangian. In the Yang-Mills case, the analogous term involves a trace 
over the group generators. The result is that the right-hand side of Eq. (15.2.71) must 
be multiplied by a factor o^ 



2Tr[(at-H)(a;-H)] = at-a; 



(5.2.11) 



The scalar interaction is manifested as a position-dependent modification of the 
dyon mass [127j . The effective mass of dyon 1 becomes 



m 



eff 

1 



2v/^?f + Q? Tr [(at ■ H) ($ + A<|.(2)(xO)] 



(5.2.12) 



■^The factor 2 arises because our normalization convention, Eq. (|4.1.ip . replaces the usual 1/4 of 
the Maxwell Lagrangian by a 1/2, as in Eq. (|2.1.2p . 
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and hence 



R. 



(1) 

scalar 



ITLl 1 



2 ^ ^7? 



87rri2 



2 ^^i Q2 



9l 



9l 



(5.2.13) 



Adding these contributions, subtracting the rest mass mi, and keeping terms up 
to second order in Qj or Vj, we obtain 



—mi 1 



1 



gig2 ai ■ ol^ 
87rri2 



(vi - V2) 



(9i 








-vi) 


W12 . 



(5.2.14) 



By interchanging particles 1 and 2, a similar expression is obtained for R^'^\ the 
Routhian describing the effects of particle 1 on particle 2. 

The extension to an arbitrary collection of well-separated dyons |128j is straight- 
forward. Since we are considering fundamental dyons that all carry unit magnetic 
charges, we can set all of the Qj equal to An/e. The Routhian obtained by adding all 
the pairwise interactions is of the form of Eq. fl5.2.5p , with 



^ Airct* ■ at 
Arcct* ■ a.* 



(5.2.15) 



3 



and 



a; ■ ctjWij , 



K 



(5.2.16) 



(5.2.17) 



The asymptotic moduli space metric is obtained by returning from the Routhian 
back to the Lagrangian via a Legendre transform. Substituting Eqs. fl5.2.15l) - fl5.2.17l) 
into Eq. fl5.2.ip . we obtain the desired asymptotic metric |128j ,^ 



^asym M^jCtX-i ■ dx.j 



(4vr)^ 



{M~%{dii + Wifc ■ d^k){dij + W,, ■ d^i) . (5.2.18) 



^Bielawski |129[|130lll31j has shown rigorously that this asymptotic metric approaches the exact 
metric exponentiaUy rapidly as the separations between monopoles are increased. 
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5.2.3 Why does the asymptotic treatment break down? 

It is easy to see that this asymptotic approximation to the moduh space metric 
cannot be exact for the case of two identical monopoles. First of all, the Mjj vanish 
and the asymptotic form becomes singular if the intermonopole distance is too small. 
Second, for the case of two identical monopoles the approximate metric is independent 
of the relative phase angle ^1 — ^2- If this isometry were exact, it would imply that 
the two-monopole solutions was axially symmetric, which we know is not the case. 
Furthermore, such an isometry would correspond to an additional U(l) isometry, but 
for the SU(2) case there is only one unbroken U(l) gauge group. 

Neither of these problems would arise if we were considering a pair of distinct 
monopoles [55] • Because ct^ ■ CKg is now negative, the Mjj never vanish. Also, for two 
distinct monopoles there are always two different unbroken U(l) isometries acting 
on the BPS solutions, so the appearance of an additional U(l) is actually desired. 
In fact, as will be shown in detail in the next section, the asymptotic metric for 
a pair of distinct monopoles can be extended without modification to all distances 
and is identical to the exact moduli space metric found via rigorous mathematical 
considerations. 

The difference between these two cases can be understood by noting that two 
fundamental monopoles of the same type can interact via the exchange of a massive 
gauge boson. This additional interaction is short-range, and so gives a correction to 
the moduli space metric that falls exponentially with distance. If the monopoles are of 
different types, such gauge boson exchange is impossible, and there is no modification 
to the metric. 

5.3 Exact moduli spaces for two monopoles 

For a pair of monopoles, the moduli space is eight-dimensional. Of these eight di- 
mensions, three encode the center-of-mass motion of the two-body system and must 
remain free, while at least one corresponds to an exact gauge rotation. Thus the 
nontrivial part of the moduli space is at most four- dimensional. With the various 
constraints on the moduli space, in particular its hyper-Kahler property and the 
S0(3) isometry from spatial rotations, not much choice is left. In fact, it is via these 
abstract considerations that Atiyah and Hitchin \1'23\ \1'24\ I125j were able to find the 
exact moduli space for two identical monopoles. In this section, we will consider an 
arbitrary pair of monopoles, identical or distinct, and find the exact moduli space 
thereof. 

5.3.1 Geometry of two-monopole moduU spaces 

Symmetry considerations tell us a great deal about the form of the two-monopole 
moduli space Ai. First of all, there must be three directions, corresponding to overall 
spatial translations of the two-monopole system, that are free of interaction. In other 
words, the metric components for these directions must be trivial. Furthermore, the 
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hyper-Kahler structure relates these three free directions to a fourth one, at least 
locally, so that at least a four-dimensional part of the moduli space comes with a flat 
metric. This fourth direction must come from gauge rotations that are a mixture of 
the two U(l) gauge angles associated with the fundamental monopoles. This allows, 
in principle, a discrete mixing between the free part of the gauge angles and the rest, 
and so we conclude that the space must be of the form 

M = R^. (5.3.1) 

where P is a discrete normal subgroup of the isometry group of i?^ x A^q- 

The isometry group of A^o is also easily determined. Since spatial rotation of a 
BPS solution about any fixed point yields another BPS solution, A4o must possess 
a three-dimensional rotational isometry. As we noted in Sec. 15.11 this rotational 
isometry does not preserve the complex structures, but rather mixes them among 
themselves. 

If the two monopoles are of different types, there will be an additional U(l) 
isometry. This is possible only if the gauge group is rank 2 or higher, with at least 
two unbroken U(l) factors. One linear combination of the two unbroken U(l) gauge 
degrees of freedom generates the translational symmetry, alluded to above, along 
the overall R^. The remaining generator must then induce a U(l) isometry acting 
on Aio- Hence, Aio must be a four-dimensional manifold that is equipped either 
with four Killing vector fields that span an su(2) x u(l) algebra, or with three Killing 
vectors that span su(2), depending on whether the monopoles are distinct or identical. 
Furthermore, the results of the previous section show that the orbits of the rotational 
isometry on the asymptotic metric are three-dimensional; clearly the exact metric 
must also possess this property at large r. 

For a four-dimensional manifold the fact that the moduli space is hyper-Kahler 
implies that the manifold is a self-dual Einstein manifold. From this, together with 
the rotational symmetry properties of the manifold, it follows that the metric can be 
written as 

ds^ = f{rf dr^ + a{rfal + h{rf(jl + c(r) (5.3.2) 
where the metric functions obey 

26cda ^^2^^2_^2_2g5c (5.3.3) 
J dr 

(and cyclic permutations thereof) with e either or 1, while the three one-forms 0"^ 
satisfy 

dai = -eijk(Jj A ak ■ (5.3.4) 
An explicit representation for these one-forms is 

cTi = — sin ipdO + cos ip sin i 
(72 = cos ipd9 + sin ip sin i 
c"3 = dip + cos 9 d(f) (5.3.5) 
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where the ranges of 6 and are [0, vr] and [0, 27r], respectively. 

The function / depends on the coordinate choice for r. A convenient choice for 
making contact with the resuhs of the previous section is to take 9 and to be the 
usual spherical coordinates on i?^, r to be a radial coordinate, and -0 to be a U(l) 
angle. With this choice, it is easy to see that 

a^, = dip + w(r) ■ dr (5.3.6) 

where w is the same Dirac potential as in Eq. (15.2. lOp . In order that the metric tend 
to the asymptotic form Q^^h the range of ip must be [0,47r]. 

We now quote the results of Atiyah and Hitchin [1231 11241 1125] and list all the 
smooth geometries that are obtained from solutions to these conditions: 

• e = produces only one smooth solution with an asymptotic region, the so- 
called Eguchi-Hanson gravitational instanton |132j . Its asymptotic geometry is 
R^l Z2 and does not have a compact circle corresponding to a gauge U(l) angle. 

• e = l,a = 6 = c gives a solution with 

/ = 1, a = h = c=~. (5.3.7) 

This corresponds to a flat i?^. Dividing it by Z gives a cylinder, x S^, which 
would he Aio for a pair of noninteracting monopoles. For an interacting pair, 
however, this manifold is not acceptable, because it has too much symmetry. 

• e = l, a = b^c gives 

I 27 21 
/ = yi + -, a = b = ~rf, c=-j (5.3.8) 

with / > 0. (A possible overall multiplicative constant has been suppressed.) 
This gives the Taub-NUT geometry with an SU(2) rotational isometry 
which is illustrated in Fig. 15. 2[ The range of ip is [0,47r]. Since a = b, the 
metric has no dependence on ip, and a shift of is a symmetry. This generates 
an additional U(l) isometry, which is also triholomorphic and thus could be 
associated with an unbroken U(l) gauge symmetry. 

• e = l, a^b^c yields the Atiyah-Hitchin geometry with an S0(3) rotational 
isometry and no gauge isometry [1231 1124[ 1125] . There are two such smooth 
manifolds, whose topology and global geometry are a bit involved. We will 
come back to them in Sec. 15.3.31 

Thus, only two of the four cases, namely the Taub-NUT manifold and the Atiyah- 
Hitchin manifold, can be part of the exact moduli space for a pair of interacting 
monopoles. These two geometries share the same form for the asymptotic metric. 



r y V i \l + 2l/r^ 

1 + 2//r^ 



3 



1 + — 1 dr"^ + ( I {dip + cose d(pf (5.3.9) 
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Figure 5.2: The Taub-NUT manifold with two of the three Euler angles sup- 
pressed. The origin r = is a special point where one circle collapses to a 
point. Everywhere else, we have a squashed at each fixed value of r > 0. 



up to an overall multiplicative constant. The difference between the two is that 
the parameter I is positive for the Taub-NUT manifold and negative for the Atiyah- 
Hitchin manifold. With negative / this metric develops an obvious singularity at 
r = 21, signalling that the Atiyah-Hitchin geometries must deviate from this asymp- 
totic form as r become comparable to 21. On the other hand, with positive /, this 
asymptotic form is exact for the Taub-NUT geometry. 

Finally, note that in the limit — > oo, the metric of Eq. (15.3.91) becomes a fiat 
metric with (after an overall rescaling by 21) = b"^ = = = r. A coordinate 
transformation with r — * f = brings this into the form given in Eq. (15.3.71) . 

5.3.2 Taub-NUT manifold for a pair of distinct monopoles 

Let us now specialize the results of Sec. 15.21 to the case of two distinct fundamental 
monopoles. If the corresponding simple roots are orthogonal (i.e., if they are not 
connected in the Dynkin diagram), then Eq. (15.2.181) reduces to a fiat metric, corre- 
sponding to the fact that the monopoles do not interact with each other. The more 
interesting case is when a.i and 0:2 are connected in the Dynkin diagram. These may 
be roots of equal length; if not, we can, without loss of generality, take 0:2 to be the 
shorter root. If we define 



then the general properties of Dynkin diagrams imply that Xcx.2 = 1 and that 



is an integer equal to 1, 2, or 3. 

The first step is to convert from the original coordinates to center-of-mass and 
relative variables. For the spatial coordinates we define the usual variables 



A 



(5.3.10) 




(5.3.11) 



R 



mixi + m2X2 



(5.3.12) 



r = 



Xi - X2 . 



mi + 1712 
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To separate the phase variables, we first define a total charge and a relative charge 

by 

(miQi + 7712(52) KQ1-Q2) 

Qx = -f 7 ^ ' 9^ = o • 5.3.13 

e (mi + 7712) 2e 

The coordinates conjugate to these charges are 

X = Ui + 6 , ^ = — TT ^ 5.3.14 

A (mi + m2) 

When expressed in these variables, the metric of Eq. (15.2.181) separates into a sum of 
two terms 

^asym — Qcra + Qrel (5.3.15) 

where 

(4vr)2 



Qcm = {mi + m2] 
is a fiat metric and [55l |56l 1134] 



e*(mi + m2) 



(5.3.16) 



^rel 



27rA \ / , o o o o o\ ( 2tt\\ I 27rA \ 



^3- 

(5.3.17) 



Here /i is the reduced mass and w(r) = Wi2(r). 

Apart from an overall factor and a rescaling of r by a factor of /z, this relative 
metric has the same form as the Taub-NUT metric of Eq. (I5.3.8p . with / = vrA/e^. To 
verify that the manifold defined by the asymptotic metric is indeed the Taub-NUT 
space, all that remains is to show that ip has periodicity 47r, which is required for the 
manifold to be nonsingular at r = 0. 

We first recall, from the discussion in Sec. 15.2.11 that Qj is quantized in units of 
ecK^. This implies that has period li^joP'-. Hence, a shift of ^ by l-nja^ implies 
the identification 



(X,V')= [x^—^.^^^^^^ r), (5.3.18) 



while a —l-KjoS^ shift of ^ gives 



fc^)=(x-^.^+ , '"^ (5,3,19) 

\ cxi Xai{mi + m2) J 

Combining p steps of the first shift and one of the second then gives 

(x,V') = (x,V^ + 47r), (5.3.20) 
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showing that has the required Att periodicity. The identification in Eq. (15.3.181) 
then defines the discrete subgroup V that appears in Eq. (15.3.1 1) 

As a consistency check, note that Eq. (15.3.131) shows that the quantization of Qj in 
units of ea'j imphes that has integer or half-integer eigenvalues, as is appropriate 
for a momentum conjugate to an angle with periodicity An. By contrast, x is not 
periodic, and is not quantized, unless the ratio of the monopole masses is a rational 
number. 

Thus, by simply continuing the asymptotic form of the moduli space metric, we 
have found a smooth manifold that has all the properties required of the exact moduli 
space. Not only have we learned that the Taub-NUT manifold is the interacting part 
of the exact moduli space, but we also learned that the naive asymptotic approxima- 
tion yields the exact metric for the case of a pair of distinct monopoles [55] . 



5.3.3 Atiyah-Hitchin geometry for two identical monopoles 

This brings us to the other possibility for a pair of interacting monopoles. The 
decomposition of the full moduli space into a free part and an interacting part should 
follow from the asymptotic form of the metric. Since two identical monopoles have 
exactly the same mass and the same magnetic charge, this decomposition should be 

M=R^. (5.3.21) 

where, again, A^o is a four- dimensional hyper-Kahler space. Proceeding as in the 
case of two distinct monopoles, but now with Xcti = AcKg = Ao:^ = —2, we find that 
the asymptotic form of the relative metric is 



^-ilv) +'-=''^) + (i^) (" 



e CK^r ' 



^3 

(5.3.22) 



This has a singularity at r = An / e^cx^ ii, which tells us that there must be some 
correction when the separation between the two monopoles is small. 

Up to a rescaling of r and an overall factor, this asymptotic metric has the form 
of Eq. (15.3.91) . with negative /. As we noted previously, this is the asymptotic metric 
for the Atiyah-Hitchin geometry, the one remaining solution of Eq. (15.3.31) . In the 
remainder of this section, we will characterize this geometry, with an emphasis on its 
topology and its global geometry. 

The general form of the metric given in Eq. (I5.3.2p leaves us the freedom to 
redefine the radial coordinate r. Following Gibbons and Manton |135] . we fix this 
freedom by setting 

/ = --. (5.3.23) 
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We next parameterize the radial coordinate by a variable /3, defined by 



r = 2ir(sin(/3/2)) (5.3.24) 

where 

K{x) = / dt ^ (5.3.25) 
"'o Vl-x^sin t 

is the complete elliptic integral of the first kind. As (3 varies from to vr, the range 
of r is [vr, oo). The Atiyah-Hitchin solution is then specified by 

ab = -(sin/3)^^ + ^(1 - cos/3)r^ 
T dv 1 

be = -(sinP)—^ - -(1 + cos/3)r^ 
T dv 

ca = -{sin p)-^ (5.3.26) 

with (3 determined as a function of r by Eq. 05.3.241) . 

This metric indeed asymptotes to Eq. fl5.3.9p (with / = —1) as r — > cxd (/5 ^ vr). 
In order to see how the singularity at small r is replaced by a regular geometry, we 
must also understand the metric near r = tt. Again following Gibbons and Manton, 
we have 

ds"^ ~ dr^ + 4(r - nfaf + aj + aj . (5.3.27) 

In order that this metric give a smooth manifold near r = vr, the angle associated with 
(Ti must have a period vr instead of the usual 2it. We can rephrase this by defining a 
new set of Euler angles by 



(Ti = dip + cos ( 
(72 = — sin ipdd + cos sin i 
(T3 = cos '?/'c?6' + sin t/' sin 6*^0 (5.3.28) 

and imposing the identification 

/: ip^tp + TT. (5.3.29) 

In terms of the original Euler angles, this is 

/: 9^n-9, 0^0 + 7r, ip ^ -ip . (5.3.30) 

From the viewpoint of the monopole solutions this identification is quite natural, 
since it exchanges the positions of the two identical monopoles, and thus maps any 
two-monopole solution to itself. The manifold that is obtained after making this 
identification is known as the double-cover of the Atiyah-Hitchin manifold [123j . Near 
the "origin" at r = tt its geometry is that of x S"^. 

A second smooth manifold can be obtained by making a further Z2 division, 
defined by 

J': 9^9, 0^0, ip^ip + 7r. (5.3.31) 
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This is known as the Atiyah-Hitchin manifold, and is the manifold denoted as in 
Ref. [123j . Near r = vr it has the geometry of R"^ x RP'^. 

To decide which is the proper choice of Aio, we need to return to the definition 
of the center-of-mass and relative phase angles x and ip. We proceed as in Sec. I5.3.2[ 
except that, as noted above, when oci = 0.2 = ex. we have Aa^ = —2. The analogues 
of the identifications in Eqs. (15.3.181) - (15.3.201) tell us that ip has period 27r, x has 
period in/cx^, and 

(x,V^) = (x + ^,V^-vr). (5.3.32) 

This identification corresponds to a Z2 division on the product manifold, thus yielding 
a manifold 

M = R'x . (5.3.33) 

We now remember that the only role of the R^ x in monopole-monopole scat- 
tering is to supply a conserved total momentum and total electric charge that are 
not affected by the scattering process. If we set these quantities equal to zero, then 
the scattering is completely described by M.0/Z2; in order that this be a smooth 
manifold, we must take A^q to be the double-cover of the Atiyah-Hitchin manifold. 

5.4 Exact moduli spaces for arbitrary numbers of 
distinct monopoles 

In the previous section, we saw that the asymptotic form of the moduli space metric 
for a pair of distinct fundamental monopoles is in fact the exact moduli space metric 
for all values of the monopole separation. The key to this surprising result lies in 
the gauge isometry. As we noted at the very beginning of our discussion of the 
asymptotic interactions between monopoles, the long-range interactions involve only 
the interchange of photons and their scalar analogues, because in the maximally 
broken phase all the other particles — the charged vector and scalar mesons — are 
heavy and cannot propagate over long distances. The interactions mediated by these 
massive particles fall exponentially with distance. Thus, the asymptotic form of the 
metric for k monopoles is always equipped with k U(l) isometries. 

For a pair of SU(2) monopoles, or for a pair of identical monopoles, the two U(l) 
isometries cannot both be exact, since there is only one U(l) gauge rotation acting on 
these monopoles. One might view the short distance corrections in the Atiyah-Hitchin 
manifold as the removal of the redundant gauge isometry. This is also reflected in 
the fact that electric charge can hop from one monopole to the other. 

For a pair of distinct monopoles, on the other hand, two U(l) gauge isometries 
are, in fact, required. However small the impact parameter is, the electric charges on 
the two monopole cores are separately conserved. If there were some short-distance 
correction to the asymptotic metric, it would have to respect the additional constraint 
of preserving two U(l) gauge isometries, in addition to all the usual properties that 
are associated with monopole moduli spaces. In the case of a two-monopole system. 
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this constraint turns out to be sufficiently stringent to fix the metric uniquely to be 
Taub-NUT. 

What really happened here is that the only possible short-distance correction 
comes from the exchange of heavy charged vector mesons, but this is disallowed by 
the gauge symmetry combined with the BPS equation. Even with many distinct 
monopoles, this intuitive picture of why the asymptotic form of the metric is actually 
the exact metric should still work as long as no two monopoles are identical |128j . 
In this section, we will show that the asymptotic metric for an arbitrary number of 
distinct monopoles is in fact the exact moduli space metric. We will start by showing 
that it is smooth. 

5.4.1 The asymptotic metric is smooth everywhere 

We consider a system of n fundamental monopoles with charges a*, each correspond- 
ing to a different simple root of the Lie algebra. This set of simple roots defines a 
subdiagram of the Dynkin diagram of the algebra. If this subdiagram has several 
disconnected components, the monopoles belonging to one component will have no 
interactions with those belonging to others, and the the total moduli space will be a 
product of moduli spaces for each connected component. It is therefore sufficient to 
to consider the case where the cxj correspond to a connected subset of simple roots, 
and thus to the full Dynkin diagram of a (possibly smaller) simple gauge group. 

There are several ways in which this moduli space could fail to be smooth. First, 
the n X n matrix M would not be invertible if det M vanished. Second, the metric 
would be degenerate if its determinant vanished; since 

det e?asym = (det Mf , (5.4.1) 

this possibihty is equivalent to the ffist. Finally, there could be singularities when 
one or more of the Vij vanish. 

We begin by showing that det M is nonzero whenever the Vij are nonzero. We 
start by recalling that its matrix elements are of the form 

Ma = rrii + Y^ Cij 

Mij = -dj, iy^j, (5.4.2) 

where the Cij are all nonnegative functions of the rij and the are all positive 
definite. 

It is trivial to see that det M > forn = 2. We then proceed inductively. We note 
that the determinant vanishes if all of the rrii are zero, and that its partial derivative 
with respect to any one of the masses is the determinant of the {n — 1) x [n — 1) 
matrix obtained by eliminating the row and column corresponding to that mass. The 
new matrix is of the same type as the ffist (but with a shifting of the rrij), and so 
has a positive determinant by the induction hypothesis. If follows that detM > 0. 

To study the behavior when some of the r^j vanish, it is more convenient to switch 
to center-of-mass and relative coordinates. To do this, we observe that the Dynkin 
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diagram contains n links, which we label by an index A. Each of these is associated 

with a pair of roots CKj and otj for which = —2a* ■ ex.* is nonzero. By analogy 
with our treatment of the two-monopole case, we define center-of-mass and relative 
coordinates 

R = , = Xi - Xj , (5.4.3) 

and charges 

Qx = ' qA = —{Q^- Qj) ■ 5.4.4 

As before, the qa have half-integer eigenvalues and their conjugate angles ipA have 
period 47r. 

When rewritten in terms of these variables, the metric splits into the sum of a 
flat metric for R and x ^"^^ ^ relative moduli space metric, 

Qrci = Cab dvA ■ drs 

+ (^^^^^^^^ {C-')ab [#a + w(r^) • dvA] Wb + w(rB) ■ dvs] , (5.4.5) 

where the {n — 1) x {n — 1) matrix Cab is 

- ItiXa . „x 

Cab = fJ'AB + Oab — (5.4.6) 

with ta = I^aI and fiAB being a reduced mass matrix. 

This relative metric is manifestly invariant under independent constant shifts of 
the periodic coordinates ipA- These isometrics, together with the isometry under uni- 
form translation of the global phase correspond to the action of the n independent 
global U(l) gauge rotations, generated by the a.j ■ H, of the unbroken gauge group. 

The ttj's are connected and distinct. It is easy to see that the sum J2 (^i is then 
equal to 7* for some positive root 7 of the group G. Embedding of the SU(2) BPS 
monopole using the subgroup generated by 7 gives a solution that is both spherically 
symmetric and invariant under the n — 1 U(l) gauge rotations orthogonal to 7 ■ H. 
It thus corresponds to a maximally symmetric point on the relative moduli space 
that is a fixed point both under overall rotation of the n monopoles and under the 
n — 1 U(l) translations. This fixed point is clearly the origin, = for all A. In 
the neighborhood of this point, the factors of I/ta are all sufficiently large that the 
matrix Cab is effectively diagonal, so that 

^ci ^ ^ E (—drl + TA [diJA + w(r^) ■ rfr^]') , (5.4.7) 

e ^ kta / 

with the leading corrections being linear in the r^. Comparing this with the results 
of Sec. 15.3.21 we see that the manifold is nonsingular at the origin. 

Finally, we consider the points where only some of the r^'s vanish; we use a 
subscript V to distinguish those that vanish. In inverting Cab to leading order, 
it suffices to remove all components of fiAB in the rows or the columns labeled by 
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the y's. The matrix C then becomes effectively block-diagonal, and consists of the 
diagonal entries 27rAy /e^ry and a number of smaller square matrices. Looking for 
the part of metric along the ry and ipy directions, we find 




'ry + ry [dipv + w(ry) ■ dry]'^ ) H . 



(5.4.8) 



The terms shown explicitly give a smooth manifold, as previously. The remaining 
terms, indicated by the ellipsis, consist of harmless finite terms that are quadratic in 
the other dr^ and dipA as well as mixed terms that involve a dry or a dtpy multiplied 
by a dvA or a dip a. The off-diagonal metric coefficients corresponding to the latter 
vanish linearly near ry = 0, and hence cannot introduce any singular behavior at 
that point. We thus conclude that the relative metric, and thus the total metric, 
remains smooth as any number of monopoles come close together. 

5.4.2 The asymptotic metric is a hyper-Kahler quotient 

Actually, a cleaner way of showing that the asymptotic metric is smooth (as well 
as that it is hyper-Kahler) is to show that it can be obtained by a hyper-Kahler 
quotient procedure [13 6]. This alternate derivation is important not only for showing 
the smoothness, but also for making contact with the moduli space metric derived 
from the Nahm data, which should give the exact form. For simplicity, we take the 
case of an SU(n + 2) theory broken to U(l)"'"'"^, and consider a collection of n + 1 
distinct fundamental monopoles. 

The hyper-Kahler quotient [137] procedure is more or less the same as for a 
symplectic quotient, so let us briefly recall the latter first. For more complete details, 
we refer readers to Appendix A. Suppose that one is given a symplectic form w (say 
on a phase space) together with a symmetry coordinate ^, or equivalently a Killing 
vector d/d^ that not only preserves the metric but also preserves the symplectic form 
w. A symplectic quotient is a procedure for removing two dimensions associated with 
such a cyclic coordinate. Formally, one does this by first identifying a "moment map" 
u — a function on the manifold — by 



The right hand side is an inner product between the Killing vector field and the 
symplectic 2-form w, and the resulting 1-form is guaranteed to be closed if 



Assuming trivial topology, the moment map u is well-defined. 

The submanifold on which u takes a particular value, say /, is a manifold z/^^(/) 
with one fewer dimensions. One can reduce by one more dimension by dividing z/^^(/) 
by the group action G of the Killing vector d^. The resulting manifold with two fewer 
dimensions, z/"^(/) / G, is the symplectic quotient of the original manifold, and is itself 




(5.4.9) 



dw = , 



Crw = . 



(5.4.10) 
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a symplectic manifold. The symplectic quotient takes a more familiar shape if we 
consider the manifold as the phase space for some Hamiltonian dynamics. There, the 
quotient effectively corresponds to restricting our attention to motions with a definite 
conserved momentum, u = f\ along a cyclic coordinate. 

A hyper-Kahler manifold is essentially a symplectic manifold with three symplectic 
forms, namely the three Kahler forms, defined componentwise from the complex 
structure and the metric by 

w^:^^ = gmk{J^'^)\. (5.4.11) 

The hyper-Kahler quotient reduces the dimension by four, since we can now impose 
three moment maps for each Killing vector field. We define the moment maps by 

du^ = (^-^,w^'^^ (5.4.12) 

where d/d^ preserves all three Kahler forms, and consider the manifold 

(^r'(/i) n iy^\f2) n u^\f,)) /G. (5.4.13) 

This new manifold is also a hyper-Kahler manifold. If the initial manifold was smooth 
the quotient is also smooth, provided that the group action does not have a fixed 
submanifold, since the metric on the quotient is inherited from the old manifold. 

Consider a flat Euchdean space, x if" = i?^" x i?^", whose Sn Cartesian 
coordinates are grouped into 2n quaternions q"^ and {A — l,2,...,n). We will 
assume a flat metric of the form 

ds'^ = ^ rf/ ®, dq^ + J2 I^AB dt^ ®s dt^ . (5.4.14) 

(Here conjugation is denoted by a hat, and acts like Hermitian conjugation, 

ab^ba, (5.4.15) 

because quaternions do not commute.) 

The three Kahler forms can be compactly written as the expansion of 

- ^ (E dq"^ Adq^ + Y^ i^ABdt^ A ciP) = iw^^^ + jw^^^ + kw^^^ , (5.4.16) 

which is necessarily purely imaginary since \xab is a symmetric matrix. The metric 
and the Kahler forms are nondegenerate as long as the matrix // is nondegenerate. 

A useful reparameterization of the q^ is obtained by introducing n three-vectors 

such that 

qHt^ir\+3r\ + kT\, (5.4.17) 

and n angular coordinates defined indirectly by rewriting the first term in the 
metric as 



dq^ ®s dq^^\Y, 



— dv\ + rA{dx^ + w(rA) • dvA)' 



(5.4.18) 
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A shift of xa by ^Xa is a multiplicative map 



The reparameterization we want for is 



= T.if^~^)AByo + wt + jy2 + ky. 



3 ; 



B 



from which it follows that the second term in the metric is 

^ ^lAB dt"^ ®s dt^ = J2 [if^'^)ABdyody^ + i^ab dy^ ■ dy^ 
In the new coordinates the Kahler forms are the three imaginary parts of 



(5.4.19) 



(5.4.20) 



(5.4.21) 



- ^ rfX^ A {^ drt + J dr^ + k dr^) + ^ dy^ A {i dyf + j dy^ + k dyf) + ■■■, (5.4.22) 

^ A A 

where the ellipsis denotes parts involving neither xa nor y^. 

We wish to start with this fiat hyper-Kahler metric and use a hyper-Kahler quo- 
tient to obtain a 4n-dimensional curved hyper-Kahler manifold. To this end, consider 
the n Killing vectors 

d d 
Ka = 1^ + 



dx^ dy^ 



(5.4.23) 



that generate 



-1\AB 



Or. 



(5.4.24) 



B 



The 3n moment maps are thus the n purely imaginary triplets in 

1 r 



I {ir\ + 3r\ + kr\) + (iy^ + jy^ + ky 



(5.4.25) 



Setting these 3n moment maps to zero, we may remove the in favor of the r"^, 

y^ = -ir^. (5.4.26) 

This replacement gives us a 4n+n dimensional manifold which can be further reduced 
by the symmetry action of i?". 

The simplest method for doing this last step is to express the metric in the dual 
basis in terms of some basis vector fields, instead of one-forms, and set the generators 
of the isometry in Eq. (15.4.231) to zero. We will choose to worlc with the coordinates 
defined by 

<^ d d „ d d . 

+ ^ (5.4.27) 



dip^ dx^ 



dx^ dy^ 
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and set d/dO^ to zero. With this choice of coordinates, the metric of the quotient 
manifold 

(z/r'(0) n z/2"i(0) n z/3-i(0)) /R- (5.4.28) 

is 

ds^ = - Cab d^^A ■ dr b 

+ \ {C-^)ab [#a + w(rA) ■ dvA] [diJB + w(rB) ■ rfr^] (5.4.29) 
where the matrix Cab is 

Cab = li-AB + ^AB — • (5.4.30) 

ta 

Up to an overall factor of 1/4 and a rescaling of distance by a factor of 27r/e^Q;^, this 
is precisely the relative part of the asymptotic metric for a chain of n + 1 distinct 
monopoles in SU(ra + 2) theory. The reduced mass matrix ^ab is a positive definite 
matrix of rank n, as the construction here assumes. Furthermore, its inverse is 
also nondegenerate as long as the monopoles are all of finite mass, and this ensures 
that there is no fixed point under the i?" action used above. From this, we can 
conclude that this manifold is free of singularities. 



5.4.3 The asymptotic metric is the exact metric 

While there is plenty of reason to believe that the asymptotic metric for the case 
of all distinct monopoles is exact, there is as yet no direct field theoretical proof of 
this assertion]^ However, very compelling support can be found from the ADHMN 
construction. The Nahm data reproduces the complete family of BPS monopoles 
and, furthermore, has its own intrinsic definition of a moduli space metric. At first 
encounter, this latter definition appears to have little to do with the field theoretical 
definition of the moduli space metric, although for the case of an SU(2) gauge group 
it has been shown mathematically |138j that the two definitions give the same metric. 

However, recent progress in string theory has given us a much better understand- 
ing of the ADHMN construction in terms of D-branes. In particular, it has become 
quite clear why the two definitions of the moduli space metric should produce one 
and the same geometry; we refer readers to Chap. [10] for more details. Using this 
knowledge, we show here that the asymptotic form of the metric is precisely the same 
as the exact metric from the Nahm data |139] and thereby prove the main assertion 
of this section. 

Before invoking the Nahm data, however, it is useful to generalize slightly the 
hyper-Kahler quotient construction above. Instead of using x if" as the starting 
point, we want to start with if" x if""*"^, where the if" is to be taken the same as 
the first factor in the previous construction. We have 2n + 1 quaternionic variables, 

(A = 1,2, . . . ,n) and 

T = — xl + ix\+ ixi + kx\, z = 0,1,2,..., n. (5.4.31) 
^An alternate approach to this proof can be found in Ref. [140) . 
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We introduce the flat metric 



ds^ = dq^ dq^ + ^ dT ®, dT . (5.4.32) 

A i 

As the notation suggests, the rrii will later be identified with the masses of individual 
monopoles. 

Let us take a hyper-Kahler quotient with the action 

T ^T + ri (5.4.33) 
for any real number rj. The three moment maps are the imaginary parts of 

^"=1 T.MT'-T). (5.4.34) 

i 

The subsequent hyper-Kahler quotient reduces the factor to with the metric 
ds^ = J2 [if^~')ABdy^dyl^ + iiAB dy^ ■ dy""] (5.4.35) 

A,B 

where the reduced mass matrix fi is associated with the rrii and the y coordinates are 
constructed from the x coordinates by writing 

while setting 

= E^.x\ = E"^.^- (5.4.37) 

From this, then, we can proceed as before to produce the relative part of the 
smooth asymptotic metric by a hyper-Kahler quotient. Since the two quotient oper- 
ations commute, we conclude that our moduli space metric can be thought of as the 
hyper-Kahler quotient of x H^^^ with respect to the n + 1 isometries generated 
by the Killing vectors 

^o = Em.^ (5.4.38) 

and 

where the are certain phases of the q"^, as in Eq. (15.4.181) . In fact, the role of the 
first isometry is not difficult to guess. Its associated moment maps are Z^j'^jX*, so 
the quotient due to this simply removes the center-of-mass part of the moduli space. 
We leave it to interested readers to verify that the quotient of if"" x if""*"^ by i?", with 
only the n isometries of Eq. (15.4.39^ . reproduces our asymptotic form for the total 
moduli space metric, up to a periodic identification of one free angular coordinate. 
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The condition that the 3n moment maps vanish can be written more suggestively in 
terms of the coordinates of if" x 

i q^iq^ = Im(T^ - T^-^) , (5.4.40) 

where Im(r) = (T - f ) /2. 

There is a very obvious correspondence with the Nahm data for this system, which 
were discussed in Sec. 14.5.41 Because we are considering a chain of n + 1 distinct 
SU(n + 2) monopoles, we need n + 1 contiguous intervals, of lengths proportional to 
the nip. Since there is only one monopole of each type, the Nahm data on the pth 
interval includes a triplet of functions t/^^(s) that, by the Nahm equation, are equal 
to a constant, xf, on the interval, together with tI^\s), which we are not assuming 
to have been gauged away. We can identify the former with the imaginary part of a 
quaternion T^, with the real part being 

1 /■ . ^(p) 



xl= / dsT^'^'is). (5.4.41) 



A natural metric for this part of the Nahm data is then 

—{dx'o? + rrip {d^^ ■ dx^) = ^ df^ ®, d¥ . (5.4.42) 

p nip p 

In this trivial example of the ADHMN construction, the only subtle part was 
obtaining the jumping data at the boundaries. It is not hard to see that the matching 
condition of Eq. (14.5.371) is equivalent to requiring that there be quaternions such 
that 

^ q^f = Im(T^ - f^^') . (5.4.43) 
The natural metric for these is q^ is the canonical one, 

dS^ = J2 dq"^ 0s dq^ . (5.4.44) 



A 



When we studied this example in Sec. I4.5.4[ we worked in a gauge where the T( 







were identically zero. Had we not done so, we would have found that the gauge action 
of Eqs. (14.4.101) and (14.4. lip also acts on the jumping data, with the effect being that 
the phase x"^ associated with q^ is shifted by an amount that is determined by the 
transformations of the Tq'^ in the adjacent intervals. The invariance under this local 
gauge action is then equivalent to the isometry generated by 

The correspondence with the moduli space metric is clear. We simply drop the 
tildes and associate the Nahm data and the jumping data with the H^^^ and if" 
factors, respectively. The vanishing of the moment maps is the matching condition 
on the Nahm data, while the division by i?" is the identification due to the gauge 
action on the Nahm data. With this mapping of variables, the metric derived from 
the Nahm data is exactly equal to the asymptotic form of the metric that we found 
by considering only the long-range interactions. This concludes the proof. 
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5.5 Monopole scattering as trajectories in moduli 



spaces 

In the moduli space approximation, one assumes that the low-energy dynamics of 
the full field theory can be reduced to that of the zero modes, and can therefore be 
described by the Lagrangian of Eq. flS.l.ip . Time-dependent solutions are then given 
by geodesies on the moduli space, with open geodesies corresponding to monopole 
scattering and closed geodesies to bound states. The essential justification for this ap- 
proximation is energetic. The excitation of a mode of oscillation is greatly suppressed 
if the available energy is small compared to the scale set by the eigenfrequency of the 
mode. Hence, for a system with no massless fields, the dynamics at sufficiently low 
energy should involve only the zero modes. 

However, our situation is not quite so simple, because the theories we are con- 
sidering all have massless U(l) gauge fields. Excitation of these fields, in the form 
of radiation, is always energetically allowed. To establish the validity of the mod- 
uli space approximation [121^ 1122] . one must show that such radiation is suppressed 
when the monopole velocities are small. For the case of two monopoles of masses ~ M 
with relative velocity this can be done by treating the monopoles as point sources 
moving along a geodesic trajectory. Standard electromagnetic techniques then show 
that the total dipole radiation is proportional to Mv^, with higher multipoles sup- 
pressed by additional powers of v. (For two identical monopoles, the dipole radiation 
vanishes and the quadrupole contribution, proportional to Mf^, dominates.) This 
argument breaks down when the cores overlap. However, the modes significantly af- 
fected by the core overlap are those with wavelengths comparable to the core radius 
~ e^M~^. These modes have quanta with energies ~ e~^M, and so their excitation 
is energetically suppressed for slowly moving monopoles. 

As an illustration, let us consider the geodesies for a two-monopole system, whose 
relative moduli space metric has the form shown in Eq. fl5.3.2p . This system can be 
viewed as a top, with "body-frame" components of the angular velocity defined by 
Uj = uijdt and a^, 6^, and being position-dependent principal moments of inertia 
[1231 [121 [135]. The quantities 

Ji = a^oji 

J3 = c^u^ (5.5.1) 

are then the body-frame components of angular momentum. Unlike the "space- 
frame" components, these are not separately conserved, although the sum of their 
squares, 

is. After converting from the angular velocities to the angular momenta by means of 
a Legendre transformation, we can describe the dynamics by means of the Routhian 

1 72 72 t2 
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If the two monopoles are distinct, we have the Taub-NUT metric with = 6^, 
and the system is a symmetric top. This additional symmetry imphes that J3 is 
conserved, from which it follows that Jf + J| is also constant. The latter quantity is 
(up to a multiplicative constant) the ordinary orbital angular momentum, while J3 is 
proportional to the relative U(l) charge. If, instead, the monopoles are identical, the 
moduli space is the Atiyah-Hitchin space with a? ^ , and so J3 is not separately 
conserved; trajectories with a net change in J3 correspond to scattering processes in 
which U(l) charge is exchanged between the two monopoles |123[ 1124] . 

Both cases allow open trajectories corresponding to nontrivial scattering. For 
distinct monopoles, Eq. (15.3.171) shows that the principal moments of inertia are all 
increasing functions of r. It follows that all geodesies begin and end at r = 00, so 
there are no closed geodesies and no bound states. For identical monopoles, on the 
other hand, — but not a? or 6^ — is a decreasing function of r, making it possible 
to have bound orbits. 

We will not discuss the scattering trajectories in detail, reserving our comments 
for one particularly interesting casejj If the monopoles approach each other head- 
on, with vanishing impact parameter, all three Jj vanish. The trajectories are then 
purely radial. With our conventions for the principal moments of inertia, the line of 
approach is along the 3-axis. [To see this, note that at large r, with units restored 
as in Eqs. (15.3.171) and (I5.3.22p . a? k.IP' ^ur^, while tends to a constant.] It is a 
straightforward matter to integrate the geodesic equations to obtain r as a function 
of time. The only subtlety occurs at the point of minimal r. 

For distinct monopoles, this minimal value is r = 0. In the neighborhood of this 
point, the Taub-NUT metric approximates that of flat four- dimensional Euclidean 
space. It is then clear that the geodesic we want passes straight through the ori- 
gin without bending. Thus, the two monopoles pass through each other without 
any deflection. Indeed, the only other possibility allowed by the axial symmetry of 
the problem would have been a complete reversal of direction, with the monopoles 
receding along their initial paths of approach. 

The situation is different when the two monopoles are identical. Equation (15.3.271) 
shows that the minimum value, r = vr, corresponds to a two-sphere rather than 
a point. In this region the manifold is approximately the product of a fiat two- 
dimensional plane, with polar coordinates f = r — vr and ■?/', and a two-sphere spanned 
by 9 and 0. As an incoming radial trajectory passes through f = Q,ip increases hy ti/2 
(i.e., half of its total range), while 9 and are unchanged. This shift in ip corresponds 
to an interchange of cr2 and a^. Hence, the monopoles approach head-on, merge and 
cease to be distinct objects as r approaches vr, and then re-emerge and recede back- 
to-back along a line perpendicular to their line of approach |123[ I124j . This 90° 
scattering gives a rather dramatic demonstration of the lack of axial symmetry in the 
two-monopole system. 



^Further discussions of scattering and bound trajectories can be found in [751 1141[ I142[ I143[ I144[ 



102 



Chapter 6 

Nonmaximal symmetry breaking 



We have focussed up to now on monopoles in theories where the adjoint Higgs field 
breaks the gauge group maximally, to a product of U(l)'s. However, monopoles can 
also occur when there is a larger, non-Abelian, unbroken symmetry, as long as it 
contains at least one U(l) factor. This brings in a number of interesting features, 
which we will describe in this chapter. 

The case of non-Abelian unbroken symmetry can be viewed as a limiting case 
of maximal symmetry breaking, corresponding to a special value of the Higgs vac- 
uum expectation value [degenerate eigenvalues, in the case of SU(A^)]. In this limit, 
additional gauge bosons (and their superpartners) become massless. The formulas 
obtained in Chap.lHimply that, correspondingly, some of the fundamental monopoles 
should also become massless. On the one hand, such massless monopoles are to be 
expected from a duality symmetry, to be the duals of the gauge bosons of the unbro- 
ken non-Abelian group. From another viewpoint, however, they seem problematic, 
since it is clear that the theory cannot have a nontrivial massless classical solution. 

The resolution is found by looking at solutions containing both massive and mass- 
less monopoles, with the constituents chosen so that the total magnetic charge is 
purely Abelian. At the level of classical solutions, the massless monopoles are then 
realized as one or more clouds of non-Abelian field that enclose the massive monopoles 
and shield their non-Abelian magnetic charge. Turning to their dynamics, one finds 
that the collective coordinates that described the massive fundamental monopoles 
survive even when some of these monopoles become massless, and that the moduli 
space Lagrangian has a smooth limit as the unbroken symmetry is enlarged. 

We begin, in Sec. 16.11 by adapting the formalism and results of Chap. H] to the 
case where the symmetry breaking is no longer maximal. Next, in Sec. 16. 2[ we 
describe several classical solutions containing both massive and massless monopoles. 
We discuss the moduli space and its metric in Sec. 16.31 focussing in particular on the 
examples described in the previous section. Finally, in Sec. 16. 4[ we discuss the use 
of this metric to treat the scattering of the massive monopoles and massless clouds. 
In the course of this discussion, we will see that the range of validity of the moduli 
space approximation is more limited than when the symmetry breaking is maximal, 
and we will discuss the conditions under which it can be considered rehable. 
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6.1 Simple roots, index calculations, and massless 
monopoles 



As we saw in Eq. f l4.1.7p . the vacuum expectation value of the Higgs field defines a 
vector h whose properties determine the nature of the symmetry breaking. Maximal 
symmetry breaking occurs when h ■ ck is nonzero for all roots a. If, instead, there are 
some roots orthogonal to h, then these are the roots of some non-Abelian semisimple 
group K, of rank r', and the unbroken subgroup is x U(l)''~^ . One consequence 
for monopole solutions is that the homotopy group is now smaller, since Il2{G/H) = 
Ili[K X U(l)^] = Z^~^ . As a result, there are only r — r' integer topological charges. 

As in the maximal symmetry breaking (MSB) case, it is useful to define a set of 
simple roots /3„. However, we can no longer require that these satisfy Eq. (14.1. lip , 
but rather can only impose the weaker condition 

h./3„>0. (6.1.1) 

We will sometimes need to distinguish the simple roots that are orthogonal to h. We 
will denote these by 7^ (j = 1,2, .. . ,r'), and the remaining simple roots (possibly 
renumbered) by /3p (p = 1, 2, . . . , r — r'). Note that the 7^- form a set of simple roots 
for the subgroup K. 

Equation (I6.1.ip does not uniquely determine the simple roots. There will be 
several possible choices, related to each other by gauge transformations in the un- 
broken group K. This can be illustrated by considering the case of SU(3), whose 
root diagram is shown in Fig. 16. 1[ With h oriented as in the left-hand diagram, the 
unbroken subgroup is U(l)xU(l), and Eq. (14.1.1 ip fixes the simple roots to be the 
ones denoted and (32- When the symmetry breaking is to SU(2) xU(l), as shown 
on the right-hand side, the simple roots can be chosen to be either (3 and 7 or (3' and 
7', with the two pairs related by a rotation by vr in the unbroken SU(2). 

For the MSB case, the magnetic charge quantization, the BPS mass formula, and 
the counting of zero modes all suggested that a general BPS solution should be viewed 
as being composed of a number of fundamental monopoles, each associated with a 
particular simple root. The situation is a bit more complex now. The arguments that 
led to Eq. (I4.1.10p go through essentially unchanged, and imply that the magnetic 
charge vector g defined in Eq. (14.1.80 must be of the form 

An An A"""' \ 

g = - E nafil = - E + E ^7* (6.1.2) 

6 a=l ^ \p=l j=l ] 

where the and the kj are all integers. (This will, in general, entail a renumbering 
of the /3„.) In general, the kj depend on which set of simple roots was chosen and 
are not even gauge invariant. The remaining coefficients, np, on the other hand, are 
gauge invariant and do not depend on the particular choice of simple roots. They are 
the topological charges. 

For the MSB case, there are solutions corresponding to any set of positive n^,. This 
might lead one to expect that with nonmaximal symmetry breaking there would be a 
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Figure 6.1: Two symmetry breaking patterns of SU(3). With generic symme- 
try breaking, as on the left, the unbroken gauge group is U(l) x U(l) and Pi 
and ^^e the simple roots that define the fundamental monopoles. When h 
is orthogonal to 7, as on the right, the unbroken group is SU(2) x U(l) and 
the simple roots can chosen to be either (3 and 7 or /3' and 7'. 



solution for any choice of positive Up and kj. However, with a different set of simple 
roots some of these would correspond to negative kj, and thus would not be expected 
to give rise to classical solutions. Thus, for SU(3) broken to SU(2)xU(l) one would 
only expect to find solutions with k < n. Outside the BPS limit the restrictions on 
the kj are even more severe, because solutions for which the non-Abelian component 
of the magnetic charge is nonminimal [e.g., |?t, — A;| > 1/2 for this SU(3) example] 
are unstable [TT l I150j . These instabilities are absent in the BPS limit, because of the 
effects of the long-range massless Higgs fields. 

The BPS mass formula of Eq. (14.1.151) becomes 

r T—r' 

M = ^ Uarria = npTJip (6.1.3) 

a=l p=l 

where the second equaUty uses the fact that the orthogonality of 7^ to h implies the 
vanishing of the corresponding mass. 

When we turn to the index theory calculations, matters become somewhat more 
complicated. Two separate issues arise. The first concerns the calculation of T. The 
derivation used in the MSB case goes through unchanged up to Eq. fl4.2.39p . but the 
next step in the derivation used the fact that the h ■ ck were all nonzero, which is 
no longer the case. The terms arising from the roots orthogonal to h (i.e., the roots 
of the unbroken subgroup) make no contribution to the sum, with the result that 
Eq. (|4. 2.421) is replaced by 

r 

I = 4j2na--Y.'g-cx (6.1.4) 

a=l a&K 
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with the sum in the second term being over the positive roots of K. 

The second issue relates to the possible continuum contribution, Xcont- A nonzero 
contribution of this type can only arise from the large-r behavior of the terms in T) 
and that affect the massless fields. With maximal symmetry breaking there can 
be no such contribution, since the long-distance behavior of T) and "D^ is determined 
by the massless fields and these fields, being Abelian, do not interact with themselves 
or each other. This simple argument for the vanishing of Xcont clearly fails when there 
are non- Abelian massless fields. In fact, one can show explicitly that a nonzero Xcont 
can actually occur. Returning to the SU(3) example above, we can use the root /3 
to obtain an embedding of the SU(2) unit monopole via Eq. (14.1.141) . Because of the 
spherical symmetry of this solution, the zero mode equations can be explicitly solved 
|49j . There turn out to be precisely four normalizable zero modes, whereas evaluation 
of the right-hand side of Eq. fl6.1.4l) gives X = 6. The difference is due to a nonzero 
T 

-''Cont • 

These difficulties in counting the zero modes disappear if the magnetic charge is 
purely Abelian; i.e., if [61] 

g ■ 7,- = (6.1.5) 

for all J, so that the long-range magnetic field is invariant under the subgroup K. 
(Note that this does not imply that the kj vanish.) First, the kj are now gauge- 
invariant and independent of the choice of simple roots. [Thus, for our example of 
SU(3) broken to SU(2)xU(l) the magnetic charge is purely Abelian when g is of the 
form 

g = ^ (2n/3* + nY) = ^ (2n/3'* + ^7'*) . (6.1.6) 

As we see, the coefficients are the same for either choice of simple roots.] Next, since 
g is orthogonal to all the roots of the second term in Eq. (16.1.41) vanishes, sc0 

m 

r r—r' r' 

X = AY^na = AY^n^ + AY^k,. (6.1.7) 

a=l p=l j=l 

Finally, the vanishing of the non- Abelian components of the magnetic charge implies 
a faster falloff for the non- Abelian fields. A detailed analysis shows that this falloff is 
rapid enough to guarantee the vanishing of Xcont , so that the number of normalizable 
zero modes is correctly given by Eq. fl6.1.7p . 

With these results in mind, we will restrict our considerations to solutions that 
obejSi Eq. fl^X^ . For such solutions, Eqs. (KT72h . (KTEtl . and (KTlh suggest an 



^In Ref. [61j an equivalent expression was given in which only the Up appeared, but with coefh- 
cients that depended on the particular (3^. This turns out [152 to not be as useful in elucidating 
the structure of these configurations. 

^This condition can always be satisfied by adding an appropriate of collection of monopoles at a 
large distance from the configuration of interest. The fact that adding distant monopoles makes a 
difference reflects the fact that the difficulties associated with solutions that violate Eq. (|6.1.5p are 
all due to their slow long-range falloff. 

•^For more on solutions with non- Abelian magnetic charge that violate Eq. (|6.1.5p . including a 
discussion of the dimensions of the spaces of solutions, see Refs. |1531 11541 1155] . 



106 



interpretation in terms of fundamental monopoles, each corresponding to a simple 
root, and each with four degrees of freedom. However, Eq. fl6.1.3p would imply that 
the fundamental monopoles corresponding to the 'y- — which would have purely 
non-Abelian magnetic charges — would be massless. As we have already noted, 
this seems somewhat problematic, since it is easy to show that the theory cannot 
have any massless classical solitons. Indeed, using Eq. (14.1.141) to construct the 
fundamental monopole solution corresponding to the one of the 7^ simply yields 
the pure vacuum. Nevertheless, we will see that it can be meaningful to speak of 
such "massless monopoles" , which can be viewed as the counterparts of the massless 
elementary "gluons" carrying electric-type non-Abelian charge. Note however that, 
in contrast with the massive fundamental monopoles, the massless monopoles do not 
carry topological charges. 

6.2 Classical solutions with massless monopoles 

One way to gain insight into the massless monopoles is to examine some classical solu- 
tions with nonzero values for the kj. In this section, we will examine three of these in 
some detail. One, arising in an S0(5) model, is comprised of just two monopoles, one 
massive and one massless, and is the simplest possible solution containing a massless 
monopole |156j . In fact, it is sufficiently simple that it can be obtained by direct 
solution of the Bogomolny equations. We will then use the ADHMN construction to 
study two solutions that each contain one massless and two massive monopoles — an 
SU(A^) solution with two distinct massive monopoles [118] . and an SU(3) solution in 
which the massive monopoles are identical |157] . 

6.2.1 One massive monopole and one massless monopole in 
SO(5) broken to SU(2)xU(l) 

The simplest example |156j containing a massless monopole, but with a purely Abel- 
ian total magnetic charge, occurs in a theory with S0(5) broken to SU(2)xU(l) as 
illustrated by the root diagram in Fig. 16.21 A solution with 

g=-(/3* + 7*) (6.2.1) 

e 

would correspond to one massive /3-monopole and one massless 7-monopole and, 
according to Eq. fl6.1.7p . should have eight normalizable zero modes. Three of these 
must correspond to spatial translations of the solution, and four others must be global 
gauge modes corresponding to the generators of the unbroken SU(2) xU(l). While 
the origin of the last zero mode may not be immediately apparent, it certainly cannot 
be a rotational mode, because any solution that is not rotationally invariant must 
have at least two rotational zero modes. Hence, this zero mode must correspond to 
the variation of a parameter that has no direct interpretation in terms of a symmetry. 

Since there are no rotational zero modes, the solution must be spherically sym- 
metric. The resulting simplifications make it possible to directly solve the Bogomolny 
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Figure 6.2: Two symmetry breaking pattern of S0(5). With generic symmetry 
breaking, as on the left, the unbroken gauge group is U(l) x U(l) and (3* and 
7* are the two fundamental monopole charges. When h is orthogonal to 7, 
as on the right, the unbroken group is SU(2) x U(l), and the 7* monopole 
becomes massless. 



equationsjll We begin by noting that any element of the Lie algebra of SO (5) can be 
written as 

P = P(i) ■ t(a) + P(2) ■ t(7) + trP(3)M (6.2.2) 
where t{a) and 1(7) are defined as in Eq. (14.1.41) . and 

M = ^ . (6.2.3) 

V^U. E^J 

We then consider the spherically symmetric ansatz 

e«n^r™A(r) , ^(1) = r'^Hir) , 

TiF{r) , 0^3) = tJ{r) . (6.2.4) 
Substituting this into the Bogomolny equation gives 

= A' + - + e(A + —) H + 2eF{F + J) 
r V er J 

= H' + e(A+—\A + 2eF{F + J) 
V er J 

= G' + - + e(G + —\K + 2eF{F - J) 
r \ er J 

^For the construction of this solution by the ADHMN method, see Ref. |158j 



A(i) - 

AO, _ 

A(3) - 
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= K' + e(G + —]g + 2eF{F - J) 
\ er J 

= F' + ^{H -A-G + K)F + ^{A-G)J 

= f + ^(2A~ H + K -2G)F . (6.2.5) 

In order that the solutions be nonsingular, A, G, H, and K must all vanish at the 
origin; F{0) and J(0) are unconstrained. As r tends to infinity, all of the functions 
except for H must vanish; to get the desired symmetry breaking, we must require 
that H{oo) = t> be nonzero. 

If we try setting F = — J, the first two lines in Eq. (16.2.51) give a pair of equations 
involving only A and H. These are the same as would be obtained for the unit SU(2) 
monopole. Referring to the results in Eq. (I3.1.ip . and converting from the conventions 
of Eq. (12.2. ip to those used here, we obtain 

Mr) = —r 

smh evr er 

Hir) = fcothetr . (6.2.6) 

er 

The remaining four lines of Eq. (16.2.50 then imply that G = K, and that 

= G' + e(G+ —)G + 4eF^ 
V erj 

= F' + ^{H ~2A + G)F . (6.2.7) 



These are solved by 



F = L(r,a)i/2 

'< cosh(et'r/2) 



G = A{r)L{r,a) (6.2.8) 

where 

L(r, a) = ^- . (6.2.9) 

^ ^ a + rcoth(eT;r/2) ^ ^ 

We see that there is a core region, of radius ~ 1/ef, outside of which the massive 
fields fall exponentially. 

The quantity a, which enters here as a constant of integration, can take on any 
positive real value. It has no effect on the energy, and so the eighth zero mode 
evidently corresponds to variation of a. Some physical understanding of a can be 
obtained by examining the fields outside the core region. Let us assume, for the sake 
of simplicity, that a is much greater than the core radius. We see that L 1 in 
the region 1/ev <^ r <^ a, so that both A and G fall as 1/r. The part of the 
magnetic field is then just that which would be produced by an isolated /3-monopole, 
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corresponding to a magnetic charge with both Abehan and non-Abehan components. 
On the other hand, when r 3> a we find that L ~ a/r. It follows that G ~ 
and that the Coulomb part of the magnetic field comes only from A and is purely 
Abelian. Thus, we can view the solution as being composed of a massive /3-monopole, 
with a fixed core radius ~ 1/ef, that is surrounded by a cloud of non- Abelian field 
of radius ~ a that shields the non- Abelian part of the magnetic charge |159j . This 
cloud, whose radius is apparently arbitrary, can be seen as the manifestation of the 
massless monopole. 

It is instructive to look at this solution from another point of view. The case 
of SU(2)xU(l) breaking can be viewed as a limit of the maximally broken theory 
in which the Higgs vacuum expectation value has been varied so that one of the 
fundamental monopole masses goes to zero. Thus, we can imagine starting with a 
solution of maximally broken SO (5) containing two monopoles, one of each type, 
separated by a distance R. As we begin to restore SU(2) gauge symmetry, one 
of the two monopoles begin to decrease in mass and grow in size. However, the 
growth of this would-be massless monopole is affected by its nonlinear coupling to 
the other monopole. When the radius of the lighter monopole becomes of order i?, 
this interaction prevents any further increase in size, and the monopole evolves into 
the non- Abelian cloud [160J . 

A curious feature is that the limiting solution depends only on the initial monopole 
separation, and not on the relative spatial orientation of the two massive monopoles. 
We will encounter this from another viewpoint when we study the moduli space metric 
in Sec. 16.3.11 where we will find that the angular spatial coordinates of the maximally 
broken case are replaced by internal symmetry variables when the symmetry breaking 
is nonmaximal. 

As a final remark, note that we could also imagine starting with a (1, 1) solution 
of maximally broken SU(3) and taking a similar limit. In this case, which does not 
satisfy Eq. (16.1. 5p . the growth of the lighter monopole is not cut off by the presence of 
the massive monopole, but instead continues until, in the massless limit, the monopole 
has infinite radius but is essentially indistinguishable from the vacuum [160j . Indeed, 
the limiting (1, [1]) solution that one obtains in this fashion is gauge-equivalent to 
the (1, [0]) massive monopole. 

6.2.2 (1, [1], . . . , [1], 1) monopole solutions in SU(A^) broken 
to U(l)xSU(iV-2)xU(l) 

A somewhat more complicated example |118j is obtained by considering SU(A^) bro- 
ken to U(l)xSU(A^ — 2)xU(l), with our notation indicating that the unbroken U(l)'s 
correspond to the simple roots at the ends of the Dynkin diagram. We will use the 
notation introduced below Eq. fl4.4.57p to indicate the magnetic charges of a solution, 
with the only modification being that massless monopoles will be indicated with a 
square bracket. Thus, a solution composed of one monopole of each type — two 
massive and — 3 massless, in all — would be a (1, [1], . . . , [1], 1) solution. 

This solution is a limiting case of the (1, 1, . . . , 1) solution whose Nahm data was 
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obtained in Sec. I4.5.4I For that solution, the range Si < s < was divided into 
— 1 subintervals. The Tj were constant on each of these intervals, with their values 
giving the locations x*' of the corresponding monopoles. There were also jumping 
data at each of the interval boundaries, with the data at the boundary between the 
{p — l)th and pth boundaries obeying 

aip)^a^p) = 2|xf-x^'-i|. (6.2.10) 

The (1, [1], [1], 1) solution corresponds to the limit in which all but the first 
and last subintervals have zero width, so that S2 = = . . . = sn-i- The previously 
obtained Nahm data are unaffected by this limit. 

Going from the Nahm data to the spacetime fields involves solving for the w^\s) 
within each interval, and then finding S^^ that satisfy the condition 

- wt'\s,) = -5(^)a(^) . (6.2.11) 

With the intermediate intervals reduced to zero width, the corresponding w^p^(s) 
become simply numbers, rather than functions. Furthermore, they do not contribute 
to the spacetime fields, since they only enter through integrals over a zero range. 
Thus, the scalar field is given by 

J Si JS2 p—l 

(6.2.12) 

with similar simplifications occurring in the normalization integral, Eq. fl4.4.65p . and 
in the expression for the gauge field, Eq. fl4.4.67p . Hence, the N — 2 constraints 
implied by Eq. (16. 2. lip effectively reduce to the single constraint 

w^/'-'\s,)-w(^\s2) = - E Si'\. (6.2.13) 

p=i 

Examining these last two equations, we see that the substitution 

qip) . qip) — Tj q{<i) 

Op Cip = Upqaq (6.2.14) 

with 2<p, g<A^ — 1 and U an (A^ — 2) x (A^ — 2) unitary matrix, has no effect 
on the spacetime fields. [This is a reflection of the additional unbroken SU(A^ — 2) 
gauge symmetry.] However, the changes in the a*^^-* would, through Eq. (16.2. lOp . imply 
changes in the Xp for 2 < p < N — 2, leaving invariant only the quantities 

Af-2 

xP-^ - xP = x^ - x^-1 = R (6.2.15) 

p=2 

and 

N-2 

5^ |xP-^ -x^l = 6. (6.2.16) 

p=2 
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Figure 6.3: As the unbroken symmetry becomes enlarged, some of the fun- 
damental monopoles become very light and grow in its size. In this figure, 
we show four distinct monopoles for SU(5) maximally broken to U(l)^. As the 
limit of unbroken U(l) x SU(3) x U(l) is approached, the two middle monopoles 
become light, large and dilute. Eventually the massless monopoles lose their 
individual identities and merge into a single monopole cloud, as illustrated in 
Fig. 131 



Thus, the individual massless monopole positions lose their significance and together 
yield a single gauge invariant quantity, b. Note that b > R, where R = |R| is the 
distance between the two massive monopoles. (See Figs. 16.31 and [6^ . 

The physical significance of b becomes clear once the spacetime fields are obtained 
from the Nahm data. Let yi and yn be the distances from a given point to the two 
massive monopoles. In the region outside the massive monopole cores, but with 
UL + yR b, the long-range parts of the magnetic and scalar fields have both Abelian 
and non- Abelian components and are just what would they would have been if only 
the two massive monopoles were present. On the other hand, in the region where 
Vl + Vr ^ b only the Abelian parts of the long-range fields survive. Thus, the effect 
of the massless monopole(s) is to create an ellipsoidal cloud that, like the cloud in 
the SO (5) example, shields the non- Abelian magnetic charges. The size of this cloud 
is measured by the "cloud parameter" b. 

In the SU(4) case, there are twelve zero modes. Six correspond to the massive 
monopole positions and five to the global gauge modes of the unbroken subgroup. 
The one remaining zero mode corresponds to variations of b. More generally, for 

> 4 there are 4(A^ — 1) zero modes, with six again corresponding to the massive 
monopole positions and one to the cloud parameter. The leaves 4A^ — H, which 
is smaller than the dimension of the unbroken gauge group. This is explained by 
realizing that the solutions for > 4 are actually embeddings of SU(4) solutions. 
Hence, for any given solution there is a U(A^ — 4) subgroup that leaves the solution 
invariant and does not give rise to any zero modes. The number of global gauge 
modes is therefore dim [U(l) x SU(A^ - 2) x U(l)] - dim [U(A^ - 4)] = 4A^ - 11, which 
accounts for all the remaining zero modes. 

Thus, although going to a larger group brings in additional massless monopoles, it 
does not give any additional gauge invariant parameters. Indeed, the spacetime fields 
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Figure 6.4: This figure shows the monopoles of Fig. 16.31 in the hmit where 
the unbroken symmetry is U(l) x SU(3) x U(l). The two remaining mas- 
sive monopoles are denoted by black circles. The two massless monopoles 
have turned into a cloud of non-Abelian field that surrounds the two massive 
monopoles and screens their non-Abelian magnetic charge. The cloud param- 
eter b measures the size of this ellipsoidal cloud. When b has the minimum 
allowed value, equal to the the separation between the two massive monopoles, 
the cloud merges completely into the massive monopoles. 



themselves are essentially unchanged as the group is enlarged. We see one cloud, 
even though there are — 3 massless monopoles. 

6.2.3 (2, [1]) solutions in SU(3) broken to SU(2)xU(l) 

The last example 1157] we will consider in detail is that of one massless and two 
massive monopoleCl for SU(3) broken to SU(2)xU(l). The Nahm data for these 
can be obtained directly from the results in Sec. 14.5.31 where we treated the (2, 1) 
solutions of maximally broken SU(3). For the latter case, the Nahm data consists of 
a triplet of 2 x 2 matrices T^^{s) on the interval Si < s < S2 and a triplet of constants 
tf corresponding to the interval S2 < s < S3. The form of the Tj^(s) was given in 
Eq. (14.5.301) . and the matching conditions at s = S2 required that tf be equal to the 
22 component of T^^(s2). 

These data continue to satisfy the Nahm equation when the interval (S3 — S2) 0. 
However, a new symmetry appears in the limit. When the interval has zero width, the 
construction equation solutions on that interval, w^^\s), make no contribution to the 
spacetime fields. Now suppose that we were to apply an SU(2) gauge action to the 
T^^(s). The resulting redefinition of basis would change their 22 components, and thus 
the , and so would not be an invariance of the maximally broken theory. However, 
since the only enter the construction in the determination of the w^\s), this gauge 
action has no effect on the spacetime fields when the breaking is to SU(2) xU(l). 

^For earlier work on this SU(3) case, see Ref. |161j . The closely related Nahm construction of 
Sp(4) solutions with one massless and two massive monopoles is described in Ref. |162| . 
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Hence, there is no loss of generality in using this gauge action to rotate the rj of 
Eq. (14.5.301) into the standard Pauli matrices tj, and writing 

Tf-is) = ^ E ^^jfA^ - D)t, + Rd2 . (6.2.17) 

j 

The vector R and the orthogonal matrix Aij correspond to spatial translations and 
spatial rotations, respectively, of the solution. They contain six independent pa- 
rameters which, when taken together with the four global gauge parameters that do 
not enter the Nahm data, leave only two non-symmetry parameters. These are the 
quantities k and D, which must satisfy < k < 1 and 

< D{s2- si) <2K{k) . (6.2.18) 

Our experience with the (2, 1) solution suggests that, for values large compared 
to the massive monopole core radius, D should correspond to the separation between 
the massive monopoles. Further, we might guess that 

D 

(6.2.19) 



2[2K{k)-D{s2-s^)] 

which gave the distance of the /32-iiionopole from the center-of-mass of the /Bi- 
monopoles in the (2, 1) case, would specify the size of a non-Abelian cloud similar to 
that found in the previous two examples. In the limit where D and r are both large, 
these interpretations are borne out by analysis of asymptotic cases and examination 
of numerical solutions [1631 1164] . (In particular, note that for limiting case r — > oo 
the Nahm data has a pole at S2, and the solution is an embedding of the SU(2) two- 
monopole solution into SU(3), as should be expected when the non-Abelian cloud 
becomes infinite in size.) 

Although the generic (2, [1]) solution has no rotational symmetry, there are two 
special cases that are axially symmetric. In both, the spacetime fields can be obtained 
explicitly [157j . If k = 1, the elliptic functions become hyperbolic functions, and 

fi{s-Si;K,D) = f2{s-Si;K,D)= ^ 



sinh(Ds) 

f^{s-Si]K,D) = -Dcoth{Ds). (6.2.20) 

For large D these "hyperbolic solutions" correspond to a pair of massive monopoles, 
separated by a distance D, that are surrounded by a massless monopole cloud of 
minimum size. 

The "trigonometric solutions" are obtained by setting k = 0, so that 
fi{s — Si;K,D) = —Dcot{Ds) 

f2{s-suK,D) = f,(s-sv,^,D) = —^— (6.2.21) 

Because K{0) = tt/2, Eq. (16.2. ISp implies that D < n/{s2 — Si), so the cores of 
the two massive monopoles must overlap in this case. In fact, examination of the 



114 



solutions suggests that they can be interpreted as two coincident massive monopoles 
surrounded by a massless cloud that varies from minimal size to infinite radius as D 
ranges over its allowed values. 

Finally, if D = the elliptic functions become independent of n. The hyperbolic 
and trigonometric solutions then coincide and yield a spherically symmetric solution 
with /i = /2 = /a = 1/ s. 

6.2.4 Multicloud solutions 

The three examples above all had a single non-Abelian cloud. This remained true 
even if there were several massless monopoles, as in the SU(A^) solutions of Sec. 16.2.21 
with > 4. However, this is not necessarily the case. Solutions with multiple clouds 
can be obtained [165j by considering the same breaking of SU(A^) as in Sec. 16.2.21 
but choosing the magnetic charges to be (2, [2], . . . , [2], 2); for simplicity^ we will 
assume that > 6. These solutions include, as a special case, ones that are essentially 
combinations of two disjoint (1, [1], . . . , [1], 1) solutions, each with its own massless 
cloud enclosing a pair of massive monopoles. However, in the generic solution the 
massive monopoles are not paired up in this fashion. Instead, there is a somewhat 
more complex structure. For each of the massive species of monopole, there is a 
massless cloud surrounding two identical monopoles [essentially, a copy of the (2, 
[1]) solution of Sec. I6.2.3j . These two (2, [1]) structures can either overlap or be 
disjoint, but in either case are enclosed by two other clouds, one nested within the 
other. There are thus a total of four clouds (although there are at least six massless 
monopoles). There is an independent size parameter for each of these clouds, and 
in addition there are parameters that specify the relative group orientations of the 
various clouds. For a more detailed description of these solutions, see Ref. |165] . 

6.3 Moduli space metrics with massless monopoles 

Just as in the case of maximal symmetry breaking, one can define a metric on the 
moduli space. Provided that the net magnetic charge is purely Abelian and satisfies 
Eq. (16.1.51) . this metric is a smooth limit of the moduli space metric for the corre- 
sponding solutions with maximal symmetry breaking. As examples of such metrics, 
we will consider in this section the three single-cloud solutions with clouds that were 
described in detail in the previous section. In the next section we will discuss the 
application of these metrics to the study of monopole dynamics. 

6.3.1 SO(5) solutions with one massive monopole and one 
massless monopole 

We start by returning to the SO (5) example considered in Sec. 16.2. 1[ Regardless 
of whether the unbroken group is U(l) x U(l), with two massive monopoles, or 

^The solutions for iV > 6 are essentially embeddings of those for SU(6), while those for SU(4) 
and SU(5) can be viewed as constrained SU(6) solutions. 
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SU(2) X U(l), with one massless monopole and one massive monopole, the moduh 
space is eight-dimensionaL In the maximally broken case, the moduli space splits into 
a flat four- dimensional space, spanned by the three center-of-mass coordinates and the 
overall U(l) gauge angle, and a four-dimensional relative moduli space whose metric 
^rci takes the Taub-NUT form given in Eq. (15.3. 17p . Three of the coordinates on this 
relative moduli space are naturally interpreted as specifying the relative positions of 
the two monopoles, while the fourth can be taken to be the U(l) angle defined by 
Eq. (15.3.141) . We can now go to the nonmaximally broken case by taking one of the 
monopole masses to zero. In this limit the reduced mass fi vanishes and the metric 
becomes 

Qre\ ^ QU^l = 0) = ^ (^- rfr^ + r [dij + w(r) • drf^ . (6.3.1) 

Alternatively, we can exploit the fact that this is the one nontrivial case where we 
have a complete family of explicit classical solutions. From these we can obtain the 
background gauge zero modes and then use the defining Eq. (15.1.21) to get the metric 
[151] . Thus, varying the cloud parameter a in the expressions given in Sec. 16.2. II gives 
a zero mode, which happens to already satisfy the background gauge conditions. The 
three other zero modes can be obtained from infinitesimal SU(2) transformations or, 
more easily, by utilizing the local quaternionic symmetry on the moduli space and 
applying the transformations of Eq. (14.2. 15p . The metric obtained by this procedure 
has precisely the same form as that in Eq. (16.3. ip . but with r replaced by a and the 
three gauge SU(2) Euler angles replacing the spatial angles and (p associated with 
r and the U(l) phase angle if). 

Note that this limit of the Taub-NUT manifold is actually a flat R^. Mapping to 
the usual Cartesian coordinates via 

w + iz = ^ cos(^/2) e~^(<^+^)/^ x + iy = ^ sin(^/2) e^*^'^-'^)/^ , (6.3.2) 

transforms the metric of Eq. (16.3.11) to the manifestly fiat form 

^^^1 = ^ (dw^ + dx^ + dy^ + dz^) . (6.3.3) 

The isometry of the Taub-NUT metric is enhanced to S0(4) = SU(2) x SU(2) in this 
limit. The first SU(2) is the rotational isometry that was always there, whose action 
on the classical solution becomes trivial in the massless limit, while the second SU(2) 
is the gauge isometry, enhanced from the U(l) triholomorphic isometry of Taub-NUT. 
This is consistent with the the well-known fact that when we pick a particular hyper- 
Kahler structure on i?^, only one of the two SU(2)'s becomes triholomorphic, while 
the other rotates the three Kahler structures|l| 

It was important here that we were dealing with a system whose magnetic charge 
was purely Abelian. If we had started out with the (1, 1) solutions of maximally 

^This S0(5) (1, [1]) solution can be extended, by embedding, to a (1, [1], . . . [1]) solution with 
one massive and N massless monopoles in a theory with Sp(2A^ + 2) broken to U(l)xSp(2A^). The 
above derivation of the moduli space metric is readily generalized, and one finds that the relative 
moduh space is R^'^ |151) . 
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broken SU(3), we would have obtained the same flat relative moduli space in the 
massless limit. However, as we have already noted, the classical (1, 1) solutions do 
not behave smoothly in this limit: the massless monopole expands without bound 
[160] . and the (1, [1]) solution that is obtained in the limit is gauge equivalent to the 
(1, [0]) solution which, having only a single monopole, has no relative moduli space. 

Furthermore, the triholomorphic SU(2) isometry of the moduli space metric can- 
not possibly correspond to the enhanced unbroken gauge symmetry. The first indica- 
tion of this is the fact that the long-range tail of the solution, which is not invariant 
under the SU(2), would naively seem to give an infinite moment of inertia for SU(2) 
gauge rotations. (On closer inspection [166] , one finds that the moment of inertia 
actually vanishes, an equally troubling result.) A deeper problem emerges on closer 
inspection. The long-range tails of the non-Abelian components of the fields produce 
a topological obstruction that makes it impossible to find a basis for the unbroken 
SU(2) that is smooth over all of space (or even over the sphere at spatial infinity). As 
a result, one cannot even define an action of this gauge SU(2) on the moduli space 
[167[ I168[ 11691 llTOj . This obstruction, which is sometimes referred to as the global 
color problem, only arises when the magnetic charge has a non-Abelian component, 
and is absent when Eq. fl6.1.5p is satisfied. 



6.3.2 SU(iV) (1, [1], ...[1], 1) solutions 

We next turn to the case of the (1, [1], ... [1], 1) SU(A^) solutions that were described 
in Sec. 16.2.21 As was noted there, these solutions can be obtained as a limiting case 
of the (1, 1, . . . , 1) solutions of the maximally broken theory. Thus, we should be 
able to obtain the moduli space metric by taking the appropriate limit of the metric 
of Eq. (I5A5|) . 

The (4A^ — 4)-dimensional moduli space splits into a four- dimensional center-of- 
mass part and a (4iV — 8)-dimensional relative part. As in the S0(5) example, only 
the latter part is affected by the enhanced symmetry. In fact, the only effect on 
the metric comes through the reduced mass matrix (iab- Computing this first with 
nonvanishing masses rrii, and then taking the middle — 3 masses to zero, we find 
that all of its components are equal; i.e., 

fJ^AB = = ■ (6.3.4) 

mi + m7v-i 

for all A and B from 1 to — 2. If we set the root lengths to unity, so that = 1 
for all pairwise interactions in the SU(A^), and then eliminate the coupling constant 
factors by rescaling the intermonopole separations and the metric itself, the metric 
of Eq. (15X51) becomes [TST] 

Q.ei = Cab cLya ■ cLyb 

+ {C~^)ab [di^A + w(r^) ■ (Iya] [dtpB + w(rB) • drB] (6.3.5) 

with ^ 

Cab = fi + Sab — • (6.3.6) 

ta 
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We now want to show that this metric remains well-behaved in the limit of en- 
hanced symmetry breaking, even though the reduced mass matrix is now degenerate. 
Again, the simplest way to show this is by realizing the metric via a hyper-Kahler 
quotient. We start with the x H spanned by the quaternions 



qA = a\'^'''\ A = l,2,...,Ar-2; t = - yo + lyi + jy2 + ky^ 



and with the fiat metric 



ds'^ = dt ®s dt + dq 

A 



We take the quotient using the symmetry 

^ + 2^ , yo^yo + 9., 

whose moment map is 

^ I A 

Proceeding as in Sec. 15.41 we identify 
and 



^A,^A _ -^A -^A j^^A 



d 



d 



and set both the moment map and 



(6.3.7) 
(6.3.8) 

(6.3.9) 
(6.3.10) 

(6.3.11) 
(6.3.12) 

(6.3.13) 



to zero. This produces the smooth metric of Eq. (16.3.50 . known as the Taubian-Calabi 
metric, as the hyper-Kahler quotient. 

We expect this geometry to have both an SU(2) rotational isometry and a U(A^ — 
2) = SU(A^ — 2) X U(l) gauge isometry. The rotational isometry was already present 
in the maximally broken case, and so should remain in the massless limit as well. To 
see how the triholomorphic gauge isometry emerges in the massless limit, we note 
that the hyper-Kahler structure of H^~^ x H is invariant under right multiplication. 



by any quaternionic matrix p such that 



c 



(6.3.14) 



(6.3.15) 



Of this invariance, only the part involving matrices that commute with the action 
of the hyper-Kahler quotient procedure survives as a triholomorphic isometry of the 
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Taubian-Calabi metric. This eliminates the matrices that involve either j or k, leaving 
only complex unitary matrices p, and thus a U(A^ — 2) triholomorphic isometry, just 
as expected. 

This U(A^ — 2) leaves the separation vector 

R = = ^g^ig^ = -t + t (6.3.16) 

A A 

invariant. Further, by using the fact that QQ = QQ is real for any quaternion Q, it is 
easy to show that IQiQl"^ = IQQP = {QQY'- It then follows that the cloud parameter 
h defined in Eq. (16.2.161) can be written as 

& = E|r^l=El/^^''l=E/^^ (6.3.17) 

A A A 

It is clear from the last expression that h is also invariant under the U(A^ — 2) isometry. 

In this language the rotational SU(2) is realized in terms of unit quaternions u 
{uu = itu = 1) via 

g^-^ug^, t^utu. (6.3.18) 

Under this SU(2), R rotates as a triplet, while h is invariant, just as expected. 

The relative metric of Eq. (I6.3.5P can be rewritten in an alternative form, expressed 
in terms of b, R = |R|, and AN — 10 angular and group orientation variables, that 
proves to be quite useful for studying the actual dynamics of the monopoles |171j . 
The solutions with fixed b and R lie on (4A^ — 10)-dimensional orbits in the relative 
moduli space that are defined by the action of the rotational and gauge symmetries 
of the theory. Locally, these orbits are 

M SU(2) X U(l) X SU(iV - 2) 
"^^^-^^ = SO(2)xU(iV-4) • 

Here the SU(2) is the rotational symmetry, while the U(l) x SU(A^— 2) is the unbroken 
gauge symmetry with the overall center-of-mass U(l) symmetry factored out. As we 
noted previously, for any given solution there is a U(iV — 4) subgroup of the gauge 
symmetry that leaves the solution invariant. In addition, the action of the rotational 
SU(2) mixes with the gauge symmetry (something that is not unusual for monopoles) 
in such a way that there there is one combination of a rotation about R and a gauge 
rotation that leaves the solution invariant; this leads to the SO (2) factor in the 
denominator. 

This suggests defining a natural basis as follows. We can always compute a one- 
form A„ dual to any isometry generator v by contracting with the metric 

X^ = ds^{-,v). (6.3.20) 

This can be thought of as the associated conserved momentum, in the sense that 
the time-derivative Xy/dt is the conserved quantity. In this way we can construct 
the "conserved" one-forms from the SU(2) x U(l) x SU(A^ — 2) symmetry. As in the 
simpler two-monopole case we considered in Sec. 15.51 what we actually need are not 
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the "space components" of these quantities, defined relative to axes that are fixed in 
(real or gauge) space, but rather the "body-frame" components that are defined with 
respect to axes that move with the monopole configuration. These can be organized 
nicely as follows: 

• Rotational symmetry gives three angular momentum components Jg- Although 
these body-frame components are not individually conserved in general, angular 
momentum conservation does imply that 



.P = Jl + Jl 



■^3 



(6.3.21) 



is constant. Furthermore, if the body axes are chosen so that R = {0,0, R), 
the moments of inertia for Ji and J2 are equal so, as in a symmetric top, J3 is 
conserved. 



The U(l) gauge isomctry leads to a conserved quantity Q that is the relative 
electric charge of the two massive monopoles. 

The unbroken gauge group gives both a triplet Tg, corresponding to the SU(2) 
subgroup defined by the decomposition SU(A^— 2) SU(2) xU(A^— 4), and a set 
of 2N — S complex (or 4A^ — 16 real) components and (a = 1, 2, . . . , A^ — 4) 
that correspond to the off-diagonal components in the same decomposition. The 
conserved quadratic Casimir is 



(6.3.22) 



where the U(A^ — 4) terms that vanish identically have been omitted. 

Finally, because of the mixing between the gauge rotation and spatial rotation, 
there is one identity among the above. 



J3=T-, 



(6.3.23) 



leaving us with a total of 4iV — 10 basis one-forms, as required. These, together with 
dR and db, constitute a complete basis. 

In terms of these quantities, and with the rescaling of lengths undone, the metric 
takes the form 



ds^ = Jl dR^ + - 



{db + dRf ^ {db-dRf 



(b + R) 



(b-R) 



+ ds^ 



angular 



(6.3.24) 



where k = 27r/e^ and 



angular 



y 



+ 4^3' + 

a=l 



bJl + 6 + 



liR^ 



- 2Vb^ - R^JsTs 



K{b'' - i?2) 



[b{J^ + Q^) + 2RJsQ] 



a\ a/ I a\ a/ 

b + R b-R 



(6.3.25) 
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This representation of the metric is useful because, by fixing the conserved quantities, 
one can obtain an effective Lagrangian involving only R and h only. 

In particular, trajectories with = = Q lie on the two-dimensional quotient 
space y that is obtained by dividing the relative moduli space by the group of rota- 
tions and unbroken gauge symmetries. The metric dsy on this space, which is given 



by the first two terms in Eq. (16.3.251) . has an apparent singularity at b 
singularity is not physical and can be eliminated by defining 



X 



< y < X . 



in terms of which the metric is 



dSy 



dx^ + dy'^ + -^{xdy + ydxY 



R. This 



(6.3.26) 



(6.3.27) 



This definition maps the entire physical range 0<-R<6<ooto the octant < y < 
X < oo. This octant is bounded by the x-axis, corresponding to R = (i.e., solutions 
in which the massive monopoles coincide) and by the line x = y, corresponding to 
b = R (i.e., solutions with minimal cloud size). It is not geodesically complete, 
because geodesies can reach the boundaries in finite timej^ A geodesically complete 
space can be obtained by extending the definitions of x and y outside their original 
range by appropriate changes in signs. For example, in the octant < —y < x < oo 
we define 

X 



^ Vb^+ Vb + R 



y 



R 



< —y < X 



(6.3.28) 



Vb^-Vb 

A trajectory crossing the x-axis then corresponds to one in which the two massive 
monopoles approach head-on, meet, and then pass through each other. Proceeding 
in a similar fashion in the remaining octants gives an eightfold mapping of the b-R 
moduli space onto the x-y plane. 



6.3.3 SU(3) (2, [1]) solutions 

In the previous two examples the moduli space metric was obtained either directly 
from the explicit solutions or by taking the massless limit of a known metric that 
had previously been obtained by more indirect means. Neither of these options is 
available to us when we turn to the SU(3) solutions with one massless and two massive 
monopoles that we described in Sec. 16.2.31 Instead, we will quote the results of Dancer 
|172j , who obtained the metric as the metric on the space of Nahm dataj^ 

The relative moduli space is eight-dimensional, with solutions of fixed k and D 
lying on six- dimensional orbits generated by the rotational SO (3) and unbroken gauge 

^This is a reflection of the fact that this quotient space is not a manifold, because some solutions 
— those lying on the boundaries of the octant — have an enlarged invariance group. 

^The metric for the maximally broken (2, 1) solutions was subsequently determined [117j . but 
again by approaching the problem through the Nahm data. 
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Figure 6.5: The geodesically complete space containing six copies of the quo- 
tient space y for the (2, [1]) solutions for SU(3) broken to SU(2)xU(l). The 
long straight lines correspond to the axially symmetric hyperbolic solutions, 
and the short line segments to the trigonometric solutions. The curved bound- 
aries, which are not included in the space, correspond to the solutions with two 
massive, but no massless, monopoles. 



SU(2) groups. Rather than display the full expression for the metric, we will focus on 
the two-dimensional space, which we will again denote y, that is obtained by taking 
the quotient by these symmetry groups. It is convenient to replace k and D by the 
variables 



X 



y 



(2 - ^)D^ = fl{u- D) + fl{u- D) - 2fl{u- D) 
-VS^^D' = -VS Ifiiu- K, D) - fl{u- K, D) 



(6.3.29) 



where the fj{u;n,D) are the top functions defined in Eq. (14.5.161) . (Note that the 
combinations of these functions that appear on the right-hand side are independent 
of u.) 



The allowed values of k and D are then mapped onto region A in Fig. 16.51 and 
the metric is (up to an overall constant) 



dsy = H ^V3{gi + g2)dx + {gi — g2)dy +gi{\/?>dx+dyY+g2{V^dx — dyY (6.3.30) 
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where 



H{x,y) 



/i(s2 -Si;k, D) /2(s2 - si; k, D) f^{s2 - Si] k, D) 



Jo fi{u]K,D) 



(6.3.31) 



The long and short straight hnes bounding region A correspond to the axially 
symmetric hyperbohc and trigonometric solutions of Eqs. f l6.2.20p and f l6.2.2ip . re- 
spectively. The curved boundaries corresponds to the (2, 0) solutions, which are 
actually embeddings of the SU(2) two-monopole solutions of Atiyah and Hitchin. 
This boundary is geodesically infinitely far from any point in the interior and so is 
not actually part of 3^. 

A geodesically complete manifold can be obtained, in a procedure similar to that 
used in the previous example, by mapping six copies of y (corresponding to the six 
possible orderings of the /,) onto the x-y plane, as shown in Fig. 16.51 Points far out 
on the legs correspond to configurations with two well-separated monopoles, with the 
three legs corresponding to three perpendicular axes of separation. The boundary 
curves are the geodesies for the SU(2) two-monopole solutions, and thus illustrate 
the 90° scattering angle for head-on collisions that was discussed in Sec. 15.51 

6.4 Geodesic motion on the moduli space 

Having found the metric on the moduli space, we can now investigate the interactions 
of the massive and massless monopoles by studying the geodesic motions. 

We start with a particularly simple case, the SO (5) example that was discussed 
in Sec. 16.2.11 We saw in Sec. 16.3.11 that the moduli space was flat four- dimensional 
Euclidean space, i?^. If this is described by spherical coordinates, the radial distance 
is proportional to the square root of the cloud parameter, ^/a, while the three an- 
gular coordinates correspond to the Euler angles that specify the orientation in the 
unbroken SU(2). 

The geodesies are straight line motions with constant velocity. Purely radial 
geodesies correspond to fixed SU(2) orientation with ^/a varying linearly with time; 
i.e., to solutions whose cloud parameters obey 



where k and to are constants. 

Nonradial geodesies correspond to motions that include excitation of the SU(2) 
gauge zero modes, and thus to time-dependent solutions with nonzero SU(2) electric 
charge. It is evident that at large times the cloud size in these solutions also grows 
quadratically with time. 

The solutions with two massive monopoles and a single cloud provide less trivial 
examples. In the SU(A^) solutions of Sec. 16.2.21 the massive monopoles correspond 



a = k{t — to)^ 
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to two nodes in the Dynkin diagram that are not joined by a common hnk. Hence, 
these monopoles do not interact directly with each other and so can only affect each 
other through their mutual interactions with the massless monopoles that form the 
cloud. This suggests that nontrivial scattering effects should only happen when the 
massive monopoles are near the cloud. 

These expectations can be tested by analyzing [171j the geodesies of the metric 
of Eq. flfi.:i24p . When 6 > i?, these behave as 

R = v\t\ + ... 

b = kt^ + ... (6.4.2) 

where v and k are constants and the ellipsis represents subdominant terms. Thus, 
asymptotically the massive monopoles move at constant velocity on straight lines, 
while the cloud (which is almost spherical when b ^ R) behaves like the cloud of the 
SO (5) example. In this regime the energy associated with the geodesic motion, 

(6.4.3) 

can be separated into two parts, associated with the massive monopoles and the 
cloud, respectively, that are each approximately constant. 

One can go beyond this asymptotic analysis by numerically integrating the geo- 
desic equations of motion. First, suppose that the angular momentum and the 
gauge charges all vanish, so that the motion is described by a trajectory on the 
two-dimensional space spanned by x and y, with the metric given by Eq. fl6.3.27p . At 
large negative time all solutions have b ^ R, with the cloud contracting and the mas- 
sive particles approaching each other at constant velocity, in accord with Eq. fl6.4.2p . 
This behavior continues until 6 ~ i?; i.e., until the cloud collides with the massive 
monopoles. At this point the cloud and massive monopoles interact, as evidenced by 
a change in the velocity of the massive monopoles; in some cases, this interaction can 
be strong enough to reverse the direction of motion of the massive monopoles. All 
trajectories have at least one such interaction. (Some have two points with b = R, 
but none have more than two.) A striking fact about these interactions is that they 
are of short duration, restricted to the time when b is very close to R. At least in its 
interactions, the cloud behaves as if it were a thin shell. 

The overall effect of the monopole-cloud interaction can be measured by compar- 
ing the division of energy between the cloud and the massive monopoles at t = — oo 
and at t = cxD. This effect turns out to be greatest if the collision(s) between the 
cloud and the massive monopoles [i.e., the point (s) where b = R] occurred at small 
values of b. 

On every trajectory there is a point where R = 0; i.e., where the massive particles 
pass through each other. (If the interaction with the cloud is strong enough to reverse 
the massive monopole directions, then they pass through each other twice.) There is 
no change in the motion, either of the massive monopoles or of the cloud, when this 
happens. This is in agreement with expectations, since there is no direct interaction 
between the massive monopoles. 
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The main qualitative effect of having nonzero angular momentum and gauge 
charges can be seen by examining the angular part of the metric, given in Eq. fl6.3.25p . 
Because of the factors of R and h — R that appear in the denominators of the various 
terms, there are effective potential barriers that prevent the system from reaching 
either R = ot b = R. As a result, the motion is restricted to a single octant of the 
x-y plane. 

The other possibility with two massive monopoles and a single cloud is the SU(3) 
solution described in Sec. 16.2.31 In this case the massive monopoles are of the same 
type and so can interact directly as well as through their mutual interactions with 
the cloud. The geodesies for the case of vanishing angular momentum and SU(2) 
charge lie on the two-dimensional surface shown in Fig. 16.51 Numerical studies of 
these |173j show that their behavior is consistent with that found when the massive 
monopoles are distinct. As with distinct massive monopoles, the cloud starts large, 
contracts to a minimum size, and then expands indefinitely. Again, the interaction 
of the massive monopoles with the massless one is significant only when the massive 
monopoles are close to the cloud and is strongest if this happens when the cloud is 
small. The main difference from before is that the massive monopoles interact with 
each other even when the cloud is far in the distance. Instead of passing undeflected 
through each other, as the distinct massive monopoles do, they scatter by 90°, just 
as a pair of SU(2) monopoles would. 

There is, however, a problem with these results. In all three of these cases the 
geodesies on the moduli space predict a cloud whose size grows quadratically with 
time at large t, which means that its expansion velocity eventually exceeds the speed 
of light. This strongly suggests that there is a breakdown of the moduli space ap- 
proximation. 

When we discussed the validity of this approximation previously, in Sec. 15.51 we 
noted that there is a potential problem when massless fields are present, because 
excitation of these is always energetically allowed. However, we saw that when the 
symmetry breaking is maximal and the massless fields are Abelian the radiation 
is sufficiently suppressed at low monopole velocities to preserve the validity of the 
approximation. An essential ingredient in this argument was the fact that the charged 
massive fields, which are the potential sources for the radiation, are confined to the 
fixed-radius monopole cores. 

The situation is rather different now. The possible sources for the radiation now 
include the non-Abelian gauge fields, which extend throughout the core, and even be- 
yond. Some insight can be gained from an analysis that compared numerical solutions 
of the spacetime field equations with the predictions of the moduli space approxima- 
tion for the S0(5) example [174]. The two agree well until roughly the time, t^r, 
when the moduli space approximation predicts that the cloud velocity should reach 
the speed of light. Beyond this time, the field profiles in the cloud region are no longer 
well approximated by simply allowing the collective coordinates of the BPS solution 
to be time-dependent. Instead, the expanding cloud essentially becomes a wavefront 
moving outward at constant velocity c. In the regions well inside the cloud, however, 
the fields continue to be well approximated by the moduli space approximation, sug- 
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gesting that the predictions for the asymptotic motion of the massive monopoles in 
the (1, [1], . . . , 1) and (2, [1]) solutions remain rehable. 

It is interesting to note that the duration of the period when the moduh space 
approximation is vahd is inversely proportional to the energy. Using Eqs. fl6.4.2p and 
(16.4.31) . for example, one finds that 

(6.4.4) 



E e^E 



As we noted in Sec. 12.61 weak coupling ensures that the radius of a massive monopole 
is much greater than its Compton wavelength, so that the classical field profile remains 
meaningful even in the quantum theory. Equation ( 16.4.4^ gives a complementary 
result for massless monopoles. For weak coupling, the period in which the moduli 
space description of the cloud gives a good approximation is much longer than the 
uncertainty in time set by the uncertainly principle. Hence, the classical description 
should be reliable on the times scales relevant for this analysis. 

There is one last topic we should address in this section. So far, we have only 
considered trajectories in which the gauge orientation collective coordinates remain 
constant, so that the gauge charges vanish. Relaxing this condition might be expected 
to give dyonic solutions carrying both magnetic and electric charges. Of particular 
interest would be solutions in which the electric charge was in the non-Abelian un- 
broken subgroup; because of the analogy with QCD, such objects have been termed 
"chromodyons" . 

These were first investigated in the context of an SU(5) grand unified model. It 
was soon found that the fundamental massive monopoles in this theory [175] cannot 
give rise to chromodyons [166] . because of the topological obstruction, noted at the 
end of Sec. 16.3. ![ to globally defining a basis for the unbroken gauge group |167[ 
11681 11691 117U] . Because the examples we have considered in this chapter have purely 
Abelian magnetic charges, they have no such obstruction and so one might ask if they 
could be used to construct chromodyons. 

The obvious starting point would be the SO (5) example with a single massive 
monopole. A stable chromodyon would correspond to a geodesic trajectory with 
fixed cloud parameter a and one (or more) of the gauge orientation angles varying 
periodically with time. Since we already know that the geodesies are all straight lines 
in R^, such trajectories are clearly excluded. They would be allowed, at least within 
the moduli space approximation, if the cloud size could somehow be held fixed. This 
can be done by going beyond the BPS regime and adding an appropriate potential. 
However, a new difficulty, again associated with massless radiation, arises. Not only 
are the non-Abelian gauge bosons massless, but they also carry non-Abelian electric 
charge. This opens up the possibility that the would-be chromodyon could radiate 
away its electric charge. Numerical studies of the SO (5) example |176j suggest that it 
suffers from precisely this affliction, and there seems little reason to believe that the 
difficulty would be absent in other cases. Hence, it appears that even when topology 
allows chromodyons, dynamics may not. 
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Chapter 7 



Multi-Higgs vacua in SYM theory 
and multicenter dyons 

Up to now, we have concentrated on the physics of monopoles and dyons when only 
one adjoint Higgs field acquired a vacuum expectation value. For the simplest gauge 
group with monopoles, SU(2), this restriction hardly matters, because one can always 
use the global R sjTumetry of SYM theory to remove all but one of the vevs. This 
appears to be one reason why the rich new physics of multi-Higgs vacua had been 
neglected for a long time. 

For larger gauge groups and generic Higgs vevs, this possibility is no longer avail- 
able. The reason is simple: the expectation value of an adjoint Higgs field entails r 
mass scales, corresponding to the generators of the Cartan subalgebra. If there are 
two adjoint Higgs expectation values, there are 2r independent mass scales. On the 
other hand, the global R symmetry is independent of the rank of the gauge group, 
and so in general cannot rotate 2r masses into r masses. For the classification of 
generic monopoles and dyons in a generic vacuum, we can no longer stick to the 
single-Higgs model. 

We have already noted, in Sec. 13.31 that when both magnetic and electric charges 
are present the conditions for maintaining some unbroken supersymmetry are a bit 
involved, and we saw the possibility of 1/4-BPS dyons |177i 1178] in A/" = 4 theories. 
Yet, all the monopoles and dyons we have discussed so far have been 1/2-BPS from the 
TV = 4 viewpoint. In this chapter, we will see how 1/4-BPS dyons arise in the context 
of generic vacua of A/" = 4 SYM theory, and will explore the nature of these solitons. 
In the process, we will learn that the modified BPS equations involve at most two 
independent adjoint Higgs fields, and are thus directly applicable to the J\f = 2 case 
as well; the only difference is the amount of supersymmetry that is preserved. Any 
given 1/4-BPS soliton solution of A/" = 4 SYM theory can be thought of as a solution 
to A/" = 2 SYM theory with the same gauge group. The supersymmetry properties 
of the latter are a more subtle issue, to which we will return in later chapters. 

In the first half of this chapter. Sec. 17.1^ we will show how the BPS energy bound 
and equations are modified in the presence of additional Higgs fields. Then, in 
Sec. 17. 2[ we will specialize to the case where all but one of the Higgs fields can 
be treated as small, in a sense that we will make more precise, and show that their 
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effects can be described by adding a potential energy to the moduli space Lagrangian. 



7.1 Generalized BPS equations 

It turns out that when more than one adjoint Higgs field has a nonzero expectation 
value the BPS equations are modified in an essential way, leading to a new class 
of dyonic BPS solutions. One unexpected and important characteristic of these new 
solutions is that they should be really regarded as composites of two or more solitonic 
cores balanced against each other by long-range static forces. These static forces can 
be derived rigorously from the Yang-Mills-Higgs Lagrangian and are a combination 
of long-range Coulomb forces and forces mediated by scalar particle exchange. 



7.1.1 Energy bound 

We start by recalling the purely bosonic part of the Lagrangian for SYM theory with 
extended supersymmetries that was given in Eq. (13.3.11) . The corresponding energy 
density is |179j 



P P P,Q 



{7.1.1] 



For A/" = 4, there are six adjoint scalar fields. We choose two arbitrary six-dimensional 
unit vectors rhp and hp that are orthogonal to each other and decompose the scalar 
fields as 

= btfip + afip + (f)p . (7.1.2) 
Here 0p is orthogonal to both rhp and rip, in the sense that 



rhp(f)p = hp4>p = , 



(7.1.3) 



and represents four independent adjoint scalar fields. We may regard (17.1.11) as the 
energy density of A/" = 2 SYM theory by restricting the $p to just $i and $2 or, 
equivalently, to a and b. In the latter case, the four adjoint scalar fields associated 
with (f)p would be absent. 

Using this decomposition, we rewrite the energy density as 



n = Tr I + (A,6)' 



+ 



+ 



iDobY + e[a,bf 



+ ^ [{D,ct>pf + e[a, cf>pf] + {D,af + ^[6, 0^ 
p 

P,Q P 

Tr |(5, - D,bf + {Ei - D,af + {D^b - te[a, b])^ 
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+2Bi Dib + 2Ei D,a + 2ie[a, b] Dob + 2ieJ2[a, 0p] ^o^p \ ■ (7.1.4) 



The last four cross terms can be rewritten with the aid of the Bianchi identity, 
DiBi = 0, and Gauss's law, 

DiEi-te[<^P,Do<^p] = 0, (7.1.5) 

to give 

n = TiiiB,- Diby + {E,- D^ay + {Dob-te[a,b]y + J2iDocf)p-ie[a,(Pp]f 

p 

+ {Doaf + Ei^ ^pf + Ei^P> ^Q? + E(A0p)' 

P P,Q P 

+2d,{B,b)+2d,{E,a)Y (7.1.6) 

Every term is nonnegative, except for the last two, which are total derivatives. 
The surface terms arising from the latter then give the bound 

£ = Jd^xH > npQ^ + mpQ^ (7.1.7) 

where 

= 2 j Sxdii^i^pB,) (7.1.8) 

= 2 J d^x diiTi^pEi) (7.1.9) 

are defined in a manner analogous to the Qm and Q^; of Eq. f l3.2.3p . However, while 
the latter two were proportional to the actual electric and magnetic charges, differing 
from them only by a common factor of the SU(2) Higgs vev v, the situation now 
is a bit more comphcated. At large distance, the asymptotic magnetic, electric, and 
scalar fields must all commute. Therefore, in any fixed direction the asymptotic forms 
of these fields can be simultaneously rotated into the Cartan subalgebra. By analogy 
with Eqs. f l4.1.7p and (14.1.81) . they can then be represented by vectors g, q, and the 
eigenvalue vectors hp of the expectation values ($p). We then have 

Q^^ = hp-g, Q| = hp-q, (7.1.10) 

while the bound of Eq. (17.1.71) can be rewritten as 

f>a-q + b-g (7.1.11) 

where a = ?2php and b = mphp. 
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The most stringent bound is obtained by varying fip and mp so as to maximize 
the right-hand side of Eq. fl7.1.7l) . This requires, first of all, that rhp and np both 
lie on the plane spanned by Qp and Qf. Next, the directions of mp and fip should 
be chosen so that npQp and rhpQp are both positive. Assuming both of these 
conditions to hold, let 9 be the angle between rhp and Qp , and a < n the one 
between between Qp and Qp. One then finds that the right-hand side of Eq. (17.1.71) 
is maximized when 

tang= ^5'^"r' (7-1-12) 
QM + Qi? sin a ^ ^ 

where Q^ and Q^ are the magnitudes of the vectors Qp and Qp. (Note that this 
implies that b ■ q = a ■ g.) This gives the bound 



S > ^{Q^^y + {Q^y + 2Q^^Q^sma. (7.1.13) 

7.1.2 Primary and secondary BPS equations 

The lower bound on S is saturated when the bulk terms in the energy density all 
vanish. From this we obtain a total of eight sets of equations. The first is the most 
familiar, 

B, = D,b. (7.1.14) 

This is the usual Bogomolny equation, which admits magnetic monopole solutions. 
Note that this magnetic equation can be solved independently of the remaining equa- 
tions. The other BPS equations influence only the choice of the unit vector mp. 
This fact is of crucial importance when we construct the BPS solution later. For this 
reason, we call Eq. (17.1.141) the primary BPS equation. 

The other BPS equations are to be solved in the background of this purely mag- 
netic BPS solution. They are 

Ei = A,a (7.1.15) 
Dob = -ie[b,a] (7.1.16) 
Do(f)p = —ie[(f)p,a] (7.1.17) 
Doa = (7.1.18) 

and 

[6,0p]=O (7.1.19) 
[0p,0q] = O (7.1.20) 
A0P = O. (7.1.21) 

In addition, we must impose Gauss's law, 

D,Ei = le ([6, D^h] + [a, D^a] + [(/)p, Z^q^p]) • (7.1.22) 

Inserting Eqs. (17.1.151) - fl7.1.18p in Gauss's law gives a linear equation for a, 

AA a = e^ [6, [&, a]] + e^[(t)p, [(/>p, a]] . (7.1.23) 
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Matters can be simplified further by writing the solution to the primary equation 
in a form where the nontrivial fields occupy irreducible blocks, and working in the 
unitary, or string, gauge where b is diagonal and time-independent. With this gauge 
choice, doAi is also zero and Eq. fl7.1.15p is solved by 

Ao = -a (7.1.24) 

while DQtpp — ie [a, tpp] = docpp = requires that 0p also be time- independent. In 
the background of a generic monopole solution, the last three equations, fl7.1.19p . 
fl7.1.20p . and fl7.1.2ip . imply that (f)p is a constant times the identity in each of the 
irreducible blocks occupied by the monopole solution^] 

Now Eq. f l7.1.23p is a zero-eigenvalue problem for a nonnegative operator acting 
linearly on a. In order to have the bosonic potential vanish at infinity, a(oo) must 
commute with 6(00) and (/)p(cxD). Furthermore, the actual solution can have nontrivial 
behavior only inside each of the irreducible blocks, defined by b, where the cf>p are just 
numbers times the identity matrix. Thus the (f)p must commute with a everywhere 
and the last term in Eq. (17.1.230 drops out, yielding [1791 1181] 

A A a = [6, [6, a]] , (7.1.25) 

which we call the secondary BPS equation. 

Finally, recall that in Sec. 13.31 we showed that a 1/4-BPS solution of the A/" = 4 
theory was obtained by requiring that all but two scalar fields vanish and that the 
remaining two satisfy Eq. (13.3.120 . These requirements are identical tc^l Eqs. (17.1.140 
- (17.1.210 . thus verifying that solutions obeying the primary and secondary BPS 
equations are indeed 1/4-BPS. (For the special case a = 0, these solutions can be 
rotated into a form with only a single nontrivial scalar, and are actually 1/2-BPS.) 

7.1.3 Multicenter dyons are generic 

Now that we have generalized the BPS equations, let us characterize the solutions. 
We saw above that the BPS equations split into two groups, one involving the original 
Bogomolny equation for the magnetic sector, and the other leading to the second- 
order Eq. (17.1.250 to be solved in the background of a purely magnetic solution to the 
first. Because of this, the solutions are parameterized by the same monopole moduli 
space. The new story is that for any given BPS monopole solution the electric sector is 
uniquely determined, because the solution to the second-order equation is completely 
fixed by the Higgs expectation values and the moduli coordinates that characterize 
the BPS monopole. Note in particular that the electric sector must, in general, be 
nontrivial; with gauge groups larger than SU(2), it is only in special cases that a 
purely magnetic solution is possible. 

-'^In the language of string web, to be discussed in chapter [TOl this translates to the requirement 
that the string web be planar. 

^We could have obtained, instead, the equivalent of Eq. (|3.3.9p if we had made a different choice 
of sign when completing the squares in Eq. (j7.1.4p . In this case, we would have found that the most 
stringent energy bound was obtained by requiring fipQp to be negative, and so would have been 
led to the same solutions, but with a redefined in such a way that its sign was reversed. 
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A somewhat unexpected consequence of this result is that, if we fix the asymptotic 
Higgs field and the electric charge, the relative positions of the monopole cores are 
constrained and generically lead to a collection of well-separated dyonic cores |179[ 
I185j . Unlike the case with only one nontrivial Higgs field, these cores cannot be 
moved freely relative to one another, unless we also change the electric charge or the 
Higgs vevs. In the next section we will study this odd behavior in more detail, and 
find that there is really nothing mysterious about it; it is simply a result of classical 
forces generated by the Yang-Mills-Higgs system on these solitonic objects. 

To illustrate the general structure of these solutions, it is instructive to consider 
the secondary BPS equation fl7.1.25p when we have a single fundamental monopole. 
Since the latter is an embedded SU(2) monopole solution, we have 

^iu(2) « = [$su(2), [$su(2), a]] . (7.1.26) 

For this somewhat degenerate case, there is really only one solution for a, which can 
be written as 

a = c$su(2) + constant (7.1.27) 

where c is an integration constant and the last term must commute with the magnetic 
part of the solution everywhere. Thus, we also have 

= cA$su(2) = cSf (7.1.28) 

Note that the electric field is proportional to the magnetic field. 

For a collection of well-separated fundamental monopoles, this form of the solu- 
tion is a good approximation near each of the monopole cores. Thus, turning on the 
vacuum expectation value (a) endows each core with an electric charge in the corre- 
sponding SU(2) subgroup. The amount of electric charge is determined by (a) and by 
the particulars of the magnetic solution. Since the general magnetic solution to the 
primary BPS equation consists of separated fundamental monopoles, the generic dy- 
onic solution in a SYM theory looks like a collection of many embedded SU(2) dyons 
whose relative positions are determined by the balance between various long-range 
forces. An explicit solution involving two such dyonic cores in SU(3) gauge theory 
can be found in Ref. 

7.2 Additional Higgs expectation values as pertur- 
bations 

Understanding this new breed of solution becomes a little easier, however, when we 
approach these solutions from a different perspective. In this section we will try 

•^A somewhat special solution of 1/4 BPS dyons with a single spherically symmetric core can be 
found in Refs. |181|.ll82|,ll83j . For this solution, however, the electric charge is fixed and incompatible 
with the charge quantization condition. See also Ref. [180) . which considers 1/4-BPS dyons in the 
case where the b field only breaks the SU(3) symmetry to SU(2)xU(l), with a further breaking to 
U(l)xU(l) arising from the second Higgs field. 
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to construct these dyons as classical bound states of monopoles or, equivalently, as 
static orbits in the moduli space of monopoles. To do this, we will assume that the 
additional Higgs expectation values are much smaller than the first, and show that 
the perturbation due to the additional Higgs fields generates an attractive bosonic 
potential energy between the monopole cores. 

We thus start with a Yang-Mills theory with a single adjoint Higgs field $ and 
solve its Bogomolny equation, 

Bi = Di^. (7.2.1) 

We then begin to turn on expectation values of additional adjoint Higgs fields aj 
where / = 1, 2, 3, 4, 5 for A/" = 4 SYM theory and / = 1 for A/" = 2 SYM theory. In 
terms of the decomposition of the six (or two) adjoint scalar fields in the previous 
section, we are assigning 

h = rhp^P $, (7.2.2) 

and treating the other five scalar field on an equal footing, 

(f)p and a = np^P a/, / = 1, 2, 3, 4, 5. (7.2.3) 

Because of the quartic commutator term in the Lagrangian, the vacuum condition on 
the (a/) requires that they commute with the expectation value of $. With an SU(2) 
gauge group, this uniquely fixes the direction of the vevs, which then allows one to 
use a global /^-symmetry to remove all but one vacuum expectation value. This is 
no longer true for gauge groups of rank > 2. 

Note that we did not need to make any assumption about the relative sizes of 
these Higgs expectation values when finding the Bogomolny bound in the previous 
section. In contrast, here we need to assume that that the mass scales in (a/) are 
much smaller than those in ($) = {b). One immediate effect of turning on such extra 
expectation values of the a/'s is that the BPS monopole solutions {Aa, $) of the 
magnetic BPS equation (17. 2. II) are not, in general, solutions to the full field equations 
when the expectation values (aj) are turned on [184] . As a result, the monopoles 
exert static forces on each other. In this language the electric charge behaves as 
an angular momentum and generates a repulsive angular momentum barrier. The 
resulting BPS dyons are then obtained via the balance between the potential energy 
and the angular momentum barrier. 

7.2.1 Static forces on monopoles 

For sufficiently small (a/), we should be able to treat these forces as arising from 
an extra potential energy due to the nontrivial a/ fields in the background of the 
monopole solution. In other words, when (a/) ^ 0, the monopole background induces 
a nontrivial behavior in the aj that "dresses" the monopoles and contributes to the 
energy of the system in a manner that depends on which monopole solution was used 
for the background. 
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Let us parameterize the size of the additional Higgs expectation values by assum- 
ing that 

\{ai)\/m\ = Oiv) (7.2.4) 

where r/ is a small dimensionless number. To find the effect to leading order in rj, we 
imagine a static configuration of monopoles that satisfies the Bogomolny equation. 
Let us try to dress this configuration with a time-independent aj field, at the smallest 
possible cost in energy. The strategy is a two-step process. First, we find the minimum 
energy due to this additional Higgs vev for a given monopole configuration, and then 
incorporate it into the low-energy monopole dynamics. Second, we solve this modified 
dynamics to find out how the monopoles react to the additional Higgs vev. 

With some hindsight we will call this new interaction energy V, for it will prove to 
be a potential energy term. V is obtained by using the aj field equations to minimize 

m 

^E = J d^xTi |(Dja,)2-e2([aj,$])'| (7.2.5) 

with the (aj) held fixed. (We will ignore terms, such as [a/,aj]^, that are higher 
order in r^.) Thus, we solve 

Dja/ - [$,[$, a/]] =0 (7.2.6) 

and insert the result back into AE to obtain the minimum energy needed to maintain 
the monopole configuration in the presence of the (a/). 

A crucial point to note here is that the equation for the ai is identical to that 
obeyed by the gauge zero modes [187] . The gauge zero modes are always of the fornfl 
6Aa = Dae and must obey the background gauge condition, Eq. (14.2.51) . The latter 
implies that the gauge function e must satisfy 

D|e-e2[i>, [$,e]] =0. (7.2.7) 

We notice that the -Da^/ have exactly the same form as the global gauge zero modes, 
6Aa = Da€, with the gauge function e = aj. Thus, it must be true that we can 
express the Daaj as linear combinations of gauge zero modes. Consequently, each aj 
picks out a linear combination 

d d 

of U(l) Killing vector fields on the moduli space. More precisely, each corre- 
sponds to a linear combination K^Sj-Aa of gauge zero modes and each -D^a/ is a 
linear combination of these, 

Daaj = afK'JrAa = G'j6rAa , (7.2.9) 

where we have expanded the Cartan-valued vev as 

aii = Y.afXA (7.2.10) 



^We are using here the four-dimensional Euclidean notation in which a runs from 1 to 4, with 
SAi = (5$. 
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with the \a being the fundamental weights, which obey ■ = Sab- 

We then express the potential energy V, obtained by minimizing the functional 
AE in Eq. fl7.2.5p in the monopole background, in terms of the monopole moduli 
parameters [188, .189] as 



(7.2.11) 

The value of this potential energy depends on the monopole configuration we started 
with. The low-energy effective Lagrangian, which was purely kinetic when the a/ 
were absent, picks up a potential energy term that lifts some of the moduli, and 
takes the form 

C = ^grsz'-z'-^grsG'jG}. (7.2.12) 

In the current approximation, where the additional Higgs fields are treated as per- 
turbations, the mass scale introduced by the potential energy is much smaller than 
that of the charged vector mesons, and we can still consistently truncate to this 
moduli space mechanics. The procedure we employed here should be a very familiar 
one. When we talk about, say, the Coulombic interactions among a set of charged 
particles, we also fix the charge distribution by hand, and then estimate the poten- 
tial energy that it costs. Using this potential energy, we then find how the charged 
particles interact at slow speed. 

Of course, there is the possibility of interaction terms involving the moduli ve- 
locities as well as the aj fields, but in the low-energy approximation used here the 
only relevant such terms would be of order vr]. However, it is clear that neither the 
back-reaction of the aj on the magnetic background nor the time-dependence of the 
ai can produce such a term. Thus, to leading order, the Lagrangian of Eq. (17.2.121) 
captures all of the bosonic interactions among the monopoles in the presence of the 
nonzero slj. 

A special solution to the aj equation deserves further attention. Since 

V2<| - e2[$, [$, $]] = = V ■ 5 = (7.2.13) 
one can always separate from a/ the part proportional to $ by writing 

aj = c/<l + Aai (7.2.14) 



and requiring Tr {^{Aai){^)j = 0. The U(l) Killing vector associated with the gauge 
function e = $ is the free U(l) angle that is one of the center-of-mass degrees of 
freedom. The square of this Killing vector is independent of the moduli, and the 
potential energy term in question simply adds a positive constant to the energy of 
the system. 

This "extra" energy can be easily understood by going back to the field theory 
and reanalyzing the BPS equation. As was mentioned at the beginning of the section, 
an aj vacuum expectation value proportional to that of $ can be rotated away by a 
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redefinition of $. Once tliis is done, we can make tlie replacement 




ai Aaj. (7.2.15) 

Expanding tlie mass formula in terms of the small c/, we get back the constant 
energy terms ~ cj/2. Thus, we could have started with these rotated Higgs fields 
and regarded the Aaj, instead of the aj, as the perturbation. The potential energy 
would then be generated entirely by the Aaj, and there would be no constant energy 
shift from the center-of-mass part of the moduli space. For this reason, the part of 
the aj proportional to $ will be ignored for most of this review. 



7.2.2 Dyonic bound states as classical orbits 

In the classical moduh space approximation bound dyons should appear as closed, 
stationary orbits along U(l) phase angles. Let us consider now the effect on the 
existence of such closed orbits of adding the potential energy V generated by on^ 
additional Higgs field a [ 190] . It is immediately clear that one will generically find 
many more closed orbits in the presence of V than otherwise. For example, if one 
considers the case of n distinct monopoles, it can be shown rigorously that no closed 
orbits are possible in the absence of such a potential energy. The existence of a 
potential energy will, understandably, change this completely. 

As a special case, let us take a pair of distinct monopoles in a theory with SU(3) 
broken to U(l) x U(l). Before turning on the additional Higgs fields, the purely 
kinetic interaction Lagrangian of the pair can be distilled down to 



where, for the sake of simplicity, we have started with the Taub-NUT relative metric 
of Eq. (15.3. 17p and transformed to dimensionless quantities defined by the rescalings 

r^— , — ' ^^7T^- 7.2.17 

e'^fi e*/i [^'^) 

We have also taken the root lengths to be equal to unity, so that A = 1. 

A dyonic state with a relative electric charge q would be governed by the Routhian 

= 1 f 1 + 1) 1-2 _ ^ + 1) + gw(r) • r . (7.2.18) 



2 V rj 2 V r 



^As will become clear in Chap. O dyons such as these classical monopole bound states can 
become BPS only if just one such bosonic potential energy is turned on; i.e., only one of the a/ can 
be excited (up to an orthogonal transformation among the a/). This corresponds to having only two 
adjoint Higgs fields participating in the low-energy dynamics and, in the language of the classical 
BPS equations of Sec. 17. li corresponds to the decoupling of the (pp. This motivates removing all 
but one of the a/. 
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This has three interaction terms: one that modifies the inertia as a function of the 
separation r; a repulsive potential energy; and a velocity-dependent coupling that 
generates a Lorentz force, due to a unit monopole sitting at the origin r = 0, on a 
particle of charge q. Despite the various interaction terms, the (rescaled) conserved 
energy takes the simple form 

E = l-(l + ^](^r' + q^) . (7.2.19) 



From the form of the effective potential energy, which is monotonically decreasing 
toward r = oo, it is fairly clear that, as we saw in Sec. 15. 5[ no bound orbits are 
possible with this classical dynamics. 

A more complete characterization of the classical trajectories is possible if we 
utilize an additional conserved quantity. The conserved angular momenta has the 
familiar form 

l + -)rxv + gf (7.2.20) 



with the last term being characteristic of charged particles in a monopole background. 
This severely restricts the possible trajectories because 

J-r = g (7.2.21) 

is also a conserved quantity. This says that the trajectories he along a cone going 
through the origin r = 0, with an opening angle cos~^(g/J) around J. Also note the 
inequality 

j2-g^>0, (7.2.22) 

which is saturated only when the cone collapse to a line. 

One more conserved vector is known to exist. It is of the Runge-Lenz type |19Uj . 

K= (^1 + i^vx J-(E-g2)f. (7.2.23) 

The linear combination 

N = qK + {E- q^)3 (7.2.24) 
of these two conserved vectors gives us another conserved inner product, 

[gK +{E- g2) J] ■ r = g( - q^) . (7.2.25) 

Thus, the trajectories also must lie on a plane which is orthogonal to N and displaced 
from the origin by 

Ar = ^^^^-^N. (7.2.26) 

Combined with the previous result, this shows that the trajectories are always conic 
sections. 

Now let us consider what happens when we turn on a second Higgs field as a 
perturbation. The only U(l) Killing vector on the Taub-NUT manifold is d^, and 
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the effect of turning on a small, second Higgs expectation value a should show up as 
a potential energy term. The unbroken gauge group is U(l) x U(l), with one factor 
acting on the center-of-mass part. Because of this, there is only one independent 
component in the expectation value (Aai) that generates a nontrivial potential energy 
term; we denote this value by a. Keeping in mind that has period Arc, we see that 
this generates a potential energy g^^^ea)"^ /2. After introducing the dimensionless 
combination 



(7.2.27) 



and rescaling as in Eq. (17.2. 17p . we have 



1 

V= - " . (7.2.28) 

2 1 + 1/r ^ ' 



A remarkable fact is that this potential gives a Lagrangian, 



2 V rj 2 V r 



-1 



^ + w(r)-r -V, (7.2.29) 



whose dynamics admits exactly the same forms for the conserved vectors J, K and 
N, provided that when writing K and N we keep in mind that the conserved energy 

now includes an additional contribution from the potential energy. Thus, after we 
take into account the additional Higgs field, all trajectories are still conic sections. 

Of the five kinds of conic sections, only circles and ellipses correspond to bound 
trajectories. The condition for a closed trajectory is then expressible in terms of the 
angle between N and J in the following manner]^ Given the angular momenta J, the 
cone encloses J with an opening angle < a = cos~^g/J < n. Let P be the angle 
between J and N. From the explicit form of the conserved vectors, it is a matter of 
straightforward computation to show that 

while 



cos(7r/2 - a) = sin a = -—^ . (7.2.32) 

In addition to the inequality J'^ > q^, the fact that > gives another constraint, 

E > \hq\ . (7.2.33) 

For the sake of simplicity, we will assume that g > so that a < 7t/2. Then, the 
trajectory will be an ellipse (or a circle) if a + /3 is smaller than 7r/2, a parabola if 



°We thank Choonkyu Lee for useful conversations on this classical dynamics. 
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Potential Energy 



BPS 




rq~q/(a-q) 



Figure 7.1: Potential energies between a pair of distinct monopoles as a func- 
tion of separation. The solid line is the potential energy V between a pair of 
bare monopoles, while the dotted line is an angular momentum barrier gen- 
erated by assigning a relative electric charge q. The thick line is the effective 
potential energy C/gfr between such a pair of dyons, which has a minimum at a 
separation r = q/{a — q), with the excitation energy saturating the BPS bound. 



a + P = n/2, and a hyperbola if a + /? is larger than 7r/2. Hence, the trajectory is 
bound and closed if and only if the ratio 

(7.2.34) 



cos(7r/2 — a) y/E'^ — a^q^ 
is strictly larger than 1. This is equivalent to requiring that 

>E>q' (7.2.35) 

which, in turn, implies that |g| < \a\. The same result is obtained for negative q. 

One simple corollary is that if the potential energy term ~ is absent, no bound 
orbit at all is possible in this two-body problem. This last statement also holds in 
the many-body problem with all distinct monopoles, as was shown by Gibbons |191j . 
Without the potential energy, all classical orbits are hyperbolic. 

7.2.3 Static multicenter dyons and balance of forces 

An interesting limiting case of a bound orbit is found when the cone collapses to 
a line, so that a = with positive g, in which case the entire angular momentum 
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comes from the qf piece. In this case the energy must saturate its lower bound, 
E = dq, and the "orbit" is simply a stationary point at a fixed distance. With the 
two monopoles as above, this static configuration is easy to understand. The effective 
potential energy in the charge q sector is 



.2 / Is ^2 / 1 X ~2 / 1 ^ ^1 

r 

which, for a > q, has a global minimum at 

Q 

r = 

a — q 



£!fl + iUv=^fl + iU$fl + l) (7,2,36) 



(7.2.37) 



with the minimum energy being E = dq. The contribution from the charge q to 
the effective potential energy behaves exactly like an angular momentum barrier that 
balances against the attractive potential energy V. 

Restoring the physical units is easy; we only need to reverse the rescaling per- 
formed above, so that Eq. (17.2. 37p becomes 

^r = ——^^ • (7-2.38) 

271 in^a/e^ - fxq 

Because the time must be also rescaled back, the physical energy receives an addi- 
tional multiplicative factor and becomes 

4 

E = ^dq = eaq. (7.2.39) 

(27r)2 

For a larger collection of distinct monopoles, the general form of the effective potential 
energy in physical units is 

Ues = \(K- j:iC-')AB XAa^ Xna^ + ^ E 1 (7.2.40) 

2 ye 47r Xa Xb ' 

with defined as in Eq. (17.2. lOp . Cab is the matrix in Eq. (I5.4.5P that characterized 
the relative moduli space metric, while the dimensionless number that encodes the 
strength of the interaction between a pair of monopoles is = —2/3* ■ f3l, with f3j 
and /3;j being the simple roots joined by link A of the Dynkin diagram. The static 
minimum energy configuration is found when 

jf^X:C..g^A.a^ (7.2.41) 
(Note that there is no sum over A on the right-hand side.) The solution is 

2 

= , 2X A/ 3 TV- ■ C^-^-^S) 

2tt 47r^AAa^/e^ - EBAtAsgs/AB 
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We thus find a static dyon solution involving interacting cores separated by finite 
distances. In particular, the distance becomes infinite as a a approaches the critical 
value 



Note that, although the distances are thus fixed, there are some moduli that remain 
massless. For instance, the distance between the first and second dyon cores is fixed, 
as is the distance between the second and third, but the distance between the first 
and third is not. When a finite size bound state of this type exists, its energy is 



regardless of the \a- 

Such a dyonic configuration, with several soliton cores balanced against each other 
at fixed separations, is quite typical of dyons that preserve at most four supersymme- 
triesJzl In Chap. 1 we will study the quantum counterparts of these dyons by realizing 
dyons as quantum bound states of monopoles. To do this, we must first derive the 
most general monopole moduli space dynamics, which will be the subject of the next 
chapter. As we saw above, the existence of more than one adjoint Higgs field changes 
the traditional moduli space dynamics by adding a potential energy term. The main 
objective of the next chapter is to determine how this modifies the complete moduli 
space dynamics, with fermionic contributions included. 



^ The same phenomenon has been observed in various different regimes. In the strongly coupled 
description oi M — 2 SYM theories, this was observed by solving for approximate solutions based 
on the Seiberg-Witten geometry of the vacuum moduli space |1921 1193| 11941 1195) . These solutions 
resemble a stringy picture that had been investigated earlier |1961 11971 11981 1199] . although the 
latter authors apparently did not realize the multicentered nature of these states. Interestingly, 
the multicentered nature of the dyons persists when strong gravity is introduced and the dyons are 
hidden behind extremal horizons. See Refs. |200|, 1201] , 




qB- 



(7.2.43) 



E = e^a"^ qa 



(7.2.44) 



A 
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Chapter 8 

Moduli space dynamics from SYM 
theories 

In the earliest examples of monopole moduli space dynamics, for theories with just a 
single nontrivial adjoint Higgs vev, one finds a purely kinetic supersymmetric quan- 
tum mechanics on a smooth hyper-Kahler manifoldo This is sufficient for studying 
certain BPS states, such as the dyons in SU(2) SYM theories and the purely magnetic 
states in an arbitrary A/" = 4 SYM. However, for gauge groups of rank two or higher 
this approach misses a vast class of BPS states. These dyonic states, which preserve 
only one-fourth of the supersymmetry, require the presence of two nontrivial Higgs 
fields, and for this case the purely kinetic low-energy dynamics is no longer valid. Al- 
though the low-energy dynamics can still be described in terms of the moduli space, 
it is governed by a Lagrangian that is considerably more complex. In this chapter we 
will derive this low-energy Lagrangian for both M = 2 and A/" = 4 SYM theories. 

In the general Coulombic vacuum of A/" = 2 or A/" = 4 SYM theory, where we 
have two or more adjoint Higgs vevs turned on, many of the would-be moduli of a 
BPS monopole solution are lifted by a potential energy |179l I188j . As we saw in the 
previous chapter, this phenomenon is crucial in the construction of 1/4-BPS dyons in 
A/" = 4 SYM theory, since the static multiparticle nature of these dyons is tied to the 
long-range behavior of this potential energy ^179j . Similarly, many of the fermionic 
zero modes are lifted by the same mechanism. The mass scale of these lifted modes 
is proportional to the square of the additional Higgs expectation values. As long as 
the latter are sufficiently small, we may be able to describe monopole interactions in 
terms of these light, would-be moduli parameters. The usual moduli space dynamics 
is a nonrelativistic mechanics where the bare masses of the monopoles are far larger 
than the typical kinetic energy scale, and the slow motion justifies ignoring radiative 
interactions with the massless fields [1^. Adding a similarly small potential energy 

^Although the general features had been known for some time, a precise derivation of the super- 
symmetric low-energy dynamics from the SYM theory was only given in the early 1990's. General 
issues concerning the treatment of the fermionic collective coordinates were addressed in Ref. [202) , 
while a full-fledged derivation of the low-energy effective actions for pure Af = 2 SYM [203j and for 
TV = 4 SYM [2041 1205] followed shortly after. In all of these, only a single adjoint Higgs field was 
included in the analysis. 
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to the system is not likely to upset this approximation scheme |186 . 

In the previous chapter, we discovered the general structure of this potential en- 
ergy for a purely bosonic theory with only bosonic moduli. However, supersymmetry 
requires that fermionic fields also be present. In this chapter we will see that these 
fermionic fields lead to the introduction of fermionic moduli. In fact, the low-energy 
moduli space dynamics possesses a supersymmetry that is inherited from the super- 
symmetry of the underlying field theory ^M, EDU [2051 EHHl EDEl [Ml [207j. Under- 
standing this low-energy supersymmetry will pave the way for searching for quantum 
BPS states in general SYM theories, which will be the topic of the next chapter. 

We begin in Sec. 18.11 with a brief discussion of the bosonic and fermionic zero 
modes and the geometry of the moduli space; much of this is a collection of results 
obtained earlier in this review. Next, in Sec. 18.21 we derive the low-energy effective 
Lagrangians for both pure M = 2 and J\f = 4 SYM theories. We borrow in part 
some notation and tools introduced in Refs. [2031 12041 1205] but go beyond these 
papers in that we consider the effects of multiple adjoint Higgs fields, and therefore 
include potential energy terms in the low-energy effective Lagrangian. Similar but 
independent derivations, in the context of the most general M = 2 SYM theories, are 
also given in Refs. [2DII I20g] . 

Then, in Sec. 18. 3^ we discuss the supersymmetry properties and quantization of 
these low-energy Lagrangians. We begin this discussion in Sec. 18.3. H where the main 
features of the low energy superalgebra for a sigma model with a potential energy 
are illustrated with the examples of = 1 real and complex supersymmetry with a 
flat target manifold. The key difference from the usual nonlinear sigma model is the 
emergence of a central charge associated with an isometry. Such central charges will 
eventually contribute to the central charges of A/" = 2 and A/" = 4 SYM dyons as an 
extra energy contribution due to the electric fields. In Sec. I8.3.2[ we summarize the 
supersymmetry transformation rules on the moduli space for the case of pure M = 2 
SYM theory, and give the quantum supersymmetry algebra. Section 18.3.31 repeats 
this exercise for the moduli space dynamics arising from A/" = 4 SYM theory. 

These low-energy Lagrangians have solutions that saturate Bogomolny-type bounds 
and preserve some of the supersymmetry of the moduli space dynamics. As one might 
expect, these moduli space BPS solutions are closely related to the BPS solutions of 
the full quantum fields. In Sec. 18.41 we discuss and clarify this relationship. Finally, 
in Sec. 18. 5[ we discuss the connections with Seiberg-Witten theory. 

This moduli space dynamics with a potential energy was developed first in Refs. 
|188j and |243j , where the authors found a supersymmetric mechanics that reproduced 
the known 1/4-BPS dyon spectra of A/" = 4 theories. This effort was later extended 
to the M = 2 pure SYM case in Ref. |206j . These papers were, however, based on 
constraints from the anticipated spectrum and low-energy supersymmetry. A field 
theoretical derivation of the moduli dynamics was carried out in related papers. The 
derivation of the bosonic part of the potential was first developed in Refs. |186j and 
[189] and this was later generalized in Ref. [207] to include the full set of bosonic and 
fermionic degrees of freedom for a general M = 2 SYM theory with hypermultiplets. 
We will concentrate in this chapter on the cases of pure M = 2 and A/" = 4 SYM 
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theories, and postpone the case of = 2 SYM theory with hypermultiplets to 
Appendix [Bl 



8.1 Moduli space geometry and adjoint fermion 
zero modes 

We recall that, given a family of BPS solutions Aa(x, z), the bosonic zero modes can 
be written in the form|§ 

dA 

5rAa = ^ - Daer = d^-Aa - Dae,. (8.1.1) 

oz' 

where er is chosen so that the background gauge condition 

= DJrAa (8.1.2) 

is satisfied. As we have noted previously, one can view as defining a connection on 
the moduli space, with a corresponding gauge covariant derivative 

Vr = dr + ie[er, ] (8.1.3) 

and a field strength 



dres - dser + ie[er,es] . (8.1.4) 



We note, for later reference, that 



Dl(l)rs = 2te[6rAa,6sAa]. (8.1.5) 
The moduli space has a naturally defined metric 

grs = 2j d^'xTi 6rAa6sAa = {SrA,6sA) . (8.1.6) 



As we showed in Sec. 15.11 this metric is hyper-Kahler, with a triplet of complex 
structures J^*-*^ that obey the quaternionic algebra, Eq. fl5.1.3p . and act on the zero 
modes by 

4^^-'5sAa = -T]l,5rAh. (8.1.7) 

A straightforward (although somewhat tedious) calculation using Eqs. (18.1.11) and 
(18.1.21) shows that the Christoffel connection associated with this metric is given by 

Tprs = gpgTl = {SpA , VrSsA) = {5pA , VJ^A) . (8.1.8) 

The calculation of the Riemann tensor is somewhat more complex. Straightfor- 
ward calculation yields 

p „ r)F* r)F*-l- F* F"" F* 



^Here we have again adopted the four-dimensional EucUdean notation, to be used throughout 
this chapter, in which Roman letters at the beginning of the alphabet run from 1 to 4, with = 
We will also use the convention that partial derivatives with indices q,r, . . . from the middle of the 
alphabet are derivatives with respect to the moduli space coordinates. 
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= 2e(0,p [5rA, 5, A]) + {Vq5sA , VpS^A) - {V^d^A , Vg6rA) 

-{VgSsA , 6tA)g'''{5uA , + {Vp6sA , 5tA)g'''{5uA , Vg5rA) . 

(8.1.9) 

To proceed further, we use the facts that the 6pA are annihilated by the zero mode 
operator T>, and that these together with the nonzero eigenmodes of PP'^ form a 
complete set, to write 

{Vg6sA , Vp6rA) - {V^6sA , 6tA)g'^{6^A , Vp6rA) = -{V^d^A , IWpSrA) (8.1.10) 

where 

n = (vV^y^ V = -V^ (DaDa)'^ V (8.1.11) 

projects onto the space orthogonal to the zero modes. 

The evaluation of the expression on the right-hand side is simplified by working 
in the equivalent quaternionic formulation defined by Eqs. (14.2. 12p and (14.2. ISP ; in 
this language, 

Vab 5pA = -tr eaCcDccl 5pAb (8.1.12) 
where the Cq, defined by Cj = —icj, 64 = /, obey 

eael = Sab + icFkilb ■ (8.1.13) 
Making use of Eqs. (I8.1.5P and (I8.1.7p . and defining J^^^^ = dp'', one eventually obtains 

+ [M,M])} . (8.1.14) 

In this chapter we will be concerned solely with fermion fields that transform under 
the adjoint representation of the gauge group. The zero modes of such fermions are 
closely related to the bosonic zero modeso In Sec. 14. 2[ we showed that the 5j.Aa could 
be obtained by first seeking solutions of the Dirac equation 

= (8.1.15) 

for an adjoint representation x, with Fj = 707^ and r4 = 70 being a set of Hermitian 
Euclidean gamma matrices. These fermionic solutions are all antichiral with respect 
to Fs = F1F2F3F4. This construction can be inverted to express the fermionic zero 
modes in terms of the bosonic ones via 

Xr = 5rAaT''C (8.1.16) 

■^The more complex issues that arise with fermions in other representations are discussed in 
Appendix |B] 
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where C is a c-number spinor. Without loss of generality, we can require that ( satisfy 

C^T'^r'C = Sat + ttb ■ (8.1.17) 

The actions of the complex structures on the bosonic zero modes have counterparts 
on the fermionic modes. If ( is chosen to obey Eq. fl8.1.17p . then 

Jr ^ Xs Xr 
Jr ^ Xs ^ Xr 

where the charge conjugate spinor is defined by 

X" = C{xf (8.1.21) 

with0 C~^'jf^C = —(7/^)^. These equations reflect the fact that the mapping from 
bosonic to fermionic modes is two-to-one, as was first noted in Sec. 14. 2[ Thus, while 
the hyper-Kahler structure relates four bosonic zero modes to each other, on the 
fermionic side it only couples pairs of charge conjugate zero modes. 

8.2 Low-energy effective Lagrangians from SYM 
theories 

Here, and for the remainder of this review, we will take a low-energy approach to 
dyonic BPS states. Instead of solving for solitonic solutions, we will realize dyons 
as excited states of monopoles in the moduli space dynamics, much as we did, in 
the purely bosonic context, in Sec. 17.21 To this end, we assume that one linear 
combination of the scalar fields, b, has a vev that is much greater than that of all the 
others, and that to lowest order b satisfies the primary BPS Eq. fl7.1.14p . Furthermore, 
we recall from Sec. 17.1. 11 that the magnetic charge, the electric charge, and the scalar 
field vacuum expectation values can all be simultaneously rotated into the Cartan 
subalgebra and then represented by vectors in the root space. We assume that when 
this is done b is parallel to g, and that the remaining scalar fields all have vevs that 
are orthogonal to g. 

8.2.1 A/" = 2 SYM 

We first consider pure J\f = 2 SYM theory, whose Lagrangiar|§ we write as 

C = Tr !^-h'^, + iD,b)' + iD,a)' + e'[b,a]' 

''Equations (jS.l.lSp and (|8.1.19p assume a particular choice of the arbitrary phase in C. This 
choice, of course, has no effect on our final results. 

^This can be obtained from the Af = 4 Lagrangian of Eq. p.3.3p by defining X — Xi + *X2, 
Gi2 — b, Hi2 — a, and setting the remaining fermionic and scalar fields to zero. 



(8.1.18) 
(8.1.19) 
(8.1.20) 
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+ixYDf,x - ex[b, x] + ^ex7^[«, x]} 



(8.2.1) 



As discussed above, we fix the U(l) R-symmetry by requiring that to lowest order 
b = A4 obey the purely magnetic primary BPS equation, and that a (which is assumed 
to be small) be orthogonal to the magnetic charge (i.e., that a and g be orthogonal). 

We construct our low-energy approximation by supplementing our previous re- 
quirement that the motion of Aa be restricted to the moduli space with the assump- 
tion that only the zero modes of x are excited. Thus, we have 

Aa = A,(x,z(t)) (8.2.2) 
X = Xr(x,z(t))A'-(t) = Ma(x,^(t))rCA'^(t). (8.2.3) 

The A'' are Grassmann-odd collective coordinates. Ordinarily, one might have allowed 
these coefficients to be complex. However, Eq. (18.1.201) would then imply that they 
were not all independent. Instead, we obtain a complete set of independent variables 
by taking the A** to be all real. 

The and A^ are the only independent dynamical variables. The other bosonic 
fields, Aq and a, are to be viewed as dependent variables to be expressed in terms of 
these collective coordinates. As previously, we require these fields to be small, so that 
our procedure will lead to a valid expansion. More precisely, if we denote the order of 
our expansion by n, then the velocities and the field a are both of order n = 1, and 
each fermionic variable is of order n = 1/2. We include terms up to order n = 2 in 
the Lagrangian, and so only need the lowest order (n = 1) approximation to Aq and 
a. To this order, Aq and a are determined by solving their static field equations in 
a fixed background. The solutions of these equations must then be substituted back 
into the Lagrangian to yield an effective action for the collective coordinates. This 
generalizes the procedure by which we obtained the moduli space potential energy 
from the low-energy dynamics of the bosonic fields in Chap. [71 

Substituting our ansatz for x, and using Eq. ( 18.1.17^ and the Grassmann proper- 
ties of the A*", we find that Gauss's law can be written as 

Da {DaAo - Aa) = 2teY'''[5rAa, (8.2.4) 

where 

y = --X'X\ (8.2.5) 
4 

The static field equation for a is 

Dla = 2ieY'-'[5rAa,5Aa]. (8.2.6) 

(In obtaining this equation, we have used the fact that the chirality properties of the 
fermion zero modes imply that 7°7^x = ""^xO Recalling Eq. (18.1.51) . we see that 
these equations are solved by 

Aq = z'er + (8.2.7) 
a = a + (8.2.8) 
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where a is a solution of the homogeneous equation D^a = 0. In fact, from the 
discussion in Sec. \7.2\ we know that 

Daa = 6rAa (8.2.9) 

where 

= a^X^ (8.2.10) 

is a hnear combination of the triholomorphic Kilhng vector fields corresponding to 
U(l) gauge transformations. The factor of a"^, the coefficient that appears when the 
expectation value of a is expanded in terms of fundamental weights, arises from the 
requirement that a attain its vacuum expectation value at spatial infinity. 

We must now substitute our results back into the Lagrangian. The lowest order 
term, 

Lo = J d'xTi j-^Ff, + ix^Dax] = -b ■ g (8.2.11) 

is just minus the energy of the static purely magnetic solution, with the fermion term 
giving a vanishing contribution. The leading nontrivial part of the dynamics arises 
from the next contribution, 

Li = I d^x Tr [fI^ - {Daaf + zx7°^oX + ^ex7'[a, x]} 

= j d'x Tr {{-z'-6rA, + Y'-'Da<Prsf - {Dad + Y'-'Da<Prsf 

+^X^X + ex^[(-i% + a),x]} , (8.2.12) 

whose evaluation we must now undertake. 

We start with the first two, purely bosonic, terms. We note that: 

• The square of the first part of the Fao term gives the usual bosonic collective 
coordinate kinetic energy, {l/2)grsZ^ ■ 

• The square of the first part of the Dad term gives the bosonic potential energy 
of Chap.El -{l/2)grsG-'G'. 

• There is no contribution from the cross-terms linear in Y . This follows by 
integrating by parts and using the background gauge condition (in the first 
term) and the fact that a solves the homogeneous equation (in the second 
term) . 

• The terms quadratic in Y cancel. When we turn to the A/" = 4 case, we will 
find that the analogous terms survive and lead to four-fermion contributions to 
the Lagrangian. 

This leaves us with the fermionic terms. After integration over the spatial coor- 
dinates, the terms independent of a give 
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= ijd^x (tr^r^C A" [Tr (SrAaSsAb) y + FA' Tr {SrAaVpSsAb 

= '-grsyDt\\ (8.2.13) 

Here Dt is the covariant time derivative along the trajectory z{t), and we have dropped 
a total time derivative term. The Yukawa term leads to 

4iey j d?x Tr 5rAa [a, 5,Aa] = J Sx Tr {DaVsa - V^Daa)] 

= j d'x Tr [6rA,Vs (G^SuAa)] 

= -2Y^'grAdsG'^ + TlG'') 

= 2Y'''VrGs. (8.2.14) 

Adding all these pieces together, we obtain the low-energy effective Lagrangian 
L = l [grs z'z' + tgrsy'D^X' - g^sG^'G' - zyX'VrG,] - b ■ g . (8.2.15) 

8.2.2 Af = 4 SYM 

In Eq. (13.3.31) we wrote the A/" = 4 SYM Lagrangian in a form that made the SU(4) = 
S0(6) R-symmetry manifest. A form that is more convenient for our present purposes 
is obtained by defining 

$1 = r]^,Grs , $2 = vlsGrs , $3 = VrsHrs , 

$4 = r/^.i/r-s , $5 = -vlsHrs , $6 = ^r^^r-s , 

X = Xi+%, ^ = X3 + iX4- (8.2.16) 

This gives 

{ P P,Q 

+iex[{^i - ^$2), r] - ^ef [($1 + 1^2), X] 

+eX7'[($3 + ^$5),^]-ee7'[('^>3-^$5),x]| • (8-2.17) 

We now choose $6 to be the primary BPS field b which plays the role of A4 in 
the Euclidean four-dimensional notation, in whose background x ^ind 1] both have 
zero modes given by Eq. fl8.1.16p . We generalize the M = 2 low-energy ansatz of 
Eq. fl8X3|) to 

Aa = Aai^,z{t)) 
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i = (5,A,(x,^(t))r"C A^(t) (8.2.18) 

with and both reaL Again, we must determine the remaining fields in terms of 
the collective coordinates. 

Proceeding as in the M = 2 case, we write Gauss's law as 

DaiD^Ao - A,) = 2ieY^'[5rAi„ 5^ (8.2.19) 

and the equations for the remaining scalar fields aj — ^i (/ = 1, 2, . . . , 5) as 

Dlai = 2ieYr [SrA,, S^A,] (8.2.20) 

where 



vrs 

-•^o — 


~4 {^xK + ^iK) 


"V^rs 

-"^1 — 


^l(A;^j(^)^A|-A^jf^A^) 


vrs _ 


-^(A^jf^A|-A|jf^A^) 


V^^ 




vrs _ 




^5 — 




,^ into a single two-component spinor 







(8.2.21) 



(8.2.22) 

and write fj = rfcr2) then FJ"* and the Yf^ can be written more compactly as 

Yo' = -\n'<y2r]' (8.2.23) 

and 
where 



(^■)% = ^J(^>, J = 1,2,3 
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{n,)% = -^a3(5^^ (8.2.25) 
Equations (I8.2.19|) and (I8.2.2UI) are solved by 

<^j = ai = ai + Yf'^rs (8.2.26) 

with the dj being solutions of D^di = that give the expectation values of the $/ at 
spatial infinity. These solutions must then be substituted back into the Lagrangian. 
Most of the manipulations are completely analogous to those used in the M = 2 case. 
The only new feature is that the four-fermion terms terms no longer cancel. Instead, 
using the identity 

(0"i)a/3(0"i)75 = 25^5^/37 ~ ^afi^-yS (8.2.27) 

and recalling Eq. (18.1.141) . we find that these are equal to 

- 2ie [Yrrr - Yn^'] Tr J d'x 0,, [S^A^, = -^Rrstu v'v'v'v'' ■ (8-2.28) 
The final form of the low-energy effective Lagrangian is then 

^ = ^ [grs z'^z' + igrsirffDtr]' - grsG\G] - ifiQivY VrGi, 

—Rrstu ivnWivTv^ - b ■ g , (8.2.29) 

o 

We have used here the identity 

Rrstu v'v'v'v'' = ^Rrstu {vl^'v^vTv^ , (8.2.30) 

which can be derived by using the cyclic symmetry of the Riemann tensor together 
with the symmetry properties of the products of four Grassmann variables. 

Finally, we note that the structure of the Qj, which may at first seem a bit strange, 
can be understood in terms of an R-symmetry. The original field theory possessed an 
SO (6) R-symmetry. This was broken to SO (5) when we singled out one of the scalar 
fields as part of the solution to the primary BPS equation. This SO (5) symmetry is 
inherited by the moduli space Lagrangian, and acts on the fermion variables by 

T] e¥KLJKL ^ (8.2.31) 
where Qkl = —Olk is a real parameter and the S0(5) generators are given by 

J,, = l®t,,kJ^^\ J45 = «C^2®1, Jii = <yi®J^'^ , J5i = -(Ts ® J^'^ (8.2.32) 

with s,t,u = 1, 2, 3. The definition of the Qj is such that the Yf' transform as five- 
vectors under this transformation. The ten generators of S0(5) in fl8.2.32p exhaust 
all the possible covariantly constant, antisymmetric structures present in the N=4 
supersymmetric sigma model without potential, so this realization of the R-symmetry 
is rather unique. 
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8.3 Low-energy supersymmetry and quantization 



The low-energy Lagrangians that we have obtained in the previous section possess 
supersymmetries that are inherited from those of the underlying quantum field the- 
ories. In this section we will describe these moduli space supersymmetries in detail 
and then discuss the quantization of these theories. 

8.3.1 Superalgebra with a central charge 

An important feature of these low-energy effective theories is the presence of a bosonic 
potential energy term of the form jCp, where G is a triholomorphic Killing vector 
field built out of generators of gauge isometrics. It is instructive to examine how 
such a potential can modify, but still preserve, a sigma-model supersymmetry. Of 
particular importance is to realize how a central charge emerges from G, and how 
a quantum state with this moduli-space dynamics can preserve all or part of the 
supersymmetries of the quantum mechanics. 

A classic paper that dealt with potentials in supersymmetric sigma models is 
Ref. |209j . where many of the mathematical structures we shall see in this chapter 
were discussed in the context of two-dimensional supersymmetric sigma models. A 
further generalization of this formal approach was given in Ref. |210] , and the general 
structure of the latter accommodates well the low-energy dynamics of monopoles from 
SYM. Since we are dealing with quantum mechanics instead of a two-dimensional field 
theory, our discussion is related to discussions in these two references by a dimensional 
reduction, but the basic supersymmetry structures remain the samejj 

Complex superalgebra 

The conventional examples of moduli space dynamics are all sigma models whose 
quantum mechanical degrees of freedom live freely on some smooth manifold. With 
a fiat target space, say i?", the simplest sigma model Lagrangian with a complex 
supersymmetry is 

L = h,z'' + tifldtif'^. (8.3.1) 

Upon canonical quantization, 

[;^^p.] = ^^^ {¥.^y.:} = ^^ (8.3.2) 

one finds a Hamiltonian 



and a complex supercharge 
that satisfy 



H = ^Pgpi (8.3.3) 

S = ip% (8.3.4) 

{S,S^} = 2H, {S,S} = {S\S^} = 0. (8.3.5) 



^More recent papers which considers massive quantum mechanical non-hnear sigma-model with 
extended supersymmetries include Refs. |211ll212j . 
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All of this can be generalized to the more general case where the target manifold 
is curved. However, if there is more than one possible supersymmetry, there will 
often be restrictions on the target manifold. Thus, the fact that the monopole mod- 
uli space is hyper-Kahler may be understood as being due to the existence of four 
supersymmetries. When the monopoles are from an jV = 4 SYM theory, these super- 
symmetries are complex, as in the trivial example above, while H — 2 theories lead 
to real supersymmetries, which we will examine shortly. 

Now let us imagine inventing a new supercharge of the form 

Q = S- ^\G'^ = - ^\G^ (8.3.6) 

where is a vector field on the target manifold, and see if a sensible Lagrangian 
exists and is invariant under such a supercharge. Actually, there is more than one 
way of adding such an additional term associated with a vector field. The simplest 
variation would be to rotate the second term by a phase; e.g., 

Q = S^ iiflG'i = + i^lG'i . (8.3.7) 

In terms of the moduli dynamics we found for monopoles in TV" = 4 SYM, the first 
choice corresponds to turning on only 6*4, while the second choice corresponds to 
turning on only G^. For the sake of simplicity, we will consider here only the first 
choice. 

The anticommutator of the modified supercharges defines a Hamiltonian 

H = \{Q, = ^p.p" + \g,G'' + id^GrV'^*^'* + id^GrV'^^'- (8.3.8) 

that can be easily derived from the Lagrangian 

L = ^ - ^ GqG'i + i^ldtif'^ - i a^G^^^V* - i dqGrif'^ip' . (8.3.9) 

Note the appearance of both the potential term, and its superpartner. 

If the supercharge is to generate a symmetry, then [Q, H] must vanish, which in 
turn impUes that [Q^Q"^] = 0. Computing this last identity, one finds that it is 
satisfied if and only if 

dgGr + drGg^O. (8.3.10) 
In other words, G must be a KiUing vector field. It then follows that 

z = {G% - idrGgip^ipn - -\ {Q\ = -I {Q, Q} (8.3.11) 

is a conserved quantity and becomes the central charge of the superalgebra. Thus, 
the modified superalgebra closes as long as G generates an isometry on the target 
manifold. In terms of 

g± = g±gt (8.3.12) 

the superalgebra become 

{Q±,Q±}^±2H -2Z, {Q±,Q^}^0. (8.3.13) 
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A BPS state of such a quantum mechanics typically preserves half of the supersym- 
metry, either or Q_, depending on whether the eigenvalue of Z is positive or 
negative. This is how the 1/4-BPS dyons we encountered in Chaps. E] and [7] are 
realized in the moduli space dynamics of monopoles in A/" = 4 SYM. 

Having a potential energy term in a supersjTiimetric theory is hardly new; the 
important point here is that this particular form extends naturally to cases with four 
super symmetries. In the case of sigma models with four (real or complex) super- 
charges, the appropriate constraints on G are that it should be a Killing vector field, 
as above, and that it should also be triholomorphic. That is, the diffeomorphism flow 
induced by G should preserve not only the metric but also all three complex struc- 
tures. Thus, the modified moduli space dynamics we have found fits quite naturally 
with this deformation of supersymmetry. 

Having an electric charge means that a state is not invariant under the gauge 
isometrics, but rather has nonzero momenta conjugate to the associated cyclic coor- 
dinates. This generically translates to having a nontrivial eigenvalue of the central 
charge Z, resulting in a state that preserves at most half of the supersymmetries. 
The moduli space dynamics inherits four complex supercharges from the field theory; 
from these, four real supercharges are preserved by the special states whose energies 
equal the absolute value of the central charge. These states preserve 4 = 1/4 x 16 
supercharges, just as 1/4-BPS states in AT = 4 SYM theory should. 

Real superalgebra 

A curious variation on this happens if we consider real supersymmetry. Returning to 
the example of a fiat target manifold as above, but with real fermions obeying 

{A^A"} = 5^^ (8.3.14) 

we have a Lagrangian 

L = h.z" + '-X.dtX" (8.3.15) 

and a sigma-model supercharge 

S = A% . (8.3.16) 

Twisting gives 

g = 5 - A.G^ = A^(p, - G,) . (8.3.17) 

This would normally be regarded as the introduction of a gauge field G on the target 
manifold. However, we must try a different interpretation here. 

Motivated by the appearance of a central charge in the case of complex super- 
symmetry, let us split into two pieces as 

Q'^ = H-Z (8.3.18) 



where 



H = \{p,p'' + G,G'^)-'-{d,Gr-drG,)X'\'i 

Z = G% + ^(SgG, -9,Gg)A"A'?. (8.3.19) 
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Again, the superalgebra closes, with two separately conserved quantities H and Z, 
as long as G is a Killing vector field. 

In actual examples, the identification of H (as opposed to H — Z) as the energy 
has to be made by examining how the energy defined by the field theory propagates 
to the moduli space dynamics. Once this is done, we are left with the possibility 
of positive energy BPS states that preserve all the supercharges of the moduli space 
dynamics. Again, four supersymmetries are preserved by such BPS states. The dyons 
of A/" = 2 SYM theory generically arise from the moduli space dynamics, and the BPS 
dyons obtained in this manner would be 1/2-BPS with respect to A/" = 2. 

8.3.2 Low-energy superalgebra from pure J\f = 2 SYM 

The low-energy dynamics for A/" = 2 SYM theory that we derived in Sec. 18.2.11 
provides an example with real supersymmetry on a curved target space. The effective 
Lagrangian, Eq. (18.2.151) . gives an action that is invariant under the supersymmetry 
transformations [2061 1207] 

3 

5X1 = e{z'' - G") + teXT^X' 

3 

with Grassmann-odd parameters e and e(j). The term containing r^gA'"A** in the 
second line vanishes on its own due to the symmetry property of F^^, but we have 
kept it to give the formula a more balanced appearance. The action is also invariant 
under the symmetry transformation 

Sz" = kG" 

5A« = kG^rX" (8.3.21) 

that is related to the requirement that G be a triholomorphic Killing vector field. 

To quantize this effective action, we first introduce an orthonormal frame and 
define new fermionic variables = X'^e^ that commute with all bosonic variables. 
The remaining canonical commutation relations are then given by 

{A^,A^} = 5^^. (8.3.22) 

Note that, to have consistent canonical commutators, we have to use the A"^ as the 
canonical variables instead of the A''. If we insisted on starting with the A'^, the 
canonical conjugate pair of fermions would be A"^ and Xq = gqrX'^, but these two 
cannot simultaneously commute with pg unless the metric is constant. By using A^, 
which is conjugate to itself, we neatly avoid this problem and, as a bonus, find a 
natural map A^ = 7^/ \/2 of the fermions to the Dirac matrices on the moduli space. 



G^)J[^^'' + iX''J^P'TlX' 



(8.3.20) 
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The supercovariant momentum operator, defined by 

t^, = P,-'-u,ef[^''A^]. (8.3.23) 

where uj^p is the spin connection, appears in the supercharge. If we make the above 
identification between and 7^/ v^, the wave function is interpreted as a spinor on 
the moduh space. In this picture, mq behaves exactly as the covariant derivative on 
a spinor, so that we may identify 



= -iVq . (8.3.24) 



Other useful identities are 



[vr^AT = zFLA 



K,7r,] = -ii?g,,,A^A* (8.3.25) 

where we have chosen to present the action of tt, on A"^. These identities can be 
derived from Eq. (18.3.231) after taking into account the fact that the A^ commute 
with Pq. 

The four supersymmetry charges take the form 

Q = \\-Kq-Gq) 

Q. = Xijf'-{TTr-Gr) J = 1, 2, 3 (8.3.26) 
with j(^2 = ~J^sr^ their algebra is given by 

{Q,Q} = 2{H-Z) 
{Qj,Qk} = 2 5jk{H-Z) 

{Q,Q,} = (8.3.27) 
where the Hamiltonian H and the central charge Z are 

H = -l--nq^g'^^-'n, + ]^GqG'^+'-\'^yVqGr 

Z = - ^A'A''(V,a) • (8.3.28) 

Note that the operator iZ is the Lie derivative Cg acting on spinors. 

We see that, as in the real supersymmetry example of the previous section, the 
states either preserve all four supersymmetries (if H = Z), or else none at all. A 
simple, yet unexpected, corollary is that the dyon spectrum of the parent Af = 2 
SYM theory is asymmetric under a change in sign of the electric charges. If we fiip 
the sign of all electric charges (while maintaining those in the magnetic sector), the 
central charge Z fiips its sign as well, making = impossible. With complex 
supersymmetry, we can preserve either Q + Q"^ oi Q — Q\ depending on the sign of 
the central charge. With real supersymmetry, we do not have this luxury. We will 
see in the next chapter how asymmetric spectra emerge in specific examples, but it is 
important to remember that this asymmetry is largely a consequence of the general 
form of the super algebra. 
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8.3.3 Low-energy superalgebra from = 4 SYM theory 

The low-energy effective Lagrangian for A/" = 4 SYM tlieory, given in Eq. fl8.2.29p . is 
invariant under tfie complex superalgebra defined by the transformations [188[ I189[ 
1207] 

3 

+ [KJ'^'^iy^2eu) - 6(,)(j(^\)T^,r/* - t{G' (8.3.29) 

where e and e(j) are two-component spinor parameters0 Thus, there are eight real 
(or four complex) supersymmetries. 

When the theory is quantized, the spinors t]^ = e^rj'^ commute with all the bosonic 
dynamical variables. The remaining fundamental commutation relations are 

{^f,<} = '5''%/3- (8.3.30) 
If we define supercovariant momenta by 

TT, = - ^u;^^,(r7^) V (8.3.31) 

where uJEFq is again the spin connection, the supersymmetry generators can be writ- 
ten as 

Q^ = r^l7,,-{a2n'r^)lG[ (8.3.32) 

qO) = ( J0\)^vr, - (a2 J(^)fi^r/)^G; . (8.3.33) 
These charges satisfy the N=4 superalgebra 
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where the Hamiltonian is 











(8.3.34) 
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(8.3.35) 

''As in the previous section, we define e — e^a2 and e^) — 
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and the 



Zj = GTTCm - '-"^mGi (r^"^) V (8.3.36) 



are central charges. 

It is often useful to write these supercharges in a complex form. This can be done 
by defining 

Tf'"' = 75' 

and then combining the supercharges of Eq. (18.3.321) to give 



^ ^{r^l - t4) = ^{Xl- ^Xl) (8.3.37) 



v2 j=i 



('8.3.38) 



with analogous definitions for Q^^^ and Q^'^^. The positive definite nature of the 
Hamiltonian can be seen easily in the anticommutators 

{Q, Qt} = {Q(i), g(i)t} = {g(2)^ g(2)t| = {q(3), g{3)t| = 2H (8.3.39) 
while the central charges appear in other parts of superalgebra; e.g., 

{Q, Q} = {Q^j\ g(j)} = -2^4 + 21Z5 

{Q\Q^}= {Q(^■)^g(^■)^} =-2^4-22^5 (8.3.40) 

for j = 1, 2, or 3. Once we adopt this complex notation, it is natural to introduce 
an equivalent geometrical notation for realizing the fermionic part of the algebra of 
Eq. (I8.3.30p . Defining the vacuum state |0) to be annihilated by the ip"^ gives the 
one-to-one correspondence 

(<^*9Y*g2...^m.)|o) ^ dz"' A dz''^ A ■ ■ ■ A dz''\ (8.3.41) 

in terms of which we can reinterpret ip*'^ as the exterior product with dz"^ and cp'^ as 
the contraction with d/dz'^. 

8.4 BPS trajectories and BPS dyons 

The purely bosonic part of the low-energy Lagrangian obtained from J\f = 2 SYM 
theory, Eq. (18.2. 15p . corresponds to a classical energy 

S2 = ^g,r{z'^z'- + G'^G'-) + h-g 
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> |i^Gg|+b-g. (8.4.1) 

Using the expression for the metric, Eq. f l8.1.6p . as well as Eqs. f l8.2.7p and f l8.2.9p . 
and setting all fermionic quantities to zero, we obtain 

= 2Tr J d^xFoaDaa 
= 2Tr J d^xdi{aFoi) 

= a-q. (8.4.2) 
This gives the Bogomolny-type bound 

^2>|a-q|+b-g (8.4.3) 

that is saturated if and only if 

= ±G« , (8.4.4) 

with the upper or lower sign being chosen according to whether a ■ q is positive or 
negative. 

Similarly, for the A/" = 4 low-energy Lagrangian, Eq. (18.2.290 . we have 

= ^g.riz'^z'' + GjG}) + b ■ g . (8.4.5) 

If hi is any unit vector and Gf'^ is the part of G'j orthogonal to hj, then 

^4 = ^ (i^ T niG'j) (i, T niGi,) ± z.hjG'j + ^Gj'Gf^ + b ■ g 

> |(n/a/) -ql +b-g. (8.4.6) 

For this bound to be saturated, the Gf'^ must all vanish. Using the SO (5) invariance 
of the low-energy theory, we can then rotate the Gi so that only a single one, say G5, 
is nonvanishing. The solutions satisfying the Bogomolny bound will then have 

£4 = |a5-q|+b-g (8.4.7) 

and satisfy 

GI = ±5/5 z'^ (8.4.8) 

with the upper or lower sign being chosen according to the sign of as ■ q. 

Our experience with the monopole solutions that satisfy the Bogomolny bound 
in the context of the classical field theory suggests that the moduli-space trajectories 
satisfying Eqs. (18.4.41) or (18.4.81) should preserve some of the supersymmetry of the 
low-energy dynamics. Surprisingly, this is only partially true. The M = 2 theory 
has four real supersymmetries, whose actions were given in Eq. (18.3.201) . Trajectories 
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with C = z'^ preserve all of these. However, those with G"^ = — i'^ preserve none. 
Thus, despite saturating the energy bound at the classical level, the latter trajectories 
are not BPS and do not lead to BPS dyons in the full quantum theory. As we will 
see in the next chapter, this leads to an essential asymmetry in the dyon spectrum 
of the M = 2 theory. 

By contrast, for A/" = 4 the trajectories saturating the Bogomolny bound all pre- 
serve half of the eight real supersymmetries of the low-energy theory. With conven- 
tions chosen so that these solutions obey Eq. fl8.4.8p . the unbroken supersymmetries 
are given by Eq. (18.3.291) . with e and the e(j) required to be eigenvectors of with 
eigenvalue 1 or —1 according to the sign of as ■ q. 

The BPS moduli-space trajectories have a natural correspondence with the BPS 
dyons of the full field theories. Indeed, the lower bounds on £2 and £4 coincide with 
the dyon mass bounds, Eqs. (17.1.111) and (I7.1.13p . that we obtained in the previous 
chapter. Moreover, the fact that only one choice of sign in Eq. (18.4.41) gives a true 
BPS solution has a counterpart in the M = 2 SYM theory. The latter theory has only 
a single central charge and so, as we saw in Sec. 13.31 the multi-Higgs dyon solutions 
saturating the classical energy bound are either 1/2-BPS (for one choice of sign in 
Ei = ±Dia) , or not BPS at all (for the other choice of sign). In A/" = 4 SYM theory, 
both choices of sign give solutions that are 1/4-BPS. 

There is one subtlety in this correspondence that must be pointed out. Achieving 
the energy bound of Eq. (I7.1.1ip requires that a ■ g = b ■ q. Our treatment in this 
chapter has been based on the assumption that a ■ g = 0, thus implying b ■ q = 0. 
For generic electric charge, the latter need not vanish and, in fact, has a simple 
interpretation. The electric excitation energy ±a ■ q captures only the energy due 
to relative electric charges. The center-of-mass part of the electric charge, which is 
necessarily parallel to g and thus orthogonal to a, gives an electric energy that arises 
as a term (b • q)^/2b • g in the kinetic energy of the center-of-mass sector moduli. 

8.5 Making contact with Seiberg-Witten theory 

Before closing, we would like to comment on how the central charge Z of the super- 
symmetric quantum mechanics relates to the Seiberg-Witten |213l I214j central charge 
Zsw for A/" = 2 SYM theory. The Seiberg-Witten description of A/" = 2 SYM mainly 
concerns the vacuum structure of the theory in the Coulomb phase. The Coulomb 
phase, where the gauge symmetry is broken to the Cartan subgroup, comes with a 
set of massless U(l) vector multiplets whose kinetic terms specify completely the low- 
energy dynamics. Since an A/" = 2 vector multiplet contains a complex scalar field, 
it is then a matter of specifying the geometry of the vacuum moduli space spanned 
by these scalar fields. One way to represent the massless scalar fields associated with 
the U(l)'s is to assemble r complex fields as the components of a column vector A so 
that the massive vector meson with integer-quantized electric charge ng has a mass 
|ne ■ A|. In the weak coupling limit, A = e(hi + ih2). 

Because of the extended supersymmetry, the vacuum moduli space has a very 
restrictive kind of geometry, known as special Kahler geometry, and the low-energy 
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dynamics of the J\f — 2 SYM in the Coulomb phase is completely determined by the 
knowledge of a single locally holomorphic function, JF, termed the prepotential. In 
the weak coupling limit, this prepotential takes a universal form, 

JT-li^A-A, (8.5.1) 

with 

47ri 

The prepotential is not a single-valued function, but instead transforms nontrivially 
as wc move around the vacuum moduli space. This turns out to be a blessing, because 
its transformation properties are entirely determined by which BPS particles become 
massless, and at which points; the knowledge of these transformation properties is 
often enough to fix the entire prepotential exactly. 

In fact, A also transforms nontrivially as we move around the moduli space. The 
transformation properties of A and are tied in the following sense. One can define 
a magnetic version of A by 

An = (8.5.3) 
and, with this, form a 2r-dimensional column vector 

(8.5.4) 

The vacuum moduli space of A/" = 2 SYM is riddled with singular points and cuts, but 
these are all associated with some BPS particles becoming massless in some vacuum. 
The transformations of and V occur as one moves around such a singularity or 
passes over a cut, and may be expressed generally as 

V ^ UV, (8.5.5) 

where U is an element of the infinite discrete group Sp(2r, Z) . The set of C/'s are 
called the monodromy group. 

In the Coulomb phase, there are charged particles that are electrically and mag- 
netically charged with respect to the unbroken U(l)'s above. In terms of V, the 
central charge of these particles is written as 




■'SW 



An + n^- A + Y,Nf {mi + im{), (8.5.6) 



where Ue and are the electromagnetic charge vectors. The last term is a con- 
tribution from massive hypermultiplets with complex masses , with Nf being the 
fermion excitation number for the /th flavor. While the quantities A and A^ trans- 
form under the C/'s, the central charge itself gives the masses of physical particles, 
and so must be invariant. This means that one must also transform the charges as 

(ne,n^) (ne,n^)C/-^ (8.5.7) 
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so that 

Zsw Zsw (8.5.8) 

as we move around singularities and cross cuts in the vacuum moduh space. 

In the weak couphng regime, assuming ^ = for further simphcity, A and A^; 
are given by A = e(hi + ih.2) and Ad = 47r2A/e^. Rewriting the above expression 
for Zsw in terms of a and b gives 

Zsw = i(b ■ g + a • q + Nfmi) + (b ■ q + NfTUR) , (8.5.9) 

where we have used a • g = 0. Because b ■ g is large, the BPS mass \Zsw\ is approx- 
imately 

M = \Zsw\ ^b-g + a-q + VArfm{+ ^ ^ • (8.5.10) 

f 2b • g 

Already we begin to recognize individual contributions to the BPS mass from the 
low-energy dynamics. The first term is the rest mass of the monopoles. The last 
term would be the energy from the center-of-mass electric charge if we could ignore 
m)j. On the other hand, the approximation we have adopted demands that the bare 
fermion mass is at most of the same order of magnitude as ea, which implies that m;^ 
should be much smaller than eb. The second and third terms are the central charges 
of the low-energy dynamics]^ 

Z = a- q + ^A^jm{ . (8.5.11) 
/ 

Therefore, the mass formula is approximated by 

M=\Zsw\^h-^ + Z + \— ^ , (8.5.12) 

2b g 

which relates the central charge, Z, of the low-energy dynamics to that of the Af = 2 
SYM theory. 



See Appendix B.1.3 for discussfon of massive fermion contributions to the low-energy dynamics. 
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Chapter 9 

BPS dyons as quantum bound 
states 

We will now use the low-energy dynamics developed in the previous chapter to explore 
the spectrum of states in SYM theory. We will focus in particular on the BPS states; 
the fact that these preserve some of the supersymmetry of the theory makes them 
particularly amenable to analysis. 

An important motivation for studying these states is to understand the duality 
symmetries of these theories. As we first noted in Sec. 13.41 Montonen and Olive 
[9] conjectured that there might be a symmetry that exchanged weak and strong 
coupling and electric and magnetic charges. In the SU(2) theory the masses of the 
elementary charged gauge boson and the monopole are consistent with this duality, 
but the full multiplet structure of spin states with unit electric or magnetic charge is 
only invariant when there is A/" = 4 supersymmetry. 

The existence of dyonic states leads to further requirements. We have seen that 
excitation of the U(l) gauge zero mode about the unit monopole leads to states whose 
electric and magnetic charges (in units of e and 47r/e, respectively) are (n, 1), with 
n any integer. The Montonen- Olive duals of these would have to have unit electric 
charge and multiple magnetic charge, and so should be bound states containing n 
monopoles. As we will see, not only do these states exist in the A/" = 4 SYM theory, 
but they also imply the existence of still further states. In fact, the Montonen and 
Olive duality extends to an SL(2,Z) symmetry that requires states with charges (n, m) 
for all coprime integers n and m |215] 

When the gauge group is larger than SU(2), duality requires bound states even for 
the purely magnetic parts of the spectrum. Recall that the basic building blocks for 
the BPS states are the fundamental monopoles. The number of types of these is equal 
to the rank of the gauge group which, for all groups larger than SU(2), is smaller 
than the number of massive gauge bosons carrying (positive) electric-type charges. 
Thus, for maximally broken SU(A^) there are — 1 fundamental monopoles, but 
A^(A^ — l)/2 massive vector mesons. The extra monopoles required for duality can 
only arise as bound states. We will show that such bound states exist and are BPS, 
but only in the Af = 4 theory. In the Af = 2 theory there are no corresponding BPS 
bound states and, at least for some ranges of parameters, no such bound states at 
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all. This is despite the fact that there are classical solutions that might seem to give 
the duals of the gauge mesons. 

Although A/" = 4 supersymmetry tends to make the spectrum of BPS states 
relatively simple and easy to determine, the explicit construction of these states is 
rarely trivial and becomes increasingly cumbersome, or even effectively impossible, 
for larger charges. However, there are some additional tools that we can use. Some 
A/" = 4 theories can be easily obtained as theories of D3-branes in type IIB string 
theory, as we will discuss in the next chapter. In this approach, the SL(2, Z) duality 
of A/" = 4 SYM theory follows from the SL(2, Z) duality of the type IIB theory; once 
the latter is accepted as a fact, an SL(2, Z)-invariant spectrum is automatic. A more 
conservative point of view might be to say that the SL(2, Z) invariance found in the 
A/" = 4 field theory is strong evidence for the corresponding invariance of the string 
theory. Either way, the stringy construction allows an easy generalization to a large 
class of gauge groups and provides easy pictorial hints to novel BPS states. 

A case in point is the 1/4-BPS dyons [179j, whose existence was first realized 
in type IIB theory |177] . where these states are constructed by having a web of 
fundamental strings and D-strings with ends on three or more D3-branes |216[ 1217] . 
These objects had not been recognized from the field theory approach because the 
conventional treatment of low-energy monopole dynamics had been based on models 
with a single adjoint Higgs, which necessarily excluded all such-1/4 BPS states. 

At the same time, this is not to say that type IIB theory is more powerful in 
counting and isolating precise BPS spectra. It is important to remember that the 
correspondence between the two theories is not at the classical level, but rather at 
the quantum level. Just as we must quantize the moduli space dynamics on the field 
theory side, the string web must also be quantized. In particular, the moduli space 
of the string web has little to do with that of the field theory dyons and is, in fact, 
more difficult to quantize. Thus, the field theory side may give us better control for 
addressing some of the more precise and specific questions concerning the spectrum. 
In the later part of this chapter we will demonstrate the existence and determine the 
degeneracy of some of the simpler 1/4 BPS dyons. 

For the case of A/" = 2 SYM theories, both approaches tend to be more difficult 
to handle. From the string theory side, there are diverse constructions of the gauge 
theories, but in all of them it is quite nontrivial to find the corresponding BPS 
spectrum. In the elegant formulation of Seiberg-Witten theory [2131 1214] as a theory 
of wrapped M5-branes in M-theory |218[ 1219] , we know how to realize BPS dyons as 
open membranes. Nevertheless, establishing the existence of a given dyon is all but 
impossible, except at particular points of the moduli space |220[ 1221] . From the field 
theory side also, the constraints [222[[223] coming from the Seiberg-Witten description 
and S-duality are difficult to analyze beyond the simple rank 1 case of SU(2) theories 
[224^ 1225] . The main culprit is the extremely interesting phenomena that the BPS 
spectrum can change as we change the vacuum of the theory along the Coulomb phase 
[214[ 1226] . Understanding the spectrum in this approach requires understanding the 
latter phenomena everywhere on the Seiberg-Witten vacuum moduli space. 

However, even if one managed to understand the structure of the vacuum moduli 
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space completely and explicitly, this would be only the beginning of the problem. 
The reason is that this approach is basically a bootstrap where one tries to find a 
solution to a set of consistency conditions that becomes intractable as the rank of 
the gauge group increases beyond unity. For practical purposes, one typically needs 
additional input, such as the BPS spectrum in some corner of the vacuum moduli 
space. An obvious place to look for BPS spectra is, of course, the weak coupling 
regime, which is the main focus of this chapter. In this regard, some good news is 
that the semiclassical approach involving the moduli space description remains more 
or less manageable [551 1215[ 12281 1230] , and does not get significantly worse than in 
the A/" = 4 case. 

We start, in Sec. 19. 11 with some generalities concerning moduli space bound states, 
especially those BPS states that preserve part of the supersymmetry. In Sec. 19.21 we 
explicitly construct two-body bound states. We first consider the case of two identical 
monopoles, showing how Montonen-Olive duality is naturally extended to an SL(2,Z) 
duality, and then turn to the case of two distinct monopoles. Then, in Sec. 19. 3[ we 
consider the problem of many-body bound states. Although the explicit construction 
of these states is much more difficult than for the two-body case, their number can be 
determined by using index theory methods. We conclude the chapter, in Sec. 19.41 with 
a brief discussion of the difficulties in finding bound states with four supercharges. 

9.1 Moduli space bound states 

The fundamental degrees of freedom for the low-energy Hamiltonian are the bosonic 
collective coordinates that span the moduli space, together with their fermionic 
counterparts that arise from the fermion zero modes. Because each complex fermionic 
variable corresponds to a two-state system (the zero mode being either occupied or 
unoccupied), the states of the system are naturally described by a multicomponent 
wave function in which each component is a function of the . A /c-monopole system 
in A/" = 2 SYM theory is described by bosonic and 2k complex fermionic variables. 
Its wave function has 2^^^ components. As we saw in Sec. I8.3.2[ these are most 
naturally viewed as a column vector, with the action of the fermionic variables being 
represented by Dirac matrices of appropriate dimension. For A/" = 4 SYM theory, 
there are 4fc complex fermionic variables and a 2^'^-component wave function that can 
be conveniently written as a linear combination of differential forms, as described in 
Sec. 183:31 

The moduli space is locally a product of a flat center-of-mass manifold, spanned 
by the center-of-mass position and an overall U(l) phase angle, and a nontrivial 
relative moduli space. This implies that the Hamiltonian can be written as the sum 
of center-of-mass and relative pieces, and that its eigenstates can be described by wave 
functions that are products of center-of-mass and relative wave functions. Because 
of identiflcations, such as those in Eqs. (15.3.181) and (15.3.201) . that follow from the 
periodicities of certain phases angles, this factorization of the moduli space is only 
local, and not global. Although this has no effect on the form of the Hamiltonian, it 
does, as we will see, produce an entanglement between the quantization of the overall 
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U(l) charge and the state of the relative variables. 

The eigenstates of the center-of-mass Hamiltonian are labelled by the total mo- 
mentum and a quantized U(l) charge. The corresponding fermionic variables do not 
enter the Hamiltonian at all, and thus affect neither the energies nor the form of 
the wave functions. Instead, their only effect is to generate a supermultiplet of de- 
generate states. For M = 2 SYM theory, these supermultiplets contain 2^ = 4 four 
states, while for A/" = 4 there are 2^ = 16 states, exactly matching the charged vector 
meson supermultiplet; as we saw in Sec. 13.41 this Af = 4 structure is precisely what 
is required to have a Montonen- Olive duality between the states with unit magnetic 
and unit electric charges in SU(2). 

Thus, the nontrivial part of the spectrum of states is associated with the relative 
moduli space. Our interest here is in bound states, which correspond to normalizable 
wave functions on the relative moduli space. When combined with the states of the 
center-of-mass Hamiltonian, each such bound state will yield a tower of states of 
increasing overall U(l) charge, with each state in the tower having a degeneracy of 4 
(for A/" = 2) or 16 (for A/" = 4) arising from the center-of-mass fermionic zero modes. 

In our analysis of the relative moduli space Hamiltonian, we will focus in particular 
on the BPS states that preserve some of the supersymmetry. There are two cases to 
consider: 

Af = A SYM 

States preserving one-half of the supersymmetries of the low-energy dynamics, and 
thus one-fourth of the field theory supersymmetries, are only possible if there is just 
a single nonzero Gi, which we may take to be G5, and only one nonvanishing central 
charge (Z5 in this case). Such states are annihilated by one of the operators 

P± = V^Q±v^g^ (9.1.1) 

which obey 

Vl = ±2iHTZ,). (9.1.2) 

If the state is represented by a differential form Q, as described in Sec. I8.3.3[ then 
this BPS condition becomes 

= v±n 

^ (v^V^'"±v^^*™)(7r^TG^)fi 

= ^/^^{d - lg^) ± Vi{S - LG5t) , (9.1.3) 

where lk denotes the contraction with a vector field K and is the exterior product 
by the one-form obtained from K by lowering its index. 

A complex conjugation that keeps operators, such as ip and d, untouched will 
transform P+ into This conjugation thus pairs every state with nonvanishing 

Z5 with a state carrying the opposite sign for this central charge. 

Once a state solves one of these equation, it also solves three other similar equa- 
tions where Q and Q"^ are replaced by Q(^k) and QLa, for k = 1, 2, or 3, since the 
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superalgebra is such that we have the identity 

(VlQik) ± v^Q|fc))' = ±2H - 2Z, = Vl . (9.1.4) 

Thus, solutions to Eq. fl9.1.3p with a particular sign choice actually preserve four real 
supersymmetries, or half of the low-energy supersymmetry. These are 1/4-BPS in 
= 4 SYM theory. 

In the special case where the central charges all vanish, the states annihilated by 
P+ are also annihilated by "D., and so preserve all of the low-energy supersymmetry. 
These states are 1/2-BPS in A/" = 4 SYM theory. 

M = 2 SYM 

In A/" = 2 SYM theory, the BPS states preserve all of the low-energy supersymmetry, 
and are 1/2-BPS with respect to the full field theory. These states have energy equal 
to the central charge Z. From Eq. (I8.3.26P we see that these can be represented by 
spinors \l/ obeying 

= = 7'"(-zV„ - G„)^ . (9.1.5) 

where we have used the map v^A™ = 7*" between the real fermions and the Dirac 
matrices on the target manifold. A crucial difference from the A/" = 4 case is that 
there is no pairing of BPS states; these states exist only for one sign of the moduli 
space central charge. 

As before, once a state solves this equation, it also solves three other similar 
equations in which V = ^/2Q is replaced by v^Q(fc) with = 1, 2, or 3, since 

2Qjfc) = 2H-2Z = V^ . (9.1.6) 

Thus, solutions to Eq. (19.1.5^ preserve all four supersymmetries. These are BPS 
states in A/" = 2 SYM theory. 

9.2 Two-body bound states 

When there are only two monopoles involved, the bound state problem is simple 
enough to allow an exphcit construction of states. We will start with the case of 
two (necessarily identical) SU(2) monopoles and then consider that of two distinct 
monopoles in a larger group. 

9.2.1 Two identical monopoles 

Since for SU(2) there is (up to a rotation) only a single nonzero Higgs vev, the 
low-energy Hamiltonian has no potential energy term and is purely kinetic. The 
low-energy dynamics then has no central charges, and so all A/" = 4 BPS states are 
1/2-BPS within the full field theory. Any such bound states correspond to square 
normalizable harmonic forms on the relative moduli space. 
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In particular, Montonen- Olive duality would require a two-monopole bound state, 
carrying one unit of electric charge, to provide the supermultiplet dual to the dyonic 
supermultiplet with one unit of magnetic and two units of electric chargell] Because 
the electric-magnetic mapping is to be one-to-one, this bound state should be unique. 

We recall, from Sec. 15.3.31 that the relative moduli space A4o for two SU(2) 
monopoles is the double cover of the Atiyah-Hitchin manifold. Its metric may be 
written as 



(9.2.1) 



where we have defined a basis of one-forms 



UJ 



ijj 



ijj 



f{r) dr 
a(r) cTi 
b{r) (J2 
c(r) (T3 



(9.2.2) 



and the functions a, 6, and c are those described in Sec. I5.3.3[ Our conventions will 
be such that these functions are all positive, and that a is the function that vanishes 
at the "origin", r = vr. 

For the bound state to be unique, it must be represented by a form that is either 
self-dual or anti-self-dual. If it were not, another normalizable harmonic form could be 
generated by a Hodge dual transform. Also, since the Hamiltonian (in the absence 
of a potential energy) is really a Laplace operator and so does not mix forms of 
different degree, the wave function should correspond to a form of definite degree. 
This, combined with the uniqueness, restricts us to middle-dimensional forms (i.e., 
two- forms). Furthermore, the uniqueness also requires that the state be a singlet 
under the SO (3) isometry, so we discover that the wave function must be one of the 
six possibilities 

= Nf^{r) A cu^ ± ^ tstuUj' A cu") , (9.2.3) 

where s = 1, 2, or 3 and the summation is only over t and u. Harmonicity follows 
if the two-form is closed, dVL^± = 0. The latter condition gives a first-order equation 

(s) 

for the Nj. , which is solved by 
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T dr 



— exp 

ca 



ah 



exp 



fa 
be 



T dr 



dr — 

ca 

fc 



ab 



(9.2.4) 



Substituting the form of Atiyah-Hitchin metric, detailed in Sec. I5.3.3[ we find that 
only one of these six possibilities leads to a wave function that is normalizable and 



^SL(2,Z) duality requires many additional bound states; we will return to this point shortly. 
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yet nonsingular at r = tt, namely A^^^''. The only possible ground state is therefore 

f]« = ivi')(r) A a;^ + a;2 A uj^) . (9.2.5) 

The physical wave function on the entire moduli space is the product of fi^'' with 
a form on the center-of-mass moduli space. Now recall from Eq. (15.3.321) that the 
angle ip (with range 27r) of the approximate U(l) on A4q must be twisted with the 
angle x (with range Air) of the exact U(l) on the center-of-mass moduli space in such 
a way as to give the identification 

(X,^) ~ (x + 27r,^-7r). (9.2.6) 

Since increasing ip hj n flips the signs of 



o"i = — sin ipd9 + cos ip sin i 
era A (T3 = dai , (9.2.7) 

and thus of we can only obtain a single- valued total wave function if the center- 
of-mass part also changes sign when x X + 2vr. Thus, the total wave function must 
correspond to a form that can be written as 

n = n^_l^ e'('=+i/')'^ ® ficM (9-2.8) 

with k any integer. 

It takes more care to show that the value + 1/2 for the momentum conjugate 
to X translates to an electric charge n = 2k + 1. The key point is to recall that in 
all two-body cases, whether the monopoles are identical or distinct, the momentum 
conjugate to x is always related to the (approximately) conserved electric charges Qi 
and Q2 on the individual monopoles by 

= "^^^^ + "^^^^ . (9.2.9) 
mi + 1712 

Hence, the total U(l) electric charge of a pair of identical monopoles is the simple 
sum 

Qi + Q2 = 2q^. (9.2.10) 

Montonen-Olive duality required a unique supersymmetric bound state dyon with 
one unit of electric and two units of magnetic charge. We have found not only 
that (1,2) state, but a full tower of states with with electric and magnetic charges 
{2k + 1, 2) for arbitrary integer k. Applying Montonen-Olive duality to these would 
require additional states with charges {2,2k + 1), and one might well expect that 
the construction of these states would lead to still further states, thus continuing the 
process. 

The explanation for this is that the Montonen-Olive duality naturally extends to 
an SL(2,Z) symmetry |215l I231t I232[ [2331 1234] . To understand this symmetry, recall 



^Herc, and below, we have set = 1, which is the standard convention for SU(A^) 
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that the Yang-Mills Lagrangian can be extended to include a topological "^-term" 
that has no effect on the classical field equations but that leads to important quantum 
effects. If we rescale the gauge potential by a factor of e, so that the coupling 
does not appear explicitly in the field strength, the pure gauge part of the extended 
Lagrangian then takes the form 



1 9 ~ 

-^gaugc = — -^^TrF^j^F^ + Y^;^T^T Ff^^F'^ (9.2.11^ 



where F^"' = (l/2)e^'^"^F„/3. The variable 9 is periodic, with a shift 9 ^ 9 + 27: 
having no effect on the physics. 

When working with these rescaled gauge fields, it will also be convenient to define 
rescaled charges Qm = ^Qm and Qe = ^Qe- The 6'-term has no effect on the 
quantization of the magnetic charge, so 

Qm = 47rm (9.2.12) 

with m any integer. However, the quantization of electric charge is modified |227] , so 
that now 

QE = e^ (n-^rri^ (9.2.13) 

with n an integer. 

If we combine 9 with e to define a complex coupling constant 



(9.2.14) 



_ 9 Airi 
and define a complex charge 

q = QM-iQE, (9.2.15) 
the charge quantization conditions can be written more compactly as 

Req = Anm, ReqT = 47m. (9.2.16) 

For ^ = 0, Montonen-Olive duality replaces e by e' = An/e and interchanges 
electric and magnetic charges, corresponding to the transformations 

r^r =--, q^q' = Tq. (9.2.17) 

r 

It is natural to extend the duality conjecture by assuming that the transformations 
of Eq. 09.2. 17p leave the theory invariant even when 9 ^ Q. We then have 

A-Tim' = Reg' = Re rq = Ann 

Ann' = Rer'q' = -Req = -ATrm; (9.2.18) 
i.e., the vector {n,my is transformed by the matrix 

S=(\ I). (9.2.19) 
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A second invariance, under r t — 1, follows from the periodicity of 6. This 
corresponds to the transformation {n, m) {n + m,n), which can be represented by 



The matrices S and T, when multiplied in an arbitrary sequence, generate SL(2,Z), 
the group of 2 x 2 matrices with integer elements and unit determinant. We thus 
are led to expect that the spectrum of states should be invariant under the action of 



It is not hard to show that any pair of coprime integers {n, m) can be obtained 
by acting on (1,0) with an SL(2,Z) matrix. Conversely, if n and m have a common 
factor, then {n,m) cannot be obtained from (1,0). Hence, the generalized Montonen- 
Olive duahty, together with the existence of the unit charged vector meson state, 
requires that there be states corresponding to all coprime integers m and n. With 
only two monopoles present, these are just the states with charges {2k + 1, 2) that 
we have found o 

In fact, one can extend the two-body computation above a little further and 
establish a vanishing theorem stating that no other ground state exists on A4q. This 
reveals something that we might not have known a priori just from the SL(2, Z) 
invariance. Not only does it show that the requisite {2k + 1, 2) BPS states exist with 
the right supermultiplet structure, but it would also be a strong indication that the 
spurious states with charges {2q, 2p) are all absent. 

In contrast with the rich spectrum of bound states in the TV = 4 theory, there are 
no dyonic bound states of two or more monopoles in TV = 2 pure SU(2) SYM theory 
|222[ 1230] . If there were any such bound states, they would imply the existence of 
additional dyonic states in the TV = 4 theory, in conflict with the uniqueness results 
cited above. 

This SL(2,Z) action naturally extends to TV = 4 SYM for other simply laced 
gauge groups, since the SL(2,Z) acts on each root of the gauge algebra equally and 
simultaneously. As in Montonen-Olive duality, the subtleties arise in the case of 
non-simply laced gauge groups, namely Sp(2A^), S0(2A^+1), F4, and G2, where the 
electric-magnetic duality interchanges long roots and short roots. Recall that this, in 
particular, exchanges S0(2A^-|-1) with Sp(2A^), where the magnetic charge associated 
with a short root of S0(2A^-|-1) is actually the long root of Sp(2A^) and vice versa. 

The SL(2,Z) is generated by two generators, S and T, and this exchange of odd- 
dimensional orthogonal gauge group and symplectic gauge group happens under S. 

■^Although such an SL(2,Z) electromagnetic duality is a hallmark of A/" = 4 SYM theories, 
there is a class of A/" = 2 SYM theories that also possess BPS spectra that respect an SL(2,Z) 
duality |229j . These theories have gauge group Sp(2fc) with four hypermultiplets in the fundamental 
representation and one hypermultiplet in antisymmetric tensor representation, and include the SU(2) 
theory of Ref. [22811230] as a special case. Duality-invariant spectra for small magnetic charges were 
demonstrated in these three references. However, in general N = 2 SYM theories have complicated 
vacuum moduli spaces, plagued by marginal stability domain walls, and are not expected to admit 
duality-invariant spectra; see Ref. [235] for an explicit example of this. 

■^For the counting of aU the {q,p) towers of BPS states, see Refs. [23l [23711238] . 




(9.2.20) 



SL(2,Z)E| 
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T, on the other hand, shifts electric charge by a quantized amount proportional to 
the magnetic charge, and does not by itself change the gauge group. The full SL(2,Z) 
action can be reconstructed from these two generators, and mixes these two gauge 
groups. For this pair the SL(2,Z) action can be also easily understood by realizing 
the A/" = 4 SYM theory in terms of D3-branes and orientifold 3-planes, whereby the 
SL(2,Z) duality of type IIB string theory is inherited by the worldvolume SYM theory 
|239l I240[ I241j . For the other non-simply laced cases, F4 and G2, the SL(2,Z) does 
not change the gauge group but involves a shift of vacuum in addition to a change 
of coupling constants, since the long roots and short roots can be interchanged. We 
refer the reader to Ref. [242j for these two exceptional cases. 



9.2.2 Two distinct monopoles 

J\f = A SYM 

We now consider a larger gauge group and turn to the case of two distinct fundamental 
monopoles, with masses rrii and 1712, that are associated with the simple roots f3i 
and (which are assumed to be connected in the Dynkin diagram). We saw in 
Sec. 15.3.21 that the relative moduli space is the Taub-NUT manifold with rotational 
SU(2) isometry and a triholomorphic U(l) isometry. If we rescale coordinates as in 
Eq. ( ]7.2.17p . its metric can be written as 

(is^ = (^1 + dr^ + (^1 + i j {dtp + cosed(j)y 

= J^w^^w™ (9.2.21) 

m 

where the basis forms cu™ are now given by 

= ^1 + 1/r dr 

a;2 = 




= J- (73. (9.2.22) 



Note that +100"^ transforms as a unit charge state under the U(l) gauge isometry, 
while uj^ and uo^ are neutral. 

Again, the full moduli space is the product of the relative moduli space and a 
center-of-mass moduli space, with identifications on x ^^id ip that are now given by 
Eqs. (15.3. ISp and (I5.3.20p . As we saw in Sec. 15.3.2"! these imply that g, the momentum 
conjugate to ip, must be an integer or half-integer. The condition on the momentum 
conjugate to x is such that the total electric charge corresponds to a root space vector 

q = e(n/2 + g)/3i + e(n/2 - g)/32 (9.2.23) 

where the integer n is odd (even) whenever 2q is odd (even). 
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In contrast with the SU(2) case, there will in general be additional Higgs vevs 
and, therefore, a potential energy V on the moduli space that is obtained from 




(9.2.24) 



where 



47r^a 



(9.2.25) 



a = 




In the sector with fixed relative charge g, there is a repulsive "angular momentum" 
barrier that combines with V to produce an effective potential energy whose form 
was given in Eq. (17.2. 28p . As was noted then, this has a minimum at a finite value 
of r if and only if < a? . Otherwise, the minimum moves out to infinity, implying 
that a dyonic bound state cannot form. 

We first look for BPS bound states in the A/" = 4 theory, which must satisfy 
Eq. (19.1.31) . Without any loss of generality, we can assume that a > 0, and look for 



These bound state wave functions can be chosen to carries three conserved quantum 
numbers: the relative electric charge, g, the total angular momentum, j, and the 
third component of the angular momentum, m. All of these are quantized to be an 
integer or half-integer. We will denote the BPS wave functions with these quantum 
numbers as fi^;^- 

For the moment, we will put aside the special case case g = (i.e., no relative 
electric charge), and assume that g 7^ 0. In this case there is always a nonvanishing 
low-energy central charge, and so the BPS bound states only preserve 1/4 of the 
field theory supersymmetry. When g > 1, these states come in four distinct angular 
momentum multiplets, of total angular momenta J = g, g — 1/2, g — 1/2, and g — 1, 
giving a total of 8g wave functions. When g = 1/2, only the first three multiplets 
are present, but these by themselves give a degeneracy of 8g. In either case, each of 
these 8g states acquires an additional factor of 16 degeneracy from the center-of-mass 
fermion zero modes. Taken all together, these 16 x 8g degenerate states form a single 
1/4-BPS supermultiplet with highest angular momentum g -|- 1. 

The wave functions for these states are most easily written in terms of the spherical 
harmonics on 5*^, which are usually denoted by -D^j^.. A unit has S0(4) = SU(2)l x 
SU(2)r isometry. The spherical harmonics, -D^^., have the same quadratic Casimir, 
j(j-|-l), for the two SU(2)'s but independent values m and k for the third component 
eigenvalues for SU(2) l and SU(2)/j. However, because we only have an SU(2)2,xU(l)ij 
isometry, our multiplets have a definite eigenvalue fc, which is to be identified with 
the electric charge contribution to g. In other words, in a given multiplet m ranges 
over — j, — j + 1, . . . , j, while k takes a fixed value in that range. 

^As noted below Eq. (|9.1.3p . the states annihilated by I?_ can be obtained by complex conjugation 
of those annihilated by To obtain the bound states for a < 0, let us define a kind of Hodge 
star operator, * = n_E(¥'^ ^ '4^*^)- The identity *I?_(a) = iD+{—a)* then implies that ri'^(— a) = 



bound states obeying 



0. 



(9.2.26) 



* Q,q(a). 
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After some trial and error, one finds tliat for q > 1 the simplest angular momentum 
multiplet, with j = q — I, takes the forn|§ 



with m taking values — g + 1, — g + 2, 
i = q, is given by 



(9.2.27) 

q — I, and that the largest multiplet, with 



X 



a (l + a;° A o;^ A o;^ A a;^) + (^a + A a;^ + a;^ A cu^) 



mq 



-^qj2 (tu° + zo;^) A (cu^ + iuj'^)D 



1 

m{q-A) 



(9.2.28) 



with m taking values — g, —q + 1, . . . , g. [Note how the U(l) charge is a combination 
of the charge on the spherical harmonics and that on the forms.] 

The remaining wave functions, with angular momentum g — 1/2, can be found 
most easily by acting with 'D_ on those found above. This gives 2g — 1 states 



^-''^m;q 



-{a-q)r 



{u' + lu^) A (1 + ^° A c^^)Z^l-^;_i) 



(9.2.29) 



and 2g + 1 states 



V OF 

m;q 



-(a-q)r 



{u;' + zuj')A{l+u'Auj')^2qD% 



(9.2.30) 



The states in the two j = q — 1/2 multiplets are obtained from linear combinations 
of these 4g wave functions. 

There is a slight modification if g = 1/2. In this case the expressions in Eqs. fl9.2.27p 
and (19.2.291) are undefined, and the entire set of 8g = 4 states is given by Eqs. (19.2.281) 
and (19.2.301) . Note that in both cases the 4g states with charge j = g — 1/2 are given 
by forms of odd degree, while the remaining 4g wave functions are composed of forms 
of even degree. Finally, all of these g > wave functions are normalizable only if 
g < a, providing a natural cut-off for the existence of a bound state. Recall that this 
criterion was also present for the classical bound states discussed in chapter 7. 

The case g = (i.e., no relative electric charge) is special. There is a unique state, 
with j = 0. The supercharges of the low-energy supersymmetry are all preserved, and 
this state is 1/2-BPS from the viewpoint of the full field theory. Its wave function is 



''0;0 



r 



a + (a + 



r 



-)(cj° A + A uj'^) + au^ A uj^ A u'^ A u^) 



. (9.2.31) 



^It is important to recognize that the SU(2) rotational isometry we rely on here is not quite the 
physical angular momentum. Because of the triplet of complex structures, it turns out that a spin 
contribution must be added to j to give the actual angular momentum. We refer the reader to 
Ref. [243) for complete details. 
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In the limit of aligned vacua (a = 0), this state becomes a threshold bound state of 
two monopoles with the drastically simpler form \5E[ [55] , 

Note that the solutions in this last case can be (and, in fact, first were) obtained by 
the same line of attack as the SU(2) solutions of Sec. 19.2.11 

Note that all of these wave functions are chiral with respect to the natural chi- 
rality operator of T'+, namely the product of all the {y/zip"^ + y/^ip*^). In Sec. 9.3, 
this chirality operator is denoted as r+. With the wave function represented as a 
differential form, this chirality translates to self-duality for even forms and imagi- 
nary anti-self-duality for odd forms. Later we will count the dyonic bound states of 
many distinct monopoles by computing the index of r+, i.e., the difference between 
the numbers of chiral and of antichiral solutions to the 15+ equations. This explicit 
construction of bound states, where all of them come out to be chiral, suggests that 
such an index counting will actually count the number of bound states, and not just 
a difference. 

J\f =2 SYM 

The main difference for monopoles in A/" = 2 SYM theory is that the wave function VL 
is now represented by a Dirac spinor on the moduli space, with a BPS state obeying 
the Dirac Eq. (19.1.51) . With a spinorial f2, writing down the explicit form of the wave 
function is more cumbersome, and so we will just summarize the results |206j . 

In the relative moduli space, the bound state wave functions exist only if 1/2 < 
q < a or a < q < —1/2. These wave functions are organized into a single angular 
momentum multiplet with angular momentum j = \q\ — 1/2, and are all of the same 
chirality. When combined with the half-hypermultiplet structure from the center- 
of-mass fermions, they form a single BPS multiplet with highest spin |g| and total 
degeneracy 4 x 2\q\. Note that the dyons with large |g| are in multiplets with large 
highest spin0 

Perhaps the most important, yet very counterintuitive aspect of the M = 2 dy- 
namics is that is that, in stark contrast with the J\f = 4 case, BPS bound states with 
g = are nowhere to be found. The absence of these states is a dramatic illustration 
of the fact that the relation between classical solutions and quantum states is more 
subtle than is often appreciated. 

Note first that if two monopoles are associated with simple roots and (and 
thus have magnetic charges proportional to (31 and /Sg), they will interact only if /3i 

^ Such high-spin dyons remain massive everywhere on the vacuum moduh space, and do not 
enter the Seiberg-Witten description of M = 2 theories in any crucial way. In particular, the states 
with l^l > 1, and possibly those with \q\ = 1, would be completely missed if we were to use a 
bootstrap argument to generate dyons by acting with monodromies on simple elementary particles 
or fundamental monopoles. In order to understand the complete BPS spectrum, one must at least 
start with the above weak coupling spectrum as an input to the bootstrap. 
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and are linked in the Dynkin diagram. Given any two such hnked simple roots, 
there is always a composite root cx whose dual is + (5*2- We now show that it is 
always possible to construct a classical solution whose magnetic charge is the sum of 
these two monopole charges. 

When there is only a single nonvanishing Higgs field, this solution is obtained by 
using a to embed the SU(2) solution via Eq. fl4.1.14p . This result is easily extended 
to the case with two nontrivial Higgs fields by using the R-symmetry to rotate the 
Higgs fields, 0i and 02, into a new pair, 0'^ and 02, such that 02 is in the Cartan 
subalgebra and of the form ■ H, with orthogonal to ol. The desired solution 
is then obtained by using the above embedding to generate the gauge fields and 0'^^, 
and then adding a spatially constant 02. In both of these cases, it is easy to show 
that the energy of the classical solutions is related to the mass of the corresponding 
gauge bosons by the replacement e — * 47r/e. 

We showed in Sec. 14.21 that for a single Higgs field the classical solutions built 
from composite roots are actually just special multimonopole solutions in which the 
noninteracting monopoles happen to be coincident. Hence, one might reasonably 
expect the corresponding quantum state to be a two-particle state. Once this is 
reahzed, the absence of a BPS bound state in the M = 2 theory should not be 
surprising. Rather, it is the fact that the Af = 4 theory contains such a bound state, 
in addition to the two-particle states, that should be seen as remarkable and as a 
nontrivial test of the duality conjecture. 

On the other hand, when there are two nonvanishing Higgs fields the classical BPS 
solution obtained by embedding via a composite root has a mass that is less than 
the sum of the masses of its components. Since the component monopoles cannot be 
separated by a small perturbation, one is justified in interpreting this solution as a 
classical bound state. This does not, however, guarantee the existence of a BPS quan- 
tum bound state (or even, if the potential is too shallow, any quantum bound state 
at all). This can be understood by noting that the classical solution corresponds to a 
fixed value of the intermonopole separation. In the quantum state, the wave function 
has a finite spread about this value, to values of the separation for which there is 
no classical BPS solution. For the state to preserve some supersymmetry requires a 
delicate interplay between the fermionic degrees of freedom and the quantum fiuctu- 
ations of the bosonic degrees of freedom. This interplay turns out to be possible only 
in the J\f = 4 theory. 

9.3 Many-body bound states and index theory meth- 
ods 

We need more a systematic approach to the problem to generalize the bound state 
counting to the many-body case, since the explicit construction of bound states be- 
comes much more difficult beyond the two-body case. Instead of the direct construc- 
tion of bound states, we will proceed by using index theory methods. The index 
calculations can be quite involved, given that the quantum mechanics involves many 
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degrees of freedom with complicated interaction terms. However, we will later see that 
it is precisely these interaction terms that simplify the index calculations enormously. 
Let us start with some generalities, following Ref. |244] . 

We will define three different indices, each of which will be useful for counting one 
type of BPS state. In each case, there is a Z2 grading r that anticommutes with the 
supercharges that annihilate the states in question. The index counts the difference 
between the numbers n+ and n_ of ground states with r eigenvalues of 1 and — 1. 
We are actually interested in the sum, n+ + n_, for which one needs a more refined 
understanding of the dynamics, such as a vanishing theorem. We will assume that 
such a vanishing theorem does exist, so that either n+ = or n_ = 0, and assume 
that the absolute value of the index equals the number of ground states of interest. 

Finally, we note that in all of these cases we can calculate the indices separately 
for each subspace of fixed central charges; in our problems these central charges are 
completely determined by the electric charges. 

• 1/2-BPS states in AT = 4 SYM 

These states are annihilated by all of the supercharges of the low-energy theory, 
which is only possible if the central charges all vanish. There is a canonical Z2 
grading, which in the geometric language is defined on fc-forms by 

r4 = (9.3.1) 

or, equivalent ly, by 

^4 = 11 2^f = n 2A?Af = n(^*^^^ - ^^^*^) , (9-3.2) 

which anticommutes with all of the supercharges. Thus, the sign of r4 is de- 
termined by whether the state is bosonic and fermionic, and so the associated 
index, T4, is just the usual Witten index. For the two-monopole example of 
Sec. 19. 2. 2^ our explicit construction of the bound states shows that T4 = 1 if 
g = 0, and vanishes otherwise. 

• 1/4-BPS states in AT = 4 SYM 

As we have seen, these can only occur if the Higgs vevs are such that there is 
only a single nonvanishing G/, which we can choose to be G5. The 1/4-BPS 
states are annihilated by one (or both, if the state is actually 1/2-BPS) of the 
operators "D^ defined in Eq. (19.1.31) . With only a single G/, there is a second 
type of Z2 grading, defined by the operators 

r.^^IKv^^^'iv^V^*'') (9-3.3) 

that anticommute with Dj^. We will denote the corresponding indices by Tf . 
This generalizes the signature index that counts the difference between the 
numbers of self-dual and anti-self-dual wave functions. From the results of 
Sec. 19.2.21 we see that for < |g| < \a\ and d=ag > we have = 8\q\ and 
that X+ = = 1 if g = 0. For all other cases, = 0. 
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• 1/2-BPS states in = 2 SYM 

These are annihilated by the Dirac operator V of Eq. flQ.l.Sp . This anticom- 
mutes with the Z2 grading defined by the operator 



The sign of T2 is determined by whether the state is bosonic and fermionic, 
and so the associated index X2, hke X4 above, is the usual Witten index. For 
the two-monopole examples of the previous section, X2 = 2\q\ if ag > and 
1/2 < |g| < \a\. 

9.3.1 Bound states of many distinct AT = 4 monopoles 

We will consider specifically the bound states of many distinct SU(A^) monopoles, 
corresponding to fundamental roots /3i, /^a, • • • , f^k+i- The moduli space potential 
energy is derived from a single combination of the triholomorphic Killing vector fields, 
G = e J2a (i^Ka- From the analysis of Sec. 17.2.31 we find that the effective potential 
has a nontrivial minimum, thus allowing a classical bound state, if 



This condition also guarantees the existence of a mass gap in the system, and allows 
us to compute the index using the index theorem |244] . Otherwise, there is a net 
repulsive force between some of the monopoles, and there cannot be any bound state, 
classical or quantum. The marginal case of {q^l = is more subtle; we will ignore 
this case except for some special limits. 

A standard theorem asserts that a Dirac operator V can be deformed continuously 
without changing its index, as long as the deformation does not destroy an existing 
mass gap. Thus, as long as we start with a case that has a mass gap as above, we can 
safely multiply G by a large number T to find another Dirac operator with an even 
larger mass gap, but with the same index. On the other hand, a larger coefficient 
of G means that the potential energy gets stiffer and the low-energy motion gets 
confined closer to the zeros of G or, equivalently, nearer to the fixed points of G. In 
this special set of examples, the one and only fixed point of G is the origin, = 0, 
so it suffices to solve a local index problem near the origin. Furthermore, the finite 
curvature at the origin is overwhelmed by the ever-increasing scale associated with 
the rescaled Killing vector TG. 

For sufficiently large T, the problem reduces to one where the geometry is a 
fiat R^^, and G is a linear combination of certain rotational vectors from each 
factor. The problem then decomposes into many R problems. On the other hand, 
we may use the same kind of deformation of the two-monopole problem to reduce it 
to a fiat R problem as well. The two-monopole problem has been solved explicitly, 
so we already know the value of the index for the R problem. Then, since the 
multimonopole index problem factorizes into many R problems, all we need to do 



r2=nv2A^=n7^. 



(9.3.4) 




B 



(9.3.5) 
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to recover the value of the index for the multimonopole case is to take the product 
of the known two-monopole indices for each interacting pair of monopoles within the 
group. 

Thus, when we consider a bound state with relative charges qi,q2, ■ ■ ■ , Qk, we can 
count the number of states by considering successive pairs with relative 

charges qa- Counting the degeneracy (Ia of each pair as if no other monopoles were 
present, the degeneracy of the bound state wave function involving all k+1 monopoles 
would be simply the product of all the cIa^ In the remainder of this subsection, we 
will write out the resulting index formulae explicitly, and make some contact with 
physics. 

1/2-BPS bound states 

Of the three indices, only X4 is robust against turning on more than one of the 
. Turning on an additional always increases the mass gap, and is a Fredholm 
deformation that preserves I4. The index computation |244j yields 



Since the central charge of the state that contributes to the index is zero, the state 
must be annihilated by all of the supercharges of the quantum mechanics and be 
1/2-BPS in the J\f = 4 SYM theory. This is consistent with the existence of a unique 
purely magnetic 1/2-BPS bound state of monopoles in a generic Coulomb vacuum, as 
is expected from the SL(2, Z) electromagnetic duality. One of the generators of the 
SL(2, Z) maps the massive charged vector supermultiplets to purely magnetic bound 
states in a one-to-one fashion. After taking into account the automatic degeneracy of 
16 from the free center-of-mass fermions, the total degeneracy of these bound states 
is always 16, which fits the Af = 4 vector multiplet nicely. This purely magnetic 
bound state was previously constructed by Gibbons in special vacua where all the G^ 
vanishj^ 

1/4-BPS bound states 

The existence of 1/4-BPS states requires that the relevant parts of the Higgs expec- 
tation values be such that only one linearly independent G^ is present, which is just 
the condition that is needed to make If" available. In addition, the effective potential 
energy in the charge eigensector must be attractive along all asymptotic directions 

*0f course, to get the true degeneracy, at the end of the day one must multiply by the factor of 
either 16 or 4 from the center-of-mass part of the moduli space. 

®One might think that the existence of this bound state is obvious, since the potential energies are 
all attractive and there exists a classical BPS monopole with the same magnetic charge. However, 
none of these guarantees the existence of a BPS bound state at the quantum level. In fact, the same 
set of facts are true for a pair of distinct monopoles in A/" = 2 SU(3) SYM theory, but we know that 
a purely magnetic bound state does not exist as a BPS state in that theory. 




(9.3.6) 
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for a bound state to exist. This condition takes the simple form 



IqaI < {claI ■ (9.3.7) 
Given the mass gap, the index was computed and the result [244] is 



±aAqA > 
^T=\\\{ 1 aAQA = 

±aAqA < ^ 




(9.3.8) 



Note that the index is nonvanishing only if each of the ia^g^ is nonnegative. This 
is in addition to the usual requirement that 

A 

which is necessary for the states to be annihilated by if =F Z with Z = = J2a '^aQa 
being the central charge. The index indicates that the degeneracy of such a 1/4-BPS 
state is 

16 X nMax{8|gA|,l}. (9.3.10) 

A 

with the factor of 16 arising from the free center-of-mass fermions. 

In the two-monopole bound states, the number 8|g| is accounted for by four an- 
gular momentum multiplets with j = \q\, \q\ — 1/2, |g| — 1/2, and |g| — 1 (except for 
|g| = 1/2, where the first three suffice). The top angular momentum |g| in the rela- 
tive part of the wave function has a well-known classical origin: When an electrically 
charged particle moves around a magnetic object, the conserved angular momentum 
is shifted by a factor of eg/An. While the fermions can and do contribute, the number 
of fermions scales with the number of monopoles, and not with the charge qa- In 
fact, for large charges the top angular momentum of such a dyonic bound state wave 
function is 

itop = 5115^1' (9.3.11) 

A 

so that the highest spin of a dyon would be 

l+Jtop = l + El9A| (9.3.12) 

A 

after taking into account the universal vector supermultiplet structure from the free 
center-of-mass part. The actual multiplet structure is not difficult to derive, and we 
find 

V^4 ® (©^{[IgAl] © [I^aI - 1/2] © [I^aI - 1/2] © [I^aI - 1]}) . (9.3.13) 

Here V4 denotes the vector supermultiplet of TV = 4 superalgebra, and [j] denotes a 
spin j angular momentum multiplet. 
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The largest supermultiplet contained in this has highest spin jtop + 1; such a su- 
permultiplet has a degeneracy (including the factor from the center-of-mass fermionic 
zero modes) of 

16x8^|gA|. (9.3.14) 

A 

Unless all but one of the vanishes, this is much less than the number of states we 
found above. Thus, this implies that there are many 1/4-BPS, and thus degenerate, 
supermultiplets of dyons for a given set of electromagnetic charges. For large electric 
charges g^, thus, the number of dyon supermultiplets scales asj^j 




(9.3.15) 



While one would expect to find degenerate states within a supermultiplet, there is no 
natural symmetry that accounts for the existence of many supermultiplets with the 
same electromagnetic charges and the same energy. 



9.3.2 Bound states of many distinct J\f = 2 monopoles 

In A/" = 2 SYM theories, a state can be either BPS or non-BPS. There is no such 
thing as a 1/4-BPS state. Dyons that would have been 1/4-BPS when embedded in 
an A/" = 4 theory are realized as either 1/2-BPS or non-BPS, depending on the sign 
of the electric charges. 

Whenever there is a mass gap, the index X2 is |244j 

which gives us a possible criterion for BPS dyons to exist0 This condition is similar 
to the condition for BPS dyons or monopoles to exist in A/" = 4 SYM theories, but 
differs in two aspects. The first is that, given a set of a a, all of which are positive 
(negative), the electric charges qa must be all positive (negative). The overall sign of 
the electric charge matters. 

The second difference from the Af = 4 case is that, as we have already noted for 
the two-monopole case, there is no purely magnetic BPS bound state of monopoles, 
even though there exists a classical BPS solution with such a charge. In fact, the 
index indicates that all relative qa must be nonvanishing for a BPS state to exist. 
Assuming the vanishing theorem, the number of BPS dyonic bound state under the 
above condition is [244j 

4xn2|gA|, (9.3.17) 



^"it has been conjectured that for large electric and magnetic charges the degeneracy will even- 
tually scale exponentially, with the exponent being linear in the charges ^245j . There is, to date, no 
field theoretical confirmation of this, although in the supergravity regime such large degeneracies 
are implied by black hole entropy functions. 

^^This field theory counting was precisely reproduced later by a string theory construction using 
D-branes wrapping special Lagrange submanifolds in a Calabi-Yau manifold |246j . 
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with the overall factor of 4 coming from the quantization of the free center-of-mass 
fermions. The actual multiplet structure is 



where C2 denotes the half hypermultiplet of the Af = 2 superalgebra. 

For large electric charges we again observe the proliferation of supermultiplets. 
The top angular momentum, and thus the size of the largest supermultiplet, can only 
grow linearly with ^aI- This means that the number of supermultiplets with the 
same electric charges scales at least as 



9.4 Difficulties in finding BPS states with four su- 
percharges 



Much of this chapter has been devoted to counting dyonic states that are either 1/4- 
BPS in A/" = 4 theories or 1/2-BPS in TV = 2 theories. In either case, the BPS states 
in question preserve four supercharges. We succeeded in counting the dyons made 
out of a chain of distinct monopoles, and also found that their existence depends 
sensitively on the choice of the vacuum and the coupling constant. 

Just as we found in our earlier classical analysis, these dyons are typically loosely 
bound states of more than one charged particle. The size of the wave function grows 
indefinitely as we increase certain electric charges beyond critical values or as we move 
the vacuum toward some limiting values. This behavior of a bound state breaking 
up into two infinitely separated dyons is at the heart of the marginal stability that 
became familiar from the study of A/" = 2 SYM theory!^ 

Although the same sort of marginal stability mechanism exists for the 1/4-BPS 
dyons in AA = 4 and the usual BPS dyons in A/" = 2, there are further subtleties in 
M = 2 SYM theory. In particular, unlike in A/" = 4 SYM theory, the existence of a 
classical BPS solution does not guarantee the existence of its quantum counterpart, 
even when the low-energy effective theory has a mass gap. The clearest example of 
this can be found in the M = 2 pure SU(3) theory. As we saw in the previous sections, 
a purely magnetic bound state of the two monopoles does not exist as a quantum 
bound state, even though classically it would be on equal footing with the other two, 
lighter monopoles. This absence of the third, heaviest monopole was shown first for 
the moduli dynamics without a potential energy |247j and then more recently for the 
case where a potential energy is present |2U6] . 

^^As was mentioned in Chap. 7, essentially the same phenomenon has been found as well in the 
opposite limit of the strongly coupled regime |1921 1193[ I194[ I195j . 




(9.3.18) 




(9.3.19) 



for large qA- 
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Overall, cataloging states with four unbroken supercharges turns out to be a rather 
difficult task, not only in SYM theories, but also in superstring theories. In fact, the 
two problems are often closely related. For instance, if one realizes TV = 2 SYM 
theory as the dynamics of a wrapped M5 brane [218j . the BPS states correspond to 
supersymmetric open membranes with boundaries circling specific combinations of 
topological cycles on the wrapped M5 brane |220l I221j . If one realizes these theories 
by Calabi-Yau compactification of type II string theories [219] . the BPS states are 
D-branes completely wrapped on supersymmetric cycles of the Calabi-Yau manifold. 
The problem of finding such states manifests itself in many diverse mathematical 
forms in string theory, of which we have just mentioned two. 

Other approaches to this general class of problem have been attempted. One 
method involves a worldvolume approach, in which one tries to determine the exis- 
tence and the degeneracy by studying boundary conformal field theories | 248[ 1249] or 



a topological version thereof [2501 12511 12521 1253] . A more geometrical approacUlfl led 
later to an attempt to encase the problem in a new mathematical framework called 
a "derived category" ; for the latter, see Refs. |259i 1260] . However, these problems 
remain largely unsolved. 

In this respect, the counting of BPS dyons in this chapter represents one of the 
most concrete and successful programs we know of. It is true that our approach here 
is applicable for only a small corner of the entire landscape of this class of problem, 
but it is also one where computation can be performed explicitly and with a well- 
defined approximation procedure. The hope is that one can eventually find ways to 
connect our findings to other regimes and find useful information about the behavior 
of BPS spectra in other regimes. 




See, for example, Refs. ^511^ E55] . 
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Chapter 10 



The D-brane picture and the 
ADHMN construction 

D-branes are nonperturbative objects, found in some string theories, that accommo- 
date the endpoints of open strings |261j . A Dp-brane is a D-brane that has p spatial 
dimensions. A flat, infinitely extended D-brane in preserves half of the 32 su- 
percharges of the spacetime, so the djTiamics of the D-brane itself must respect 16 
supercharges. This fact restricts the possible form of the low-energy dynamics quite 
severely and naturally gives it a gauge theory structure. Furthermore, a stack of many 
identical Dp-branes is associated with a Yang-Mills dynamics with 16 supersymme- 
tries. A soliton of the SYM theory is then transformed into a local deformation of 
this stack of Dp-branes, and we can "view" such solitons by seeing how the Dp-branes 
are deformed locally. 

What makes this representation of the SYM theory especially useful for the study 
of solitons is that there is an alternate picture of these Yang-Mills solitons in terms of 
lower dimensional D-branes. For the BPS monopoles with which we are concerned, 
the relevant picture is a segment of Dl-brane stretched orthogonally between a pair of 
D3-branes. The dynamics of the pair of D3-branes is exactly that of an A/" = 4 U(2) 
SYM theory that is spontaneously broken to U(l) x U(l) by the separation between 
the two D3-branes. 

Thus, the motion of the monopole/Dl-segment can be described from two com- 
pletely different viewpoints — either as a trajectory on the moduli space or as a 
motion in the space of the classical vacua of a (1 + l)-dimensional SYM theory com- 
pactified on an interval. From the latter viewpoint, the Nahm equation emerges as the 
super symmetric vacuum condition on the (1 -|- l)-dimensional theory |1U31 1262] I263j . 
This is the underlying physics behind the Nahm data, and gives us a rationale for 
identifying the geometry of the Nahm data moduli space with that of the monopole 
moduli space0 

We will start our discussion, in Sec. 110. 1^ with a overview of D-branes and their 
relation to SYM theories. Next, in Sec. 110. 2^ we will describe in more detail how 
solitons — and monopoles in particular — fit into this picture. T-duahty and the 

^For a review of other topological solitons from the D-brane viewpoint, see Ref. |264j . 
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relationship between monopoles and instantons are discussed in Sec. 110.31 Finally, 
the connection between the Nahm data and D-branes is explained in Sec. I1U.4[ 



10.1 D-branes and Yang-Mills dynamics 

D-branes are extended objects that are charged with respect to the so-called Ramond- 
Ramond tensor fields. Historically, these objects were first found as black p-brane 
solutions; i.e., as charged black-hole-like objects of an extended nature. A classic 
paper by Polchinski |261j showed how to realize these objects in terms of conformal 
field theory as boundaries on which a string can end. This latter characterization 
provides a very powerful tool for studying D-branes. In this review, however, we do 
not have space for a systematic introduction to open string theories. Rather, we will 
approach D-branes heuristically and borrow key results from string theory whenever 
convenient. 

10.1.1 D-brane as a string background 

The D-branes that we will be interested in are those found in type IIA and type IIB 
string theories. The Ramond-Ramond tensor fields C*-^^^-* are antisymmetric tensor 
fields, or equivalently (p + l)-forms, living in the ten-dimensional spacetime. There 
is a gauge transformation involving a p-form A^'P\ 

^ c'^p+^'> + dK^P^ , (10.1.1) 

in complete parallel with the case of the usual vector gauge fields. The invariant field 
strength is thus 

= dC^P+^^ (10.1.2) 
and a typical equation of motion takes the form 

V.^(p+2)_... (10.1.3) 

with electric sources and interaction terms on the right hand side. The case of p = 
corresponds to the usual Abelian gauge field. 

One way to think about a D-brane is as a supersymmetric background for type II 
superstrings. The action for the low-energy effective theory, type II supergravity, is 

S = I v^e-2*(i? + 4(V0)2--i-Mi?| 

Jspacetime \ Z, • o\ 

+ / v^Eir7^^MC'(^^'f + ■■■• (10.1.4) 

spacetime p / ■ \J) -\- Z,)'. 

This contains terms with a dilation (p and a Kalb-Ramond 2-form field B. The ellipsis 
represents various interaction terms as well as those required for the supersymmetric 
completion of the theory. Just as an electrically charged particle couples minimally 
to a vector gauge field through 

^int = / (10.1.5) 
J worldline 
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and enters the equation of motion for the latter via 



V ■ = *5„„,idline + • • • , (10.1.6) 

we may imagine extended objects with p spatial dimensions that couple minimally 
to these higher rank tensor fields via 

Sint = I C(P+^) (10.1.7) 



' worldvolume 

and provide electric source terms of the form 

V ■ ^ ^s^^^^^^^^^^^ + . . . . (10.1.8) 

Here ^worldvolume IS the (9 — p)-form delta function supported on the worldvolume and 
* is the Hodge dual operation. 

The coupling to gravity allows us to find solutions with finite energy per unit 
volume that carry such electric charges. These are typically gravitational solitons of 
an extended nature, which are generically black p-brane solutions with event horizons. 
D-branes are represented by a specific subclass of these solutions that have the lowest 
possible mass per unit volume. They have a universal form as follows. The metric is 
an extremal black p-brane solutionp 

g = f-^/\-dyl + dyl + dyl + --- + dy^ + f^'{dxl^, + ■■■ + dxl) (10.1.9) 

where for n Dp-branes, located at x = (i=l, 2, . . . , n), / is a harmonic function 
on R^~P of the form 

n 

/ = 1 + QpE ,^ ^ I, „ (lo-i-io) 

i=i\x- X(i)|7-P 

with Qp a quantized dimensionful quantity. This solution has event horizons at 
X = ^(i), and can be thought of as an analog of the extremal Reissner- Nordstrom 
black holes that appear in the four- dimensional Einstein-Maxwell theory. 

The dilaton (j) and the Ramond-Ramond tensor field C^^^^^ are also fixed in terms 
of the same harmonic function / via 



g0 ^ g'/'o j{3--p)/4 

^^-(^+2) ^ e-'^'dxiAdyoAdyiA---AdypXdi{j]. (10.1.11) 



10.1.2 D is for Dirichlet 

These solutions are called D-branes because strings can end on them; i.e., they satisfy 
a Dirichlet boundary condition at x = X(j) [261j . While we must understand how 
D-branes are realized in the full string theory in order to show this fact, it turns out 
that there is a more heuristic picture of why this happens [2661 126 7j . Here we will 

^See Ref. [265] for a thorough review of supersymmetric solution of this types. 
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follow Ref. [267] and consider a Nambu-Goto string propagating in the background 
of two parallel D-branes, and ask what would happen if part of that string happened 
to meet the horizon at x = If we denote the induced metric on the world-sheet 
by hfj^iy, the action is 

S = — / rfaV-Det/i, (10.1.12) 

27ra' J 

up to couplings to the dilaton and to the antisymmetric tensor B. (The latter is 
absent in a D-brane background, while the dilaton coupling occurs at higher order in 
a' and will be subsequently ignored.) 

The spacetime geometry for a pair of parallel Dp-branes located at a; = and 
X = X(2) is completely determined by the harmonic function 

/ = 1 + + ^ . (10.1.13) 

We consider a string segment stretched between such a pair and denote its embedding 
into the coordinates and xj by ^^(0"**) and Xj{a'^), where the a'^ are the two 
worldvolume coordinates. For the sake of simplicity, we will choose ai = a to run 
from to 1 and adopt a static gauge where the world- volume time ctq = t is identified 
with that of spacetime, yo, so that Yq{t, cr) = r. The induced metric is 

h = -r^'^dr'^ + f-^'^dsY'^dtY'^da'da' + f^'^d^X^ dtX^ da'da' . (10.1.14) 

Taking its determinant, we find 

Det/i = -(9,X^)2-/-^(9,y")2+Det(/-^/25,y"9tF" + /^/29,X^9tX^) . (10.1.15) 

Note that the third term contains two factors of the time derivatives drX and drY . 
This implies that there exists a static solution 

X = aL, 9,y" = 0, (10.1.16) 

with L = X(i) — X(2), that corresponds to a straight BPS string segment located at 
a constant ?/" coordinate. The action per unit time for a static configuration is the 
energy, so we find the ground state energy to be 

\l^-^\L\. (10.1.17) 



2Tia' 2na' 

We find that the BPS mass of this stretched string is insensitive to the gravitational 
radius of the background. However, there is a subtlety here, in that the distance that 
enters the mass formula is not the proper distance but rather a coordinate distance 
in a preferred coordinate system, widely known as the isotropic coordinate system. 

Consider small fluctuations around this ground state of the stretched string. Let 
X = aL+e{T, a), with e orthogonal to L, and = //"(r, a). To the first nonvanishing 
order, the determinant can be expanded as 

Det/i= - + L^drrff - r\d^r]''f 
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+ fL'{drey-{d,e'f + - 



(10.1.18) 



The ellipsis represents terms that are at least quartic in the small fluctuations, and 
/ here is to be evaluated along the ground state of the string, so f{x) — f{crL). The 
Lagrangian is obtained by taking the square root and expanding in powers of and 
77". 

For fluctuations orthogonal to the background Dp-branes, the combination /L^ 
is the effective (inertial) mass density. A flnite energy motion must have a flnite 
integrated value of / {dre^Y and, in addition, f{e^Y must integrate to a flnite number 
for any eigenmode of the Hamiltonian. With the divergence of / ~ (Acr)^"^ near 
either end of the string (at least for small enough p), this immediately implies that 
the e part of the fluctuation must obey Dirichlet boundary conditions. In contrast, 
no such condition is imposed on the other fluctuations, = 77", which are parallel 
to the background Dp-brane. The boundary value of e represents a fluctuation that 
would take the endpoint of the string off the Dp-brane, so the Dirichlet boundary 
condition means that the string cannot break away from the Dp-brane. This gives 
a classical picture that tells us that Dp-brancs are places where a string can end 
and become an open string. A byproduct of this heuristic observation is that the 
coordinates X* of the isometric coordinate system are the ones corresponding to the 
world-sheet flelds that must be quantized with Dirichlet boundary condition. 

Finally we must caution the readers to be wary of this picture where we have 
effectively "put the cart before the horse." As is well known, the curved geometry 
of the D-branes can be thought of as a higher-order effect from the viewpoint of the 
open string. Here we have used this curved geometry to argue for the possibility of 
open strings ending on the D-brancs. This is one of many phenomena that must be 
present if the D-brane story is to be a self-consistent one. Later in this section we 
will provide further heuristic reasoning, based on charge conservation, as to why open 
strings can end on D-branes. For this, however, we must flrst understand what kinds 
of flelds hve on the worldvolumes of D-branes. 

10.1.3 Low-energy interactions between D-branes 

When we wrote the supergravity solution for many Dp-branes, we did not specify 
what their positions should be; that was because these are moduli parameters. As 
with ordinary solitons, we may imagine a low-energy approximation to the dynamics 
of these D-branes, i.e., a moduli space approximation that includes the D-brane 
positions as massless fields. An important constraint on such an attempt comes from 
super symmetry. The D-brane solution above preserves precisely half of the spacetime 
supersymmetry, and thus must respect 16 supercharges. Recall that the number of 
propagating field theory degrees of freedom is essentially independent of dimension 
and is fixed solely by the supersymmetry. On the other hand, each position vector 
carries 9 — p parameters, so we must include additional bosonic, as well as the 
fermionic, degrees of freedom. We must look for an appropriate supermultiplct into 
which the moduli parameters can be organized. 
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Except in two or six dimensions, where a chiral form of supersymmetry is possi- 
ble, the smallest BPS supermultiplet in theories with 16 supersymmtries is unique. 
Furthermore, this universal multiplet has exactly 9 — p scalars in it and generically 
has a single gauge field as a superpartner carrying p — 1 degrees of freedom. Let 
us call this the maximal vector multiplet. Thus, the low-energy effective action of a 
single D-brane must involve a single maximal vector multiplet. Its action fits into the 
Dirac-Born-Infeld action [2681 1269[ \270\ [27T| 1272] . whose bosonic part has two pieces. 
The first term [273l[27il[275] . 



- fipe-f^-Bet {g^, + B^, + 27ra'F^,) . (10.1.19) 

is a nonlinear kinetic term that dictates how the worldvolume moves. Here the tension 
of the Dp-brane is /Xpe~'^°, where 

is determined by the string tension and 00, the asymptotic value of the dilaton, is 
related to the asymptotic value of the string coupling constant by Qs = e"^". 

Given a spacetime metric G, the induced metric that enters the action can be 
written as 

9 

g^. = Y.9^.Z'd,Z'Gij (10.1.21) 
/=o 

with the Greek indices running over 0,1,2, ... ,p, and embedding the D-brane 
worldvolume into spacetime. Similarly, 

B^, = j2df.Z'd,Z''Bjj (10.1.22) 
/=o 

is the pull-back of the NS-NS 2-form tensor B. (Throughout this report we will 
consider only backgrounds with 3 = 0.) The dilaton is given by 

g./- = g</'oj(3-p)/4_ (10.1.23) 
The second, topological, term [2761 1277] . 

r[(p+i)/2] 



^(p+l-2n) ^ ^B+2na'F 

n=0 



10.1.24) 



(p+1)— form 



has no analogue in the usual gauge theory, since it dictates how worldvolume fields 
couple to the spacetime Ramond-Ramond fields. This generalization of minimal 
coupling has far-reaching consequences in what follows. One of its implications is that 
a worldvolume configuration with nontrivial Chern-character, (i.e., nonzero integrals 
of expressions like F") couples minimally to a lower-rank Ramond-Ramond field and 
behaves as if it were a D-brane of lower dimensions. 



189 



Let us ask how such D-branes interact with each other in the low-energy hmit. One 
way to isolate the long-range interactions between these objects is to ask how a test D- 
brane responds to another D-brane located far from the test D-brane. This is the same 
sort of approximation that we adopted for determining the asymptotic form of the 
moduli space metric for well-separated monopoles. To make it a valid approximation, 
we would typically have to introduce many coincident D-branes, which would have 
the effect of multiplying the charge Qp by a large integer. Since this does not change 
the overall structure of the interaction, we will drop this step and pretend that we 
are studying the interactions of just a pair of Dp-branes. 

Thus, let us hold one Dp-brane at a fixed point, and ask for the low-energy 
action of the other. This is simply achieved by inserting the background generated 
by the first Dp-brane into the worldvolume action of the other. For instance, the 
[p +1) X {p + 1) matrix that enters the Born-Infeld term should be 



K=p+1 
9 



.-1/2 
Jl2 



K=p+1 



10.1.25) 



where we have chosen to use the = {yo, yi, y2, ■ ■ ■ , yp) that appear in the D-brane 
solution as the worldvolume coordinates and to encode the position of the second 
D-brane in 9 — p functions X^-^{y). The effect of the first D-brane is encoded in 



/l2 = 1 + Qp 



|X(2)(y) 



7-p 



10.1.26) 



Here we have kept an explicit subscript for X{2) and F(2) to emphasize that these are 
fields defined on the worldvolume of the second D-brane. The function /12 also enters 



the action via other background fields, 
expansion of the Born-Infeld action is 



and C'^^^^-'. The first term in the derivative 



- ^pe-^^f: 



</>/-(P+l)/4 



12 



1 

1^2 



(10.1.27) 



It appears that there is a potential term here from /12, but this interaction is precisely 
cancelled by the minimal coupling, from Eq. (110. 1.241) . to the background C'^p^^\ so 
the leading term in the derivative expansion is actuallj{^ 



-00 



The next terms in the expansion, with two derivatives, are 



1 



^/i2 9,X(^)9'^X(^) + i/i2(2vra')'i^(2),.FS 



(10.1.28) 



10.1.29) 



■^As usual, there is an additive ambiguity in C^^^^' , since only the field strength dC'^^^^^ is fixed 
by the solution. This ambiguity can be resolved by asking that the leading constant term of the 
worldvolume action be due entirely to the constant tension of the brane. 
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These simplify considerably upon the introduction of a scalar field 
and become 



(2) 



1 



1 



'a' 



K - 
(2), 



1 

1' 



2 I p2 



X(f)/2W 



;io.i.3o) 



The dependence on the background has again disappeared, showing that, up to two 
derivative terms, one D-brane does not feel the presence of the other. 

In fact, supersymmetry combined with gauge symmetry is so restrictive that we 
cannot write down any low-energy interactions between the D-branes if we stick only 
to terms with two or fewer derivatives. Only when we include higher-order terms, 
such as (velocity)^ or (field strength)^, do we begin to see long-range interactions 
between the D-branes. For example, expanding the Born-Infeld term up to fourth 
order in derivatives gives long-range interactions of the form 



-4>o I 



a 



i\7~P 



fl2 X 



or (a$ 



K \4 
(2) J 



;io.i.3i) 



from the position-dependent part of / 



12- 



10.1.4 Yang-Mills description and open strings 

This latter form for the interaction is, at best, cumbersome to handle. A remarkable 
fact about D-branes, however, is that these higher-derivative interactions can be 
encoded in a perfectly sensible two-derivative action by including additional massive 
fields. To reclaim the correct long-range interaction, we must take the somewhat 
unusual path of quantizing the theory and then integrating out these additional fields. 
These auxiliary fields are charged and, order by order, generate the correct long-range 
effective interaction between the original massless U(l) fields. Of course, this is no 
accident. The additional charged fields have a natural stringy interpretation as open 
strings stretched between the two Dp-branes. We will now finally come to the point 
and discuss how the worldvolume dynamics at low energy is encoded in a SYM theory. 

For the proposed two-derivative action for n parallel Dp-branes, let us start with 
the sum of the two-derivative terms from the Born-Infeld actions of the individual 
Dp-branesj^ 

UYM i=i 

where 



(10.1.32) 



2 

9ym 



27re'^° 



(27rA 



;i0.1.33) 



This is precisely the bosonic part of the action of a 11(1)"" gauge theory with maximal 
supersymmetry in any dimension. The proposal is simply to elevate this action to 
that of the maximally supersymmetric U(n) theory. 



9ym 



tr 



iF2 + i(Z^$^)^-i;^[<|.^$*^12 



(10.1.34) 



^Note that our conventions in this chapter differ somewhat from those of the previous chapters. 
We use a (-+++) metric, and have rescaled the gauge fields by a factor of gyM = e/\/2. 
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Figure 10.1: Parallel D-branes. The dynamics of D-branes is described by 
the elementary excitations of the open strings ending on them. When the D- 
branes are separated, the corresponding Yang-Mills gauge group U(n) is broken 
to U(l)"', and open strings with both ends on the same D-brane give rise to the 
unbroken Abelian gauge theory on the D-brane. The open strings connecting 
two parallel and separated D-branes produce massive vector mesons, which 
correspond to the off-diagonal parts of the U(n) gauge fields. 



with the <l>^ being in the adjoint representation [278] . 

The dictionary for recovering individual D-branes is well-known. If we go to 
the Coulomb phase of this non- Abelian theory, with the Higgs expectation value in 
diagonal form, then the identification is 



K 



(1) 








*(2) 






^(3) 



V 



and similarly for the gauge field part. 



-|- off-diagonal parts 



(10.1.35) 



Since 



Xlj^/2na\ the diagonal parts of 



the adjoint scalar fields encode the positions of the individual D-branes. When the 
eigenvalues of the vev are all distinct, the fields corresponding to the off-diagonal 
parts, Aij and $^ with i ^ j., are all massive and do not correspond to moduli of 
D-branes. Rather, they behave as massive fields that are charged with respect to the 
diagonal U(l)" theory. 

The origin of the off-diagonal components is also clear, once we know that D- 
branes allow open strings to terminate on their worldvolume. Pictorially, we associate 
the components Aij and (and their superpartners) with the lowest lying modes of 
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a supersymmetric open string with ends on the ith and jth D-branes (see Fig JlO.ip . 
The mass of such straight stretched strings should be, as we saw above in the classical 
approximation, the string tension times the distance L^j between the two D-branes. 
In the supersymmetric case, this naive classical formula actually gives the correct 
energy, 

£=^L,, (10.1.36) 

of the lowest-lying mode (after the GSO projection) of such a string. The massive 
particles corresponding to Aij and have masses 



^El*!., - = ^^EIA-,'., - A-i/ = ^L, . (10.1.37) 

thus supporting the claim that they correspond to these lowest-lying modes. 

In the case of two parallel D-branes, corresponding to a U(2) = U(l) x SU(2) 
theory, we identify the traceless part of the 2x2 matrices with the fundamental 
representation of SU(2). The normalization is such that the Yang-Mills coupling here 
is related to the (3 + l)-dimensional electric coupling constant by = ^Qym- Recall 
that our conventions are such that e is the electric charge, in terms of canonically 
normalized gauge fields, of the vector meson that becomes massive when the SU(2) 
symmetry is broken to U(l). 

The electric charge of the massive vector meson is also consistent with such a 
picture, thanks to the coupling of B^i, to 2TTa'Ff^^. This coupling in the Dirac-Born- 
Infeld action generates an additional source term for B such that 

d*dB = String + 5d A -7^777^^^ (10.1.38) 

where Cdbi is to be understood as a (p+ l)-form density. In the absence of magnetic 
sources for B, the left-hand side is an exact eight-form, so the two terms on the right- 
hand side must cancel each other when evaluated on any compact eight-dimensional 
hypersurface. Whenever n fundamental strings end on a Dp-brane, giving a net con- 
tribution from the first source term, the second source term must be there to provide 
an equal and opposite contribution. The latter is precisely the electric charge on the 
worldvolume. In other words, the fundamental string flux which is a gauge charge for 
B is transmuted to an electric fiux on the worldvolume, making the endpoint appear 
as a point charge. 

Starting from this, the effective interactions between D-branes are reproduced 
by integrating out these additional, massive fields. Because of supersymmetry, only 
terms with four or more derivatives survive, with the leading terms reproducing 
precisely the four-derivative interaction given previously. For the simple case of a pair 
of DO-branes, the procedure of integrating out the massive and charged off-diagonal 
part has been carried out up to two loops, and has been successfully compared to the 
prediction from long-range supergraviton exchange. 

The interactions among D-branes are reproduced by a quantum radiative cor- 
rection. When the Ljj/27ra' are finite, the fields corresponding to the off-diagonal 
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parts of the matrices are all massive. The Wilsonian effective action is obtained by 
integrating out all these massive fields, thus generating additional interactions among 
the diagonal entries. If we lift the above bosonic action to that of a maximally super- 
symmetric U(?T,) gauge theory, the leading one- loop terms are (up to a multiplicative 
numerical constant) 



^ - ^'F(i) - F^,)f or (9$^) - d^f^)f] . (10.1.39) 



This has exactly the right factors of a' and the string coupling to match with the 
long-range interaction of Eq. fll0.1.3ip that was found by expanding the Born-Infeld 
action of one D-brane in the background of the other. In fact, the coefficient has been 
found to match precisely!! 

Strictly speaking, these two computations are really justified in two different 
regimes. The open string picture is based on the regime where a' and Lij are taken to 
zero simultaneously while keeping Lij /a' finite. The previous (closed string) picture 
is valid when we consider larger separations Lij while keeping the kinetic terms small 
(in units of l/«') so that a'F <^ 1 and a'd^^ <^ 1. In particular, this is why an 
term is absent from the self-energy in the open string picture while it is present in the 
Born-Infeld action. It is the maximal supersymmetry enjoyed by the D-branes that 
allows the naive extrapolation between the two regimes and renders the comparison 
here possible. 



10.2 Yang-Mills solitons on D3-branes 

Let us concentrate on the case of many D3-branes parallel to each other, with po- 
sitions X^j^-^ in R^. According to the above discussion of the low-energy dynamics, 
the worldvolume dynamics is then described by a maximally supersymmetric U(n) 
Yang-Mills theory in a Coulomb phase, with the six adjoint scalars having diagonal 
vevs = X^^j^/27ra;'. In such a theory there should be magnetic monopoles that 

appear as solitons. In this section, we will describe how these solitons are represented 
in the D-brane picture, and how their low-energy dynamics is again described by a 
lower-dimensional Yang-Mills theory. 

10.2.1 Magnetic monopoles as deformations of D3-branes 

We must not forget that the D-brane action also contained topological terms. 



■[{P+l)/2] 

^ (j(p+l-2n) ^ g27ra' 

n=0 



(10.2.1) 

(p+l)— form 



that must be similarly elevated to a non-Abelian form. The leading term, involving 
, was already incorporated into the above Yang-Mills form of the action; it was 



^Quite a few computations of this kind have been performed in recent years. Some of the more 
expHcit examples can be found in Refs. [279j |280] . which considered the case of DO-branes. 



194 



used to cancel the static force coming from the NS-NS sector via the Born-Infeld 
term. Once we have carried out the derivative expansion, the remaining terms from 
the topological part of the action can be similarly expanded and elevated into a 
Yang- Mills form as 



(10.2.2) 



where the ith term is to be evaluated on, and integrated over, the ith worldvolume. 

With this in mind, let us consider an A/" = 4 U(2) theory spontaneously broken 
to U(l) X U(l) by an adjoint Higgs, rescaled as in Eq. (110. 1.341) . with 




;i0.2.3) 



As we discussed above, the corresponding D-brane picture is a pair of parallel D3- 
branes, separated from each other by a distance 27ra't>. Without loss of generality, we 
may choose the separation to be along the Xg-direction, which means that we should 
identify $9 as the adjoint scalar with the above expectation value. 

The BPS monopole of this theory has a very specific profile, which in the unitary, 
or string, gauge take the form 



$ = 



3 r 



V coth(f r) 



1 



(10.2.4) 



In terms of the Abelian fields associated with each of the D3-branes, we have 



(1) 



(2) 
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2 



V coth(f r) 
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;i0.2.5) 



Note that these scalar fields vanish at the origin. On the other hand, we gave an 
interpretation of these scalar fields as positions of the individual D-branes. Visualizing 
the shape of the two D3-branes, then, we conclude that the two D3-branes bend 
themselves and touch each other along the middle hj^erplane, Xg = 0, precisely at 
the center of the monopole core. 

In this gauge, the diagonal part of the gauge field satisfies an Abelian Bianchi 
identity and must have the profile of a Dirac monopole. 



A' 



[cos6 — l)d(f) - 



(10.2.6) 



in the usual spherical coordinates. The magnetic flux associated with this long- 
range Abehan gauge field consists of two diagonal fields. 



(2) 



sin 6 dO ( 



r • dr 

' 2r3 



(10.2.7) 



that represent 27r flux flowing from the first brane and flowing into the second brane. 
The apparent singularity at the origin is smoothed out by the non-Abelian nature of 
the true gauge field, whose off-diagonal part. 
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Figure 10.2: Two alternatative pictures of an SU(2) magnetic monopole 
(charged vector meson) in terms of D-branes. The figure on the left shows 
D3-branes deforming themselves to meet at a point. Supersymmetry requires 
that a net magnetic (or electric) charge flow from one D3-brane to the other, 
resulting in a BPS magnetic monopole (a charged vector meson). In terms of 
conserved charges, this is equivalent to a segment of Dl-string (fundamental 
string) suspended between the D3-branes, as shown on the right. 



becomes important near the origin but has an exponentially suppressed asymptotic 
behavior. 

For an even clearer picture, let us go to the limit where the vev v is very large. The 
core of the monopole, where the deformation of the D3-brane worldvolume is most 
pronounced, is small — of order 1/v — while the protruding part of the worldvolume 
becomes elongated along the Xg direction and is roughly of length 2'Ka'v. This looks 
like a long thin tube, with a pinched middle point, connecting the two D3-branes, 
as illustrated in Fig. 110. 2[ The pinching of the tube is related to the fact that we 
can view the asymptotic regions as two D3-branes, rather than as a D3- and an anti- 
D3-brane. (Without the pinching, the two parallel objects would necessarily have 
opposite orientations.) Thus, we may view the magnetic monopole as a localized and 
tubular deformation that connects two parallel D3-branes. 

10.2.2 Magnetic monopoles as Dl-brane segments 

When this configuration is viewed in terms of closed string fields, Eq. (110. 2. 2p gives 
the topological coupling 

/iaC^^) A 27ra'F , (10.2.9) 

which induces a Dl-brane charge, coupled minimally to C^'^\ on the tube. Since the 
flux is quantized in units of 27r, the Dl-brane charge per unit length along the tube 
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/igW f F = /i3(27rv^)2 = /ii , (10.2.10) 

which is exactly the charge per unit length of a Dl-brane. Thus the tube, if we ignore 
its girth, looks exactly like a segment of a Dl-brane (or D-string) stretched between 
two D3-branes. The length of the segment is 2na'v, the same as the distance between 
the two D3-branes. 

A less precise way of seeing this is to start with the the picture of two D3-branes 
connected by a D-string segment. Because of the same topological coupling, but seen 
from the opposite viewpoint, the gauge fields on the D3-branes see the end points 
of the D-string segment as sources of the =p27r magnetic flux. By itself, this does 
not show the precise structure of the monopole solution, but it suffices as far as the 
conserved charge goes |281] . 

This crude picture should be no stranger than our earlier assertion that massive 
vector mesons are stretched fundamental string segments between a pair of D3-branes 
[282]. The only difference here is that in the weak coupling limit the monopole is a 
large solitonic object amenable to semiclassical treatment, while the vector meson is 
small and must be treated quantum mechanically. If we go to the opposite extreme 
of very large Yang-Mills coupling, monopoles will appear very small while vector 
mesons are very large, so there is no fundamental distinction between a fundamental 
string segment and a D-string segment. In ordinary field theories, the interpolation 
between the weakly coupled and the strong coupled regime is dangerous, but for 
the case at hand, where we are considering 1/2-BPS objects, the large number of 
supersymmetries protects these pictures. 

10.2.3 1/4-BPS dyons and string webs 

In the context of this symmetric view of monopoles and vector mesons, the construc- 
tion of some dyonic states follows naturally. The trick is to realize that, in addition to 
the fundamental strings and D-strings, there are other varieties of (l+l)-dimensional 
string-like objects, known as {q,p) strings. These are tightly bound states of q fun- 
damental strings and p Dl-branes, with q and p required to be coprime integers. 
From the Dl-brane viewpoint, a (g, 1) string is nothing but a Dl-brane carrying q 
units of quantized electric flux. When q and p are coprime integers, p Dl-branes can- 
not share q quantized electric fluxes equally among themselves, and must therefore 
be at the same location in order to be able to carry such a charge and yet remain 
supersymmetric. 

Type IIB superstring theory possesses an SL(2, Z) duality, similar to that of A/" = 4 
SU(2) SYM theory, except that it acts on these string-like objects instead of on the 
charged particles. The appearance of these additional strings is again a consequence 
of the SL(2,Z). Having a segment of {q,p) string ending on a pair of D3-branes 
generates q units of vector meson charge and p units of monopole charge, leading 
to a simple (g,p) dyon of the SU(2) SYM theory. Thus, the SL(2, Z) of AT = 4 
SYM theories is a direct consequence of the SL(2, Z) of type IIB superstring theory. 
Perhaps a more accurate way of phrasing this is to say that the existence of {q,p) 
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(1,0) 



(-1,0) 




Figure 10.3: The four simplest types of string junction corresponding to 1/4- 
BPS dyons. The circles represent the D3-branes on which the strings end, while 
the strings are labelled with their charges. Each of these four types preserves 
a different 1/4 of the = 4 supersymmetry. 



dyons in the SYM theory is important evidence for the SL(2, Z) duality of the type 
IIB theory. 

At the same time, it is clear that most of the dyons we have found cannot be 
realized in this simple manner. As we have seen, in a theory with gauge group of 
rank > 2, the electric and magnetic charges of a generic dyon do not correspond to 
parallel vectors in the Cartan subalgebra. From the D-brane viewpoint, such a dyon 
cannot be made from a single (g, p) string segment connecting a pair of D3-branes. 
Instead the desired configuration must involve strings with ends on more than two 
D3-branes, which is possible for rank 2 and higher gauge groups. The simplest case 
would involve three types of strings, each with one end on a different D3-brane and 
the other at the junction of the three strings. 

For instance, a (1, 0) string and a (0, 1) string can join to become a (1, 1) string 
[216] [217] . with the ends of this "three- pronged" configuration each on a different D3- 
brane [177j . In the SU(3) theory, this corresponds (in a suitably chosen basis) to a 
dyon with magnetic charge corresponding to (3i+(32 and electric charge corresponding 
to ±/3^. Consideration of the energetics alone shows that the location of the junction 
point is determined solely by the positions of the D3-branes. Each of the three 
strings has a definite tension, regardless of its length, so the positions of the D3- 
branes define three attractive force vectors acting on the junction. The balance of 
forces determines where the junction will be, as shown in Fig. 110.31 For this three- 
pronged string configuration, the balance of forces is enough to guarantee its BPS 
nature. Just as in the field theory computation, these dyons would preserve 1/4 of 
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Figure 10.4: A string web corresponding to a 1/4-BPS dyon made from a 
sequence of distinct fundamental monopoles. The horizontal line has a D- 
string charge while the vertical lines are fundamental strings. Note that the 
fundamental strings are all flowing along the same direction. 



the A/" = 4 supersymmetryO 

More generally, we can consider a web of {q,p) strings with many junctions and 
many external ends ending on D3-branes [178] . With more than three external lines, 
however, the balance of forces is not enough to guarantee the 1/4-BPS property. 
We saw from the field theory BPS equations that at most two adjoint Higgs fields 
can be involved in the formation of 1/4-BPS dyons. Since the adjoint Higgs field 
encodes the configuration of the D3-branes and the strings, this translates to the 
condition that the string web be planar. Furthermore, the field theory BPS equation 
has only two overall sign choices, one for the primary BPS equation and another for 
the secondary BPS equation. This translates to the condition that the orientation of 
string segments be consistent with each other. Thus, for example, two (1,0) string 
segments in different parts of the web should be directed the same way. 

Figure 110.41 illustrates the string web corresponding to the dyonic bound states 
made from of a sequence of distinct monopoles, as in the previous chapter. It has 
one Dl-brane connecting two D3-branes and passing by many nearby D3-branes. 
Fundamental strings shoot out from the latter set of D3-branes to meet the Dl-brane. 
The fundamental string charges can then be immersed into the worldvolume of the 
Dl-brane as electric fields. This pattern is uniquely determined by the magnetic and 
electric charges on the Dl-string and by how many fundamental strings come out of 
each of the D3-branes. Apart from the balancing of forces at each and every junction, 
the BPS condition requires that all fundamental string segments are directed in the 
same way: all up or all down. While the string web picture is not particularly useful 
for the counting of states, it proves to be a handy way of cataloging whether a given 
dyonic state exists. In terms of the restrictions found in the index computations 
for 1/4-BPS dyons in A/" = 4 SYM theory, the following correspondence can be 
established: 

^An interesting realization of this configuration in a gravitational setting is given in Ref. [283j . 
where the D3-branes at the ends of two of the three prongs are replaced by a gravitational back- 
ground. See also Ref. [284] . 
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• ±aA<iA > ^ unidirectional property of strings in any given web. The 
same type of string cannot appear twice with opposite orientations. 

• Ig^l < \0'a\ =^ existence of three-point junctions. Too much electric charge (or 
too many fundamental strings) will pull the junction to the side and destroy it. 
The resulting string web configuration is not supersymmetric, and the corre- 
sponding field theory configuration involves two or more charged particles that 
repel each other. 

10.3 T-Duality and monopoles as instanton par- 
tons 

Before proceeding to the Nahm data, let us consider a variation on the above D- 
brane/ Yang-Mills soliton picture. Instead of considering supersymmetric configura- 
tions of D3-branes, we will consider D4-branes. Just as an open Dl-brane acts like 
a monopole in a D3-brane, a DO-brane can be embedded into a D4-brane and act 
like an instanton soliton. Not only is this phenomenon of interest on its own but, 
after T-dualizing the configurations, we will find important implications for monopole 
physics. In this section, we start with the DO/instanton correspondence, then explain 
how T-dualization acts on the classical field theory degrees of freedom, and finally 
arrive at the conclusion that monopoles can be considered as partons of an instanton 
soliton when the latter is defined on x 5*^. This will naturally lead us to the 
ADHM and ADHMN constructions in the next section. 

10.3.1 An instanton soliton as an embedded DO-brane 

The line of thought of Sec. llU.2.2l can be extended immediately to the next topological 
coupling. 



For instance, we can consider a stack of n coincident D4-branes. The worldvolume 
theory is a maximally supersymmetric U{n) Yang-Mills theory, and this coupling 
implies that a classical configuration with 



generates a DO-brane charge, as seen by spacetime [281]. We are already familiar 
with such configurations as the instantons of four-dimensional Euclidean Yang-Mills 
theory. In the (4-|- l)-dimensional setting, these instanton solutions exist as solitons, 
again solving the familiar self-dual equation. 




(10.3.1) 




(10.3.2) 



F 



±*F. 



(10.3.3) 



The quantization of the instanton charge is such that 




tiF AF = k 



(10.3.4) 
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for integral k, and the instanton [3^ soliton with this charge generates a DO charge 
/i4 X -(27ra')^ X Svr^A; = /i4 x [Itw/q'^ x k = x k (10.3.5) 

that represents precisely k units of DO charge. One major difference from the mono- 
pole case is that this solution does not need the scalar fields. Since the latter dictate 
the actual shape of the D4-branes, it means that DO-branes do not induce any defor- 
mation of the D4-brane worldvolume. All that happens is that, when the DO-branes 
are absorbed by the D4-brane worldvolume, their point-like charges are converted 
into self-dual Yang-Mills flux of arbitrary width. 

The vacuum condition on DO-branes in the presence of D4-branes leads to the 
familiar ADHM construction of instantons. As the first step towards this, we con- 
sider k DO-branes embedded inside n D4-branes. From the worldvolume perspective, 
the configuration is k instanton solitons of a (4 -|- l)-dimensional, maximally super- 
symmetric U(n) Yang-Mills theory. As with magnetic monopoles, the dynamics of 
such solitons can be described by a moduli space approximation. Instead of doing 
so, however, we will stick to the D-brane interpretation of the instanton solitons and 
ask what type of Yang-Mills theory lives on their worldlines. 



10.3.2 T-duality maps on Yang-Mills theories 

Let us consider the Yang-Mills field theory associated with an infinite number of 
parallel Dp-branes separated at equal distances along the direction. Furthermore, 
let us constrain their motions in such a way that the motion of a single Dp-brane is 
exactly mimicked by all the other Dp-branes. In other words, we require the fields 
labelled by the gauge index pair (z, j) to behave exactly like those with {i + k, j + k), 
for any integer k. To ensure this, it is sufficient to require that 

{A^)^+l,J+l = {A^)ij (10.3.6) 

for all integer pairs (As a matter of convenience, we have partially fixed the 

gauge so that the constraint can be written in a particularly simple form. Resusci- 
tating the full gauge symmetry at the end of the day is straightforward.) The one 
exception to this rule is for which encodes the positions of the Dp-branes along 

x^~^^. For this latter, the restriction we should require is that 

$f+^>i = <^ + ^^.- (10.3.7) 

where 2'kR is the distance between successive pairs of Dp-branes. The other adjoint 
Higgs fields, $^ with K = p + 2, . . . ,9, obey the same constraint as the gauge field, 

= ^1 ■ (10.3.8) 

This set of constraints is naturally imposed if we view the system in a slightly 
different way, that is, by dividing it by a 2ttR shift of along x^^^ [285]. From this 
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viewpoint, we consider all the Dp-branes as mirror images of each other and effec- 
tively study a single Dp-brane sitting at a point on a circle of radius R. What is the 
mass spectrum of the elementary particles of this theory? Since we are effectively in 
a Coulomb phase of a U(cxd) theory broken to U(l)°°, we expect to find an infinite 
number of massive vector mesons. In fact, from the form of the that is responsi- 
ble for the symmetry breaking, we can see that the off-diagonal fields, such as 
have masses given by 

< = (^) (10.3.9) 

for every integer n. In fact, there is exactly one maximal vector multiplet for each n. 

We are also familiar with another situation where one gets an infinite tower of 
massive fields with such an integer-spaced mass formula. This happens when a field 
theory is compactified on a circle, say of radius i?, and then described in terms of a 
field theory in one fewer dimension. The squared masses of the so-called Kaluza-Klein 
tower are then 

~2 



K = [j) (10.3.10) 

for all integer n. For now, we note that the two mass formulas coincide if 

RR = a'. (10.3.11) 

What we wish to show in the rest of this section is that the above worldvolume theory 
of a single Dp-brane sitting on a circle of radius R is equivalent to a worldvolume 
theory of a D(p + l)-brane whose [p + l)th direction is wrapping a circle of radius 
R = a'/R. The same kind of statements hold for multiple Dp-branes and multiple 
D(p + l)-branes; establishing these requires no more than adding additional internal 
indices in what follows. 

To actually prove the above statement, it is convenient to introduce a new param- 
eter cr, with period 27rR, and organize the matrices Aij, and $^ into bilocal 
quantities 

^''^R mk 

$^(l/'^;a,a') = ^ ^ $J^(^m) e— / V^'/k . (10.3.12) 

The choice of the Fourier basis is, of course, dictated by the periodic nature of the 
allowed configurations. 

Imposing the periodicity constraint effectively reduces the number of degrees of 
freedom in such a way that we can replace the matrices by column vectors or, equiva- 
lently, reduce these general bilocal expressions to local ones. It is a matter of straight- 
forward computation to see that the three types of fields can be written in the form 
[286] 
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d 



5{a - a') 



$^(i/'^;(t,(t') = ^^{y^'-a)5{a-a') (10.3.13) 

where all quantities on the right-hand side are local fields in terms of and a. 

The derivative operator in can be understood as follows. The original matrix 
quantities have a natural operation among themselves, namely matrix multiplication. 
When we replace the matrices by bilocal quantities, this matrix multiplication carries 
over to an integration: if Zkn = J2m ^kmYmn, then their bilocal versions obey 

Z{a, a') = J da"X{a, cT")Y{a", a') . (10.3.14) 

Thus, each bilocal quantity is an operator acting on the right, and the derivative with 
respect to a should be understood as such. 

The actual SYM theory on a Dp-brane has three types of purely bosonic terms in 
the action, 

9YM-J \ 4: 2 ^ K<M J 

(10.3.15) 

[Here gyM is again given by Eq. (110. 1.331) .] If we follow the procedure described 
above, this becomes 

^bos = ^ [ dada'5{a' - a) ( (F+^y 5{a' - a) (--F^.F^^ 
9ym •' V 4 

+i [$^$*T + ^E[^P+l + ^^-*^][^P+l+^^-'^'^1) ,(10.3.16) 

k<M K J 

where the integrations over a and a' and one of the delta functions come from taking 
the trace; 

After the integration over a', the two delta functions reduce to 5(0). This infinite 
factor is an artifact of counting mirror D-branes as if they were real, and should 
be replaced by the inverse volume factor, 1/2tiR. The correct normalization of this 
factor can be found by tracing back to the discrete index notation and dropping 
precisely one summation. If we now define a (p + 2)-dimensional coordinate system 
y'^ = {y^, cr), with y^"*"^ = ex, and regard Ap^i as a component of the gauge field along 
the new direction, we obtain 



Qv h/T J \ 4 Z Z - - 



K<M 



(10.3.17) 
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This is precisely the bosonic piece of the {p + 2) -dimensional maximally supersym- 
metric Yang-Mills theory on a circle of radius R. The modified Yang-Mills coupling 

fvM = alKfi^R = (2^^"^";^) (27rv^)''^' (10.3.18) 

can be interpreted as the correct Yang-Mills coupling on D(p + l)-branes in a string 
theory with a different string coupling constant, 




(10.3.19) 



What we discover from this is that there is no real distinction between a Dp-brane 
sitting on a circle of radius R and a D(p-|-l)-brane wrapping a dual circle of radius R = 
a' /R, provided that we tweak the Yang-Mills couplings of the two sides appropriately 
[2^5] . 

While this is shown here at the level of low-energy dynamics, it has of course a 
deeper origin in string theory, which goes by the name of T-duality. This T-duality 
transformation also flips a GSO projection, and actually maps between type IIA 
theory (which has only even p D-branes) and type IIB theory (which has only odd p 
D-branes). This well-known fact will not be of relevance for our purposes; we refer 
interested readers to the standard string theory textbooks. 

In the SYM theory, the background geometry is not part of the configuration 
space, so we cannot quite consider this operation as a discrete local symmetry. This 
is why it is sometimes stated that there can be no T-duality in local field theories. 
The T-duality here can be understood as a sort of tautology, since as far as the purely 
field theoretical picture goes, there is only one sensible description of the setup as a 
(]9+2)-dimensional theory compactified on a circle. Nevertheless, its "T-dual picture" , 
with an infinite number of (p + 1) dimensional fields, becomes quite useful once we 
visualize it in terms of Dp-branes. In the next section, we will see the most famous 
example of this, and see how these two different geometrical pictures allow a simple 
understanding of the mysterious relationship between monopoles and instantons. 



10.3.3 Monopoles are partons of periodic instantons 

A slight modification of the D0-D4 system occurs when we consider D4-branes com- 
pactified on a circle. A DO-brane on n D4-branes is then a l]{n) instanton on R^ x S^. 
Let us further imagine turning on some Wilson lines along S^, thus effectively break- 
ing the U(n) gauge symmetry to a smaller group, generically to the maximal torus 
11(1)"". Having a Wilson line can be viewed as having one component of the gauge 
field, A4, acquire an expectation value. In the T-dual picture, however, A4 came from 
the adjoint scalar field associated with the D3-branes. The latter encodes where these 
D3-branes are sitting along the dual circle 5*^. So we can also visualize the Coulomb 
phase due to a Wilson lines as a separation of D-branes along some spatial direction. 
The only difference is that this direction is now compact. 
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Let us ask what happens to the DO-brane upon such a T-duahty mapping. By 
the nature of T-duahty, it has to be converted to a Dl-brane winding along the dual 
circle, S^. Along the S^, on the other hand, are n D3-branes distributed according to 
the value of the Wilson line; these meet the Dl-branes at right angles. In particular, 
the Dl-brane can be split up into n segments, each connecting adjacent pairs of 
D3-branes. Note that each of these Dl-brane segments behaves exactly like a BPS 
monopole with respect to the relevant pair of D3-branes. We find that, in the presence 
of a Wilson line, n such mutually distinct monopoles compose a single instanton on 

X pFH [MM [2901 [29T1 [2921 [293] . 

In fact, this is the simplest way to understand why an instanton of U(n) theory 
has exactly 4n moduli parameters; An equals 4 times n, and the moduli are really 
coming from the fact that the instanton is composed of n monopoles, each of which 
always carries four mo duhlll This also leads to a new type of solution, in which we 
start with an instanton on x and send one or more of the monopoles away to 
infinity. We end up with a solitonic configuration carrying both quantized magnetic 
charge and fractional instanton charge. 

Even more drastically, we could collapse the and thus expand the 5*^ until we 
have R^ x R^ on the dual side, where we could maintain some number < n of D3- 
branes sitting at finite positions along R^. Taking various limits of sending some of 
the Dl-brane segments to infinity, we end up with perfectly ordinary BPS monopoles 
on R'^. This gives a natural map relating the worldvolume theory of a DO-brane on 
D4-branes to that of open Dl-branes ending on D3-branes, which is essentially how 
one obtains the Nahm data from the ADHM construction. We will come back to 
this relationship in the next section, after we have first examined in some detail the 
relation between the ADHM construction and the D0-D4 system. 

10.4 ADHM and ADHMN constructions 

We have seen that a DO-brane absorbed by a stack of D4-branes acts like an instanton 
soliton, and have mentioned that the conventional ADHM data is nothing but the 
specification of a supersymmetric configuration of a DO-brane under the influence of 
D4-branes [297[ 12981 1299[ I300j . Here we will make this more precise and describe 
the ADHM data from this viewpoint. Upon T-dualizing this picture we find a D3- 
Dl complex in which the Dl-brane vacuum configurations become the Nahm data, 
leading us to the desired connection between Nahm data and BPS monopolesj^ 

^This remarkable fact allowed us a better understanding of gaugino condensate in A/" = 1 super 
QCD. By compactifying the Euclidean time, the basic instantonic objects in x are these 
monopole solutions which have exactly the right zero mode structure to contribute to a superpoten- 
tial and a fermion bilinear consisting of gaugino. See Ref. |294[ I295|, I296j for more detail. 

somewhat different approach, in which the D3-D1 configuration is obtained from the decay 
of unstable D4-branes, has been proposed recently in Refs. |30HI302j . 
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10.4.1 ADHM from D0-D4 



In the absence of D4-branes, the low-energy theory on a DO-brane must be the unique 
SYM quantum mechanics with gauge group U(fc) and 16 supercharges. It has one 
gauge field (with only a time component), nine adjoint scalars, and eight complex 
fermions, also in the adjoint representation. The action is the dimensional reduction 
of ten-dimensional SYM theory down to (0 -|- 1) dimensions. When D4-branes are 
present, half of the supersymmetry is broken by the D4-branes, so the vector multiplet 
is smaller than otherwise. The time-like gauge field and the five adjoint scalars 
transverse to the D4-branes combine with half of the fermions into a vector multiplet. 
Let us denote these five scalars by Xj. 

The other parts of the maximal supermultiplet survive, and organize themselves 
into an adjoint hypermultiplet that contains four real adjoint scalars and the other 
half of the fermions. The hypermultiplets are what we are interested in, and we will 
write their scalars in terms of two complex adjoint scalar fields Hi and H2- Another 
modification is that we can now have open strings connecting the DO-brane and the 
D4-brane. This induces hypermultiplets in the fundamental representation of U(fc). 
We will denote the two complex scalar fields of these hypermultiplets as Q^, with 
a = 1 or 2 while / = 1, 2, . . . , labels the fiavors. 

Since we are dealing with a simple mechanical system, the vacuum condition 
demands that all fields take constant values in such a way that the potential vanishes 
identically. There are two types of potential terms. The commutator term. 



/ 



dttI\-]-Y.[X^^Xkf + Y.\[X^^HX\ , (10.4.1) 



2 i<k 



can be set to zero by insisting that Xk = 0, which amounts to saying that the DO- 
branes are stuck to the D4-branes. The other part of the potential arises from the 
so-called D-terms, 



^ 6=1 ^ 6=1 



T.irar{[Ha,Hl] + T.Qi^Q'' 



a,f3 



(10.4.2) 



where the are the Pauli matrices and the trace and the tensor product here refer 
to the (implicit) U(fc) gauge group indices. 

The point of this is that the supersymmetric vacuum condition T>a = is exactly 
the same as the ADHM equation ^106j if we identify the {n + k) x k quaternionic 
ADHM matrix with 

Qi + Q2J \ 

(10.4.3) 

Hi + H23 ] 

where j is one of the three quaternionic imaginary units. Starting from this picture, 
one can derive the ADHM prescription for obtaining the instanton configuration on 
R^. Since this goes well beyond the scope of this review, we will simply refer interested 
readers to Ref. [300] . 
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10.4.2 Nahm data from D1-D3 



Suppose we compactify one spatial direction on the D4-brane. From the DO-brane 
viewpoint this means that one real scalar field from the adjoint hypermultiplet has 
to become a covariant derivative along the dual circle; the argument for this exactly 
parallels that in Sec. 110. 3. 2[ We rewrite the adjoint scalars as four real fields, 



Hi 



V2 



{Y3 + tYo[ 



Ho 



V2 



iY^-tY2] 



(10.4.4) 



If we take the Yo-direction to be the one that is compactified, then Yq turns into a 
covariant derivative along the dual circle parameterized by s, while the remaining 
three Yi become functions of s; i.e., 



Yo i5{s ~ s')Do = i5{s - s') 
^ 6{s - s')T,{s) . 



iTo(s' 



d_ 
ds 



(10.4.5) 



The two gauge indices in the matrices turn into two continuous variables, s and s', 
living on the dual circle. We thus find 



a,l3 



[H. 



a, Hp] 



-6{s 



DqTi + -^eijk\Tj,Tk_ 



;i0.4.6) 



Aside from the delta function and an overall sign, this is precisely the right-hand side 
of the Nahm equation, Eq. (14.4.11) . 

To complete the reconstruction of the Nahm data, we must determine what the 
T-duality transformation does to the fundamental hypermultiplets, Qo- the dual 
D3-D1 picture, we would proceed as in Sec. 110.3.21 to find an effective theory of 
D3-branes transverse to a circle. The trick here is to regard the circle as R/Z and 
consider an infinite set of mirror image D3-branes that repeat themselves with 2ttR 
shifts in the covering space. In the D4-D0 picture, with k DO-branes, we start with 
a U(fc X oo) theory and, for all fields but Yo; identify any given k x k block with the 
next k X k block along the diagonal direction. For Yq, the diagonal entries are to be 
shifted by R/a' when the indices are shifted by k. 

The question, then, is precisely what kind of (quasi-)periodicity condition we 
should impose on the fundamental scalars. Since these are charged with respect to 
the U(n) on the D4-branes, the rule for them must refiect the configurations of the 
D4-branes. In the D3-D1 picture, the n D3-branes are spread out and separated from 
each other. From the (4 + l)-dimensional Yang-Mills theory viewpoint, this position 
information is encoded in the Wilson line of the gauge field along the compactification 
circle as 



D4-Branes 








V 










^is-i/R 











^/R 



;i0.4.7) 
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with s f being the position of the /th D3-brane on the dual circle. (This can be seen 
by inverting the process we used in Sec. 110.3.21 ) We have normalized the Sf so that 
they are periodic in 271 R = l-na' j R; roughly speaking, s lives along the original circle 
in the eigenvalue space of A4/27ia'. 

Since the fundamental hypermultiplet couples to the gauge field on the D4-branes, 
the only sensible prescription is to parallel transport the along the 2TrR shift. This 
means that we should require 

(Qih+k = e-f/\Qi), (10.4.8) 

for any value of the color U{k) index j and the flavor U(n) index /. The upshot is 
that on the dual circle we find 



Qi^\/2nRSis-Sf)Qf{s). (10.4.9) 

The reason that the depend only on s, instead on both s and s', is that they 
come from a fundamental representation, which has only one U(A;) index, rather than 
from an adjoint representation, which has two. Furthermore, because of the factor of 
6{s — Sf), they are really just a set of numbers sitting at s = s/, rather than functions 
of s. In the bilinear Q <S) there is no summation over a U(fc) gauge index, so the 
two delta functions remain intact. Thus we find the map 

Qi ® Q^^ 27ri? 5(3 - Sf) Sis' - Sf) Qiisf) ® Q^isf) (10.4.10) 

or, equivalently, 

Q^(s)a ® Q^is) ^ 2nR Sis - s') [Sis - Sf) Ql ® Q'l\ , (10.4.11) 

where we have dropped the arguments of the on the right-hand side since they are 
only defined on the D3-brane positions s = Sf. Combining this with Eqs. (110. 4. 2p and 
(110. 4. 6p . we find that the D-term condition of the ADHM construction transforms 
into 

D^T, + ^ei,fc[T,-, Tfc] = ' ^ /) Y.^'r^T^Qi ® ■ (10.4.12) 

The jumping data from the encode the spatial separations between distinct fun- 
damental monopoles, that is, between two sets of Dl-brane segments on opposite 
sides of a D3-brane. 

When considered locally in s, this is precisely the Nahm equation for a configura- 
tion of k distinct fundamental monopoles in an SU(A^) gauge theory that is sponta- 
neously broken by an adjoint Higgs whose vev has eigenvalues (. . . , Sf, . . .) 
[262[ I263j . The normalization of the coordinates is such that the mass of the vector 
meson corresponding to an open string between the /th and the (/ + l)th D3-branes 
is (s/+i — Sf)/27ia'. As discussed in Sec. I4.4.5[ the Nahm construction for this case 
requires jumping data, consisting of a pair of complex /c-vectors ai and a2] these 
correspond to V 271 R Qi and V 27cR Q2. 
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Because we started with a D0-D4 system and then T-duahzed, with the s j being 
periodic variables associated with Wilson lines, the global interpretation of this sys- 
tem of equations differs from that of the usual Nahm data. However, this is easy to 
fix: We consider the limit where the radius R = a' /R of the dual circle goes to infinity 
while (some of) the sj remain finite. In the process, we will find that at least one 
Dl-brane segment becomes infinitely long. We then remove some Dl-brane segments 
to infinity. We must find a boundary condition for this limit that is consistent with 
the monopole interpretation of the Dl segments. 

For instance, suppose that we keep k Dl-brane segments in one interval, say on 
(si, S2), while taking the segments in all other intervals to spatial infinity. Without 
loss of generality, we can take — si = 82 = ira'v, so that this generates k SU(2) 
monopoles of mass Anv/e. We then have a one-dimensional self-duality equation on 
a finite open interval, (— vra'f , Tra'f ), 

DoT,+ '-e,,k[T,,Tk]=0 (10.4.13) 

with delta-function sources at s = ±7ra'f . Furthermore, since the other Dl-brane 
segments have been removed to spatial infinity, the at the ends, and therefore the 
source terms, must diverge. The proper thing to do would be to first solve for the 
Nahm data, and then in the solution take the limit of some branes going to infinity. 
On the other hand, since we are dealing with a local field theory on the Dl-branes, 
there must be some boundary conditions at s = ±7ra'v that effectively emulate this 
procedure and give the correct Nahm data without having to go through this limiting 
procedure. 

As we discussed in Sec. 14. 4[ the Nahm equation without the source terms allows 
singular behavior at the boundaries. The requirement that the divergence in the 
commutation term balance against that in DqT constrains the singularity at s = 
—na'v to be a pole of the form 

T^is) = -—^ + ... (10.4.14) 

s + na'v 

with 

ti = ^eijk[tj,tk] (10.4.15) 

and with similar behavior at S2 = ira'v. The singular boundary behavior is deter- 
mined by the choice of the SU(2) representation t^. (Regular behavior also may be 
included in this discussion by taking the trivial representation, ta = 0.) This matches 
the known boundary condition for the Nahm data, given in Sec. 14.41 if and only if 
the k X k matrices ta form an irreducible representation of SU(2). 

While it remains quite difficult to show that the irreducible representation is 
the only acceptable boundary behavior, there is a simple physical motivation for 
this choice. Recall that the Dl-brane picture is itself motivated from the shape of 
monopole solitons on D3-branes. As we saw earlier, the monopole solution can be 
regarded as a tubular deformation of flat D3-branes, with the tube carrying Dl-brane 
charge. For large charge or small electric coupling, however, it is clear that the shape 
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r ~ 27:a' T 




Figure 10.5: Coordinates and scalar fields on the Dl-brane and the D3-brane 
have a reciprocal relationship. The linear coordinate s on the Dl-brane is 
encoded in the adjoint Higgs field ^ on the D3-brane, while the spatial coor- 
dinates on the D3-brane are encoded in the adjoint Higgs fields T" on the 
Dl-brane. 



of the tube can be reliably described by the classical monopole solution where the 
tube widens and continuously merges into the D3-branes. The asymptotic form of 
the charge k SU(2) monopole solution in the unitary gauge scales as 

*(2)-(-0 =!: + ■■•■ (10.4.16) 

On the other hand, near si/27ra' = — f/2 the coordinate s/2na' on the Dl-brane 
encodes the value of the quantity $(2), since the latter is really the transverse position 
coordinate of the deformed D3-brane (see Fig. 110.51) . In the same spirit, the Tj specify 
the position of the tube along the D3-brane worldvolume directions, and are related 
to the position 3-vector by TjTj ~ r^/(27ra')^/jtxfc- This map tells us that the 
monopole solution on the D3-brane would appear as a configuration of the Tj on the 
Dl-brane such that 

or, more precisely. 




TiT,^ \ hxk, (10.4.18) 

which suggests that the boundary condition must be chosen so that 

t,ti~(A;/2)24x,. (10.4.19) 
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The quadratic Casimir of the /c-dimensional irreducible representation is (fc^ — l)/4 ~ 
{k/2)^, so the Nahm data boundary condition gives us a Dl-brane picture consis- 
tent with the D3-brane viewpoint. A reducible representation would be difficult 
to reconcile with this in two aspects. The "size" of TjTj would be smaller since 
+ (fc — = A;^ — 2l{k — I) < k"^ for any positive / < k. Even apart from the 
issue of the size, a reducible representation would make the configuration appear as 
if there were two or more unrelated tubes whose sizes were labelled by the size of the 
irreducible blocks. 

This observation generalizes immediately to the case with arbitrary numbers of 
Dl-brane segments. If two families of Dl-branes, with k and k' < k components, 
respectively, are on opposite sides of a D3-brane, the net magnetic charge on the D3- 
brane is k — k', and the asymptotics of the BPS monopole is determined by k — k'. We 
therefore conclude that the boundary condition across the D3-brane should contain 
a pole-like divergence on a (A; — k') x [k — k') irreducible block. This again matches 
the known Nahm data boundary condition precisely. A mathematical proof, from 
string theory, of whether and why this generically singular boundary condition is the 
only consistent choice is still absent as far as we know. A more detailed discussion 
of the relationship between different Nahm data boundary conditions was given in 
Ref. [IID]. 
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Appendix A 



Complex geometry and the 
geometry of zero modes 

A.l Complex geometry 

While the moduh space always comes with a metric that defines the affine connection 
and curvature tensor, the moduli spaces of supersymmetric solitons are often endowed 
with additional structures, such as the Kahler and hyper-Kahler structures that are 
required by the constraints on the dynamics imposed by the supersymmetry. In this 
brief appendix we outline some basic concepts and ideas in complex geometry that 
are of some relevance for the monopole moduli space. 

A. 1.1 Complex structure and integrability 

A manifold is "almost complex" if there is a tensor field J™„ that rotates any tangent 
vector by 90 degrees. Since rotating by 90 degree twice reverses direction, an invariant 
way to state this condition is to say that 

= (A.1.1) 

An example of this is, of course, the complex plane, where the action of J is induced by 
multiplication of complex numbers by i. In terms of holomorphic and antiholomorphic 
vector fields, the action of J is diagonal: 

d_ _.d_ 

dz dz 
d_ .d_ 

dz dz 

However, this particular J satisfies many more properties than a generic "almost 
complex structure." 

The idea of a complex manifold should be that we can model the manifold locally 
by C", just as a real manifold is something that is locally R^. The reason why a 



(A.1.2) 
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manifold with = —1, is called almost complex is that, without a further intcgra- 
bility condition on J, there is no guarantee that a holomorphic coordinate system z'^ 
exists and that we can write J in a simple form as above. For the manifold to be 
truly complex, an almost complex structure must satisfy the integrability condition 

= J^^idmJ'i - dij\) - JZidmJ'n ' dnJ' J ■ (A.1.3) 

The expression on the right-hand-side is known as the Nijenhuis tensor. If this con- 
dition holds, the manifold can be equipped with holomorphic and antiholomorphic 
coordinates on which J acts diagonally, as in the example of the complex plane. Such 
a tensor J is called a complex structure. 

The Nijenhuis tensor can be regarded as a mapping N of a. pair of vector fields to 
a third vector field, 

In{X, Y) = [JX, JY] - [X, Y] - J[JX, Y] - J[X, JY] . {AAA) 

Note that if there exist a holomorphic coordinate system, as above, we can write any 
vector field X in terms of this coordinate basis so that it can be decomposed into a 
(1, 0) type vector field and (0, 1) type vector field, 

X^x'^—^x'^—. (A.1.5) 

It is then straightforward to show that the Nijenhuis tensor acting on any pair of vec- 
tor fields is zero, which shows that the = condition is necessary for integrability. 
The only facts we need to use for this are that J acts linearly and that 

JX^-ix^— + ix^—. (A.1.6) 
dz^ dz^ ^ ' 

More abstractly, the integrability = follows if the commutator of a pair of vector 
fields of (1,0) type is again of (1,0) type and if the corresponding statement holds 
for vector fields of (0, 1) type. The converse statement is, of course, the difficult part, 
for which we refer the reader to the mathematics literature. 



A. 1.2 Kahler and hyper-Kahler manifolds 

A manifold can be equipped with a metric, as in the case of the moduli space. A 
complex structure is defined without reference to the metric, but one may still ask 
if there should be a compatibility condition between these two superstructures. One 
obvious thing to require is that "rotation by 90 degree" by J be a symmetry of the 
metric. That is, it should leave the metric invariant, so that 

g{X,Y)^g{JX,JY) (A.1.7) 

for any pair of vectors X and Y . This is called the Hermiticity condition. 

Furthermore, when a manifold has a metric, it also inherits a Levi-Civita con- 
nection that enables one to parallel transport tensors. So a natural compatibility 
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condition to ask of any superstructure on a manifold with metric is that it be co- 
variantly constant. A complex manifold with a complex structure J and a Hermitian 
metric g is called Kahler if 

VJ = 0. (A.1.8) 

Because J is covariantly constant, the curvature tensor must act trivially on J . This 
restricts the possible holonomy to be unitary. In other words, when a 2n-dimensional 
manifold is Kahler, one finds a t/(n)-valued curvature tensor instead of the usual 
S'0(2n)-valued curvature tensor. The group generated by the holonomy of the man- 
ifold is the structure group of the tangent bundle, so a fancy way of characterizing a 
Kahler manifold would be to say that the manifold has a unitary structure group. 

Note that for the manifold to be complex J must already satisfy the integrability 
condition, which constrains the gradient of J somewhat. Furthermore, because the 
derivatives in the definition of the Nijenhuis tensor are promoted to covariant deriva- 
tives on a manifold with a Hermitian metric and its affine connection, some terms in 
V J already vanish if the manifold is complex. It turns out that the remaining terms 
can be grouped into another tensor, which vanishes if and only if the so-called Kahler 
two-form 

^mn ^nm 9mkJ n (A. 1.9) 

is closed, 

dw = Q. (A.1.10) 

Conversely, if V J = and the metric is Hermitian, the Nijenhuis tensor vanishes and 
the Kahler form is closed. Such a manifold is called Kahler. 

A manifold is called quaternionic if there are three such complex structuresjl] 
that satisfy the integrability condition and that obey the algebraic relation- 
ship 

{J^'^TniJ^'^T k = -S^'S^^f, + e^*"(j("))'"fc (A.1.11) 

at every point. The idea is, again, that the manifold can be equipped with a local 
coordinate system that is modelled after that on the quaternionic space if" = i?^". 

When a quaternionic manifold has a metric, then, we may similarly require that 
this metric be Hermitian with respect to all three complex structures and that, in 
addition, the three Kahler forms 

wl± = grnk{J^^^)\ (A.1.12) 

obey 

dw^'^ = 0. (A.1.13) 

If a quaternionic structure has these properties, the manifold is called hyper-Kahler. 
Because there are three covariantly conserved complex structures, the curvature ten- 
sor is even more severely restricted. A 4n-dimensional hyper-Kahler manifold has a 
symplectic structure group; i.e., the structure group of its tangent bundle is Sp(2n). 

"'^In the literature there also exists a slightly different definition of a quaternionic manifold, which 
refers to a manifold with three such complex structures and an Sp(2) x Sp(2A;) holonomy that allows 
the three complex structures to mix among themselves upon parallel transport. 
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One unexpected aspect of the hyper-Kiihler condition is that the integrabihty 
conditions are actually a lot simpler than suggested above. In fact, the vanishing 
of the three Nijenhuis tensors is implied by the three conditions dw^^^ = ^125j . 
We start by writing any vector field as a sum of two pieces, each of which is an 
eigenvector of the almost complex structure. The = —1 condition implies that 
the only allowed eigenvalues are ±i; the eigenvectors with these eigenvalues are of 
type (1, 0) and (0, 1) respectively. As already noted, the integrabihty condition on 
a complex structure is equivalent to the statement that each of these eigensectors is 
preserved under the commutator action of vector fields. Now recall that given an 
almost complex structure J and a Hermitian metric g we have 

w{X,Y) = g{X,JY) (A.1.14) 

for any pair of the vector fields X and Y. With three complex structures that form 
a hyper-Kahler structure, we also have a series of algebraic identities of the form 

w^^\X,Y) = g{X, J^^^Y) = g{X, J'-^^ J^^^Y) = w^^\X, J^^^Y) . (A.1.15) 

Because of this, a vector field X being of type (1, 0) with respect to J'-^-* is equivalent 
to the statement that 

w^^\X,Z) = tw^''\X,Z) (A. 1.16) 

for any vector field Z. 

The integrabihty of the complex structure J^^^ follows if, for any such vector fields 
X and Y, the same relationship holds for the commutator [X, Y] as well. On the 
other hand, [X, Y] is the Lie derivative of Y with respect to X, so 

w^'\[X,Y],Z) = Cx{w^'\Y,Z))-w^'\Y,CxZ)-{Cxw^''>){Y,Z) 
= iCx{w^'\Y,Z))-iw^^\Y,CxZ) - {Cxw^'^){Y,Z) 

(A.1.17) 

for any vector field Z. Furthermore, if dw'^'^^ = we find 

= rf(X,w;(')) = id{X,w^^^) = tCxW^^^ 

Combining these results gives the identity 

w^'\[X, Y],Z) = zw^'\[X, Y],Z), (A. 1.19) 

showing that the commutator [X, F] of a pair of (1,0) type vector fields is again of 
(1,0) type. 



(A.1.18) 



A. 1.3 Symplectic and hyper-Kahler quotients 

The symplectic quotient should be familiar from classical mechanics. The phase space 
of a classical mechanical system is always a symplectic manifold with the symplectic 
two-form 

n = J2dx"' ^dpm, (A. 1.20) 
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where the are the coordinates and the p,„ their conjugate momenta. (Recall that 
a symplectic form is a closed two-form, dQ = 0, that is nowhere degenerate, and 
that we call a manifold symplectic if such a two-form is given.) The phase space 
is a particular example of a symplectic manifold, and has the general form of a 
cotangent bundle T*{X) where X is the space spanned by the configuration space. 
Together with the Hamiltonian H(j),x), its symplectic two- form is used to generate 
the equation of motion. 

If one of the coordinates happens to be cyclic, we can reduce the mechanics 
problem by removing the associated degrees of freedom. This procedure can be 
generahzed to any symplectic manifold as the "symplectic quotient." With the phase 
space example above, this goes as follows. The momentum u conjugate to a cyclic 
coordinate ,^ is a constant of motion and can be set equal to a fixed value for any 
motion. Recalling that the symplectic form has a term A di^, we find an invariant 
way to isolate the conjugate momentum v by computing 

= du (A.1.21) 

where the inner product between a vector field V and a differential p-form A is defined 
as 

(V^^ki2:.i,-i -ltv'i-^)'-'Ki.-^,-l,i.■■i,-l■ (A.1.22) 

k=i 

Setting z/ to a constant value, say /, will reduce the phase space dimension by one, 
while we actually wish to remove ^ as well. This second step is achieved by considering 
a new phase space 

u-\f)/G, (A.1.23) 

where G is the translational group acting on the phase space as ^ + constant. 

The resulting reduced phase space is again symplectic. The reduced symplectic 
form is obtained in two steps. First, we pull-back Q to i^~^{f) by 

Q' = i*n (A.1.24) 

where i is the embedding map of u^^{f ) into T*{X). Then, we choose any (local) lift 
map a from i/~^{f)/G into v~^[f) and define 

n"^a*Q.'. (A.1.25) 

This two-form on u~^{f)/G is closed, since the pull-back and exterior derivative 
always commute, 

[d,i*]^[d,a*]^Q. (A.1.26) 

There is a potential ambiguity in this procedure, since a is not unique. Recall that 
a lift map is defined by the property that when followed by the projection z/^^(/) 
v~^[f)/G, the combined action is an identity map on v^^/G. This leaves a lot of 
freedom in the choice of a. However, this ambiguity is harmless as long as Q'(V, ■ ) = 0. 
Thus, Q!' is naturally a symplectic form on the quotient manifold. 
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This quotient procedure generaUzes straightforwardly to any symplectic manifold 
if we replace the pair {T*{X),Q) by an arbitrary symplectic manifold {M,uj) with 
du = 0. The role of d/d^ is taken over by any vector field V that preserves the 
symplectic form, 

Cvco^O. (A.1.27) 
The latter condition is essential because 

= Cyuj = {V, duj) + d{V,cu) = d {V, uj) 

ensures that the moment map is well-defined and also that 

u" ^(T*{i*{uj)) (A.1.29) 

is a good symplectic form on the quotient manifold. 

When a manifold is hyper-Kahler, it is equipped with three complex structures 
a Hcrmitian metric g, and finally the three Kahler two- forms w^^^ that are related 
to the first two by 

w^'\X, Y) = g{X, J^'^Y) (A.1.30) 

for any vector fields X and Y. The Kahler forms w^^^ are nowhere degenerate, since 
neither g nor J^*) is degenerate, and are also closed. Therefore, a Kahler form is 
always a symplectic two-form, and a hyper-Kahler manifold is a symplectic manifold. 
If there exists a vector field V that preserves both w^^^ and g, 

JCv9^0, (A.1.31) 

one can proceed similarly to perform a symplectic quotient, except that now there 
are three "conjugate momenta", or moment maps, The quotient manifold, 

Q^{u^\fi)nu^\h)nu^\h))/G = S/G, (A.1.32) 

is referred to as the hyper-Kahler quotient. 

This reduced manifold is again hyper-Kahler. The triplet of symplectic forms uj^^^ 
induce a triplet of symplectic forms 

= a*{t*{w^'^)) (A.1.33) 

on the reduced manifold, as before, with i being the embedding map of S into M 
and a any lift map from the quotient manifold Q into S. This triplet of two-forms 
are all closed, and constitute three Kahler forms on Q. 

A. 2 The index bundle and the geometry of zero 
modes 

Expanding a massless charged Dirac field in a monopole background, one encoun- 
ters fermionic zero modes. Although the number of zero modes is invariant under 



A.1.28) 
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continuous changes of the background, their precise form depends on the details of 
the monopole background, and thus the zero modes can be thought of as forming a 
bundle over the monopole moduli space, commonly known as the index bundle |2D2] . 
The geometry of this index bundle encodes a great deal of the information about the 
low-energy monopole dynamics, as is shown in Chap. 8 for the case of pure M = 2 
and Af = 4 SYM theory, and in Appendix B for M = 2 SYM theory with additional 
matter supermultiplets. 

The index bundles are equipped with a natural connection whose holonomies are 
nothing but the Berry phase associated with the zero mode equation, namely the 
time-independent Dirac equation |202j . To see this clearly, let us concentrate on the 
part of the action that couples the Dirac fermion directly to the monopole background. 
For a Dirac fermion in a hypermultiplet this is a term 

^hyper = j ^^^^ (^l^Dj^ + = J dx^ ^VDa"^ (A.2.1) 

where the Ta are defined by Eq. (14.2.211) . Dj = Dj, and D4 = —D^ = b. The fact 
that the sign in the D4 term is the opposite of that in the Dirac operator for the 
adjoint representation fermion zero modes [as in, e.g., Eqs. (l4.2.24p and (I8.1.15P ] is 
simply a consequence of the standard conventions for fermions in vector multiplets 
and hypermultiplets; the sign can be reversed by multiplying the fermion field on the 
left by 7^. Our choice of signs here is such that the hypermultiplet zero modes are 
chiral with respect to Fs = F1F2F3F4. 

Denoting the zero modes by (^ = ^, ■■■J), we expand \E' as 

^ = y: ^^(t)^A(x, z{t)) , ¥ = y: Mt) [^^(x, (A.2.2) 

A A 

where the and their complex conjugates iJja are collective coordinates. The de- 
pendence of the zero mode on the background is summarized by its z-dependence. 
We will normalize the zero modes so that 

j dx^ {^^y^B = 5i. (A.2.3) 
Inserting this back into the action, and integrating over space, we find 

S-hyper = t j dt (^^^^ + ^^i^^n.^B^'') (A.2.4) 

where 

^ J dx' i^yd^<ilB (A.2.5) 

is the holomorphic part of the natural connection. 
A natural Hermitian metric 

h^"" = hAB = 5ab (A.2.6) 

exists on the bundle and can be used to raise and lower indices. One can consistently 
keep track of the barred (antiholomorphic) and unbarred (holomorphic) indices with 
two basic rules: 
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1) Raising and lowering indices changes barred indices to unbarred indices and 
vice versa. 

2) Complex conjugation changes barred indices to unbarred indices and vice versa. 
By raising and lowering the indices on and -0^ and exchanging their order in 

the above effective Lagrangian, we find that the natural completion of the connection 
A is 

AJa = -A,r^A^ . (A.2.7) 

This can be used to show 

= i^mB^r = (^JaT (A.2.8) 

where we have used the anti-Hermiticity of that follows from its definition. 

Finally, A^^ = A,J^b = 0- With this, the tensor defined by 

7^^ = i5^^ l/^-i5/, 7^^ = 7^^ = (A.2.9) 

is covariantly constant. This tensor is nothing but the complex structure of the index 
bundle, so the bundle comes with the unitary structure group U(/). 

When the hypermultiplet is in a real or a pseudoreal representation, the structure 
group gets smaller. To see this, consider the charge conjugation operation 

* ^ ^7^(7*^ = i7VC** (A.2.10) 

where the 4x4 real antisymmetric matrix C acts on spinor indices and satisfies 
= -1 and YC = -C{Yf. It follows that T^C = - C(r")'^ = -C (F'^)*. Taking 
the complex conjugate of the Dirac equation and using the fact that the zero modes 
are antichiral with respect to = — i7°7^, one finds that 

F„D:(C^*) = 0, (A.2.11) 

where D* is the complex conjugation of Da- 

An irreducible representation of a Lie algebra is real or pseudoreal if there exists 
a constant matrix R, acting only on gauge indices, such that 

t = R~H*R (A.2.12) 

where t is any of the anti-Hermitian generators of the gauge group acting on this 
representation. Repeating the complex conjugation twice, and using Schur's lemma, 
we find that RR* and R^R^^ are both proportional to the identity matrix. By 
rescaling R appropriately, then, we can make R to be unitary and to satisfy 

RR* = ±1 . (A.2.13) 

The representation is called real (pseudoreal) when RR* = 1 {RR* = — 1). 

When the spinor ^' is in a real or pseudoreal representation of the gauge group, 
we have 

R-'DaR^Dl, (A.2.14) 
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so the transformation 

<iI^^ = {R^C)^* (A.2.15) 

maps a zero mode to another zero mode of the same Dirac field. If we denote the 
complete basis of zero modes by \E'^, as above, then there must be a matrix C such 
that 

= (i?®C)(^A)* = C^^^B. (A.2.16) 
This leads to the complex conjugate relation 

(^a)* = C^B (^'')* (A.2.17) 

with Cab = (C^^)*. Taking this conjugation twice, we find that 

C^^i/ = -RR*^ . (A.2.18) 

(Note that the contraction of any tensor, including C, must be carried out via the 
bundle metric h.) 

The most important property of C is that it is covariantly constant. This can be 
seen by evaluating the connection in the basis and converting it to the basis in 
two different ways. We find 

-A/ = C^eC^^A''f (A.2.19) 

or, equivalently, 

AC + CA^ = 0, (A.2.20) 

where indices are contracted using the canonical metric h. Thus, in addition to the 
metric h and the complex structure /, we find another covariantly constant tensor C. 
Covariantly constant tensors always imply reduced structure groups. Thus: 

• For a Dirac spinor in a complex representation, the index bundle is complex 
with the structure group U(Z). 

• For a Dirac spinor in a pseudoreal representation {RR* = — 1,C^ = +1), the 
index bundle is real, with the structure group being at most 0(/). The tensor C 
provides a new symmetric bilinear form on the index bundle that is preserved 
by 0(/). 

• For a Dirac spinor in a real representation [RR* = +1,C^ = —1), the index 
bundle is symplectic. The number of zero modes, I, is always eveql, and the 
structure group is at most Sp(/). The three complex structures that are associ- 
ated with this symplectic structure group are /, C, and IC. 

One immediate consequence of this is that the index bundle associated with any 
adjoint fermion must be symplectic. Since supersymmetry forces the index bundle 
of the adjoint fermion to be identical to the cotangent bundle of the moduli space 
manifold, we essentially again recover the fact that the monopole moduli space is 
always a hyper-Kahler manifold. The integrability conditions of the three complex 
structures were already demonstrated in Sec. 15.11 

^One can easily see that / is always even when = —1 by taking the determinant of Cab C^'~^ = 
(^QABy qBC ^ -5^. The left-hand side gives |Det (C'^^)p, which is always positive, while the right 
hand side gives (—1)' which is positive only when I is even. 
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Appendix B 



Moduli space dynamics with 
potential in general Af = 2 SYM 



In Chap. M we studied the low-energy dynamics of monopoles for pure Af = 2 and 
A/" = 4 SYM theories. In this appendix we extend this program by considering 
J\f = 2 SYM theory with arbitrary hypermultiplets. In most hyper mult iplet 

contributes to the low-energy monopole dynamics via its fermion zero modes. These 
zero modes of the matter fermions reside in the so-called index bundle over the moduli 
space, and supersymmetry constrains the geometry of this index bundle in much the 
same way that it constrains the geometry of the cotangent bundle where the adjoint 
fermion zero modes reside. 

In addition, there are instances where the scalar field of a hypermultiplet can 
develop a vev without inducing further breaking of the gauge symmetry. In such 
cases, the additional vev also affects the low-energy dynamics. In this appendix, 
we first derive how the matter fermion zero modes affect the low-energy dynamics, 
and then consider cases where a hypermultiplet also develops a nonzero scalar vev. 
We then discuss the resulting modifications to the supersymmetry algebra and the 
quantization procedures. Finally, in Sec. IB. 41 we show how the results of Chap. 8 for 
J\f = 4 SYM theory can be recovered by viewing this theory as A/" = 2 SYM theory 
with an adjoint representation hypermultiplet. 



B.l Monopoles coupled to matter fermions 
B.1.1 Pure A/" = 2 SYM theories revisited 

Let us start by briefly recalling the results of Sec. 18.21 for pure M = 2 SYM theory, 
whose Lagrangian we wrote as 



Tr 
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Given the low-energy ansatz 



for the vector multiplet, the equations of motion imply 



^0 = i% - ^c/.^.A^A'- 



a = a-'^-(t)qr\'^y (B.1.3) 

where a is induced by a nonzero vacuum expectation value and obeys 

D^a^G^.A, (B.1.4) 

for an appropriate triholomorphic gauge isometry G. The first term in a induces a 
bosonic potential energy, while the interference between the first and second terms 
produces a fermionic bilinear term proportional to G. The final result for the low- 
energy effective action for pure Af — 2 SYM theory is 

S^^J dt[zH'g,r + ig,A'DtX' - G'^G^'g^r - iV^GrX^y] - b • g , (B.1.5) 
where 

DtX' ^X' + V^iTW (B.1.6) 
B.1.2 Coupling to = 2 matter fermions 

A massless hypermultiplet with complex scalar fields Hi and H2 and a fermion field 
^ enters the J\f — 2 SYM Lagrangian through the additional terms 

-^^mb' + a')H, - '^[{ntH^-fH.f (B.1.7) 

where x"^ is the charge conjugate of x- The are Hermitian generators in the matter 
representation and r" are the three Pauh matrices, acting as generators of the SU(2) 
R-symmetry. 

The hypermultiplet zero modes enter the Lagrangian through the ansatz 

^^V'^W^A, (B.1.8) 

with the Grassmanian complex variables ip^it) playing the role of collective coor- 
dinates. These live in the index bundle and show up in the low-energy effective 
Lagrangian coupled to the connection A of the index bundle. 
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In addition, there are interaction terms that are generated because the excitation 
of \1/ contributes to the equations of motion of the bosonic fields. To leading order 
these excitations determine the scalar fields in the same hypermultiplet via 

= ^,{m 

H2 = -^iri'^) (B.1.9) 

with ^ given by Eq. (IB.l.Sp . They also change the expressions for the vector multiplet 
fields in Eq. (IBX3|) to 

1 If 

a = a--0,,A'?A'- + — . (B.1.10) 



These interactions generate terms in the effective action that are quartic and 
quadratic in the fermionic variables. The quartic term, 

^.rAi^A'^A'-^V, (B.1.11) 

which couples a pair of ip"^ and a pair of A"^ via the curvature tensor of the index 
bundle, arises in a manner similar to the quartic term in the J\f = 4 SYM case 
studied in Chap. 8. Because the index bundle is now more general, the expression 
for the curvature tensor in terms of fields is more involved. Following the procedure 
of Cederwall et al. |2U5] , one can show that the field strength for the index bundle of 
\1/ is 

^grAB =< Vg^Al^Vr^B > " < a\^V,^ B > +6 < ^Al0gr*B > , (B.1.12) 

where the zero modes are related via the completeness relation 

I^A > < + n + i^-^ = 1 (B.1.13) 



to the projection operator 



n = 75^-^^l±Il75 (B.1.14) 



that projects onto the chiral non-zero modes. 

A less familiar term arises from the interaction between a and the ip^ in the 
Yukawa coupling. This term has the general form 

-zij^ij^'TAB (B.1.15) 
with being the complex conjugate of and 

= e(*^|a^s) (B.1.16) 
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satisfying the consistency conditioE0 

TAB;q = ^ qrAsG' ■ (B.1.22) 

Because T is anti-Hermitian, in a real basis Eq. (IB.l.lSP becomes —iiP^'iP^Tmn/'^ 
with Tmn = —Tnm- 

Combining these terms with the results for the pure M = 2 SYM theory given in 
Eq. (IB.l.Sp . and employing a real basis for all fermions, we obtain [207] . 

L = Uggri'^z' + iggrXWtX' -g'^'GgGr-iVgGrX'X' 



(B.1.23) 



B.1.3 Massive matter fields 

Adding a bare mass term for the hypermultiplet slightly modifies the above action. 
The mass term for the fermions is 

Cj^j = mji^'^ - mii^-f^'^ . (B.1.24) 

There is a global U{1) rotation in A/" = 2 SYM theory that mixes the real and the 
imaginary parts of the fermion mass and also rotates the two adjoint Higgs fields of 
the vector multiplet into each other. Once we have fixed this rotation by our choice 
of the adjoint Higgs fields b and a, the real and imaginary parts of the fermion mass 
are similarly determined. 

If we regard this mass term as a small perturbation of the same order of magnitude 
as a, the new terms in the low-energy Lagrangian are obtained by substituting our 

^ To obtain this condition, consider 

dqTAB = e{Vg^^\mB) + e(^'^|(I?,a)«'B) + e(*^|al?,*s) . (B.1.17) 
By using Eq. (jB.1.13|) . the first term in Eq. (jB.l.lTP can be rewritten using 

{Vg^^la-^B) - (P,*^|*c)'5^^(*c|a*B> + (Vg^Al^a^B) ■ (B.1.18) 
The first term is —AgAc^'~'''~'''^CB- Using the identity 

lpj5iea^A-G'^V,^A)^0, (B.1.19) 
which can be proven by acting with G^Vq on ^75^^ = 0, we can rewrite the second term as 

G''(r»g*^|ra?^^'ij) . (B.1.20) 

The last term in Eq. (IB.1.17P can be manipulated in a similar manner. Putting all this together, we 
obtain 

VgT^B = G'-{(I?,*^|ni?,*s) - (P.^'A|ra?g^'B> + e(*^|<^„.*B)} . (B.1.21) 

The expression inside the bracket is precisely the curvature of the index bundle, which gives us the 
condition in Eq. (|B.1.22p . 
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ansatz, Eq. (IB.l.Sp . Because the zero modes are chiral with respect to T^, only the 
second term in Eq. (1B.1.24P is nonvanishing, leading to 

Lm = miiP^iP^dAB = i^^'hiN . (B.1.25) 

In the second equality we have converted to a real basis, with I being the natural 
complex structure on the index bundle. This mass term is readily incorporated in 
the supersymmetric quantum mechanics by adding it to Tmn via 

T^T-mil, (B.1.26) 

since the differential condition on T allows a shift of T by a covariantly constant 
piece. 

Note that / exists for any index bundle, regardless of the gauge representation 
of the hypermultiplet. The structure group of the index bundle here is unitary by 
default. When the matter fermion is in a real or pseudoreal representation of the 
gauge group, the structure group becomes smaller and degenerates to an orthogonal 
or symplectic group, but / always remains a part of the index bundle structure. 



B.2 Monopoles coupled to a hypermultiplet vev in 
a real representation 

For certain hypermultiplets it is possible to turn on a scalar vev while leaving the 
U(l) gauge symmetries of the Coulomb phase intact. More specifically, this can be 
done when the matter representation contains a zero-weight vector. In such cases, 
this leads to additional potential energy terms in the low-energy monopole dynamics, 
in much the same way as the vector multiplet scalars did. Of particular importance 
to us is the case of a hypermultiplet in the adjoint representation, but other cases 
include symmetric tensors for SO{k) and antisymmetric tensors for Sp(2fc). All three 
of these are real representations, and we will restrict ourselves to this subclass^] 

A low-energy ansatz that solves the equations of motion to leading order is ob- 
tained by shifting the scalar fields so that Eq. fIB.l.Qp becomes 

H, = H, + ^im 

2ie 

H2 = H^ + ^in""^) (B.2.1) 

where the Hi solve the covariant Laplace equation in the monopole background, 

D'^H, = 0, (B.2.2) 

and are equal to the corresponding nonzero expectation values at spatial infinity. The 
new terms that arise from this shift can be either linear or quadratic in the Hi. The 

^The most general low-energy dynamics with a hypermultiplet vev in an arbitrary representation 
has recently been worked out |208| . 
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former generate terms with fermionic bilinears, while the latter correspond to bosonic 
potential energy terms. Since we are assuming that the hypermultiplet is in a real 
representation, it is convenient to introduce four real fields Ha that are obtained from 
the two complex scalars via 

H2 = -Hi + iH2 . (B.2.3) 

Now note that Eq. (1B.2.2I) implies that if C, is an arbitrary spinor with positive 
chirality under Fs, then IpHaC is annihilated by ^ = T^Di,. It follows that we can 
expand the former quantity in terms of the zero modes of 7^^^ and write 

IpHX = -ii^'^Y.^^'^A. (B.2.4) 

A 

This defines sections over the moduli space. We will find it more convenient to 
re-express these in terms of a real basis, denoted by K^^ . Because the index bundle 
of \1/ is symplectic, there are three complex structures, /*^*\ that act naturally on both 
and . As in the pure M = 2 SYM case, these additional geometric quantities 
are tightly constrained by supersymmetry and the zero-mode equations. Like the 
the /^*^ are all covariantly constant, and the section K must obey 

V.irf = (j('=)V),(/(^')ir)f (B.2.5) 

for k = 1, 2, or 3. (No summation on k is implied here.) 

A detailed derivation of the low-energy effective action can be found in Ref. [207] . 
Here we simply quote the results. The bosonic potential energy, 

I E K^KaM , (B.2.6) 

^ a=0 

is reminiscent of the bosonic potential energy from the adjoint Higgs field. The 
fermion bilinears from the Yukawa terms are 

- tX^'VgKoM^^' + I AVf ^V.iTfeMV^^ . (B.2.7) 

k=l 

The identity Eq. (1B.2.5|) allows us to combine these into a single sum. 



- t E A^/i?^i^a^;,^^ , (B.2.8) 



a=0 

by defining I^'^^ = I. 

Adding these contributions to those found previously we find the low-energy ef- 
fective Lagrangian for the case of one real hypermultiplet [20 7j . 



\Mj,N 
3 3 



Y: K^'KaM - 2^ E Jl?^ KaN.^X'r' ) . (B.2.9) 

a=0 a=0 
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The action we have written here is appropriate for = 2 SYM theory with 
a single real hypermultiplet, with a vev, that contributes the tensors and the 
Grassmann variables . For other hypermultiplets without vevs, we can simply 
turn off the and keep the ip^ . The index bundle for the tp^^ is symplectic, 
with structures /'■'^^ only if the hypermultiplet is in a real representation. If the 
representation is pseudoreal or complex the I^^'^ are absent, but they are not needed 
once we drop the K^^ . 

B.3 Symmetries and Superalgebra 

Just as in the case of pure Af = 2 SYM theory, the low-energy effective action for 
the theory with additional matter hypermultiplets is invariant under four supersym- 
metry transformations. In this section we will briefly describe these invariances and 
discuss the quantization of the theory. Many of the equations here follow closely 
those in Sec. 18.3.21 but with modifications arising from the presence of the additional 
hypermultiplets. 

B.3.1 Symmetries and Constraints 



The low-energy effective action obtained by integrating Eq. (IB.2.9|) over time is in- 
variant under the four supersymmetry transformations 

3 

k=l 

3 
k=l 

a=0 k=l a=0 

(B.3.1) 

where e and the three e(fc) are constant Grassmann-odd parameters. As in Eq. fl8.3.20p . 
the r^gA^'A* term in the second line vanishes identically but has been kept for the sake 
of a symmetrical appearance of the four possible supersymmetry transformations. 
The action is also invariant under the symmetry transformation 

Sz'' = kC^ 
SX1 = kG\rX' 
S^^ = kT'^r^ij'' -A^j.Sz^'ij^ , (B.3.2) 

with k a small real number, that is generated by the triholomorphic Killing vector 
field G. 

Demonstrating the invariance of the action under these symmetry transformations 
requires certain geometric properties of various quantities on the moduli space. In 
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addition to the hyper-Kiihler property of the moduh space and the triholomorphic 
Kilhng condition on G, we have new constraints on K, /, and T . These must satisfy 
Eqs. (IB.1.22P and (lB.2.5p . as well as the differential constraint 



C'VgKaM = T^^'K^N (B.3.3) 

and the algebraic constraints 

/SUf = (B.3.4) 

I^'^''nTlm = I^''^''mTln. (B.3.5) 

We refer readers to the original literature |207j for a complete derivation of these 
constraints from the supersymmetric field theory. 



B.3.2 Quantization 

As in Sec. 18.3.21 to quantize the effective action we first introduce a frame and 
define A"^ = A'^e^ that commute with all bosonic variables. The remaining canonical 
commutation relations are then given by 

{A^A^} = 

This algebra is realized in terms of spinors on the moduli space by letting A^ = 
7'^/ -\/2, where the 7^ are gamma matrices. The states must also provide a represen- 
tation of the Clifford algebra generated by the . The supercovariant momentum 
operator defined by 

rr,=p,- ^^,i^F[A^, A^] - '-A.mn^P''^'' , (B.3.7) 

where u^^p is the spin connection, then becomes the covariant derivative acting on 
spinors twisted in an appropriate way by A. Note that 

[n„y] = zr^A^ 

K,7r,] = -^R^^,,X^y -^J^^^MN^^'^P"" . (B.3.8) 
The four supersymmetry charges take the form 

Q = A«(7r,-G,)-^*^^[/('^)ir,]M 

a=0 

Qj = AV(^^>(7r,-a)-V'*'E[/^''^/^''^^a]M, J = 1,2, 3. (B.3.9) 

a=0 



i5l 

xMN 
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They again satisfy 

{Q,Q} = 2{H-Z) 
{Qj,Qk} = 2 6,k{H-Z) 

{Q,Qj} = 0, (B.3.10) 
but with the Hamiltonian H and the central charge Z now given by 

+L^M^Nj.^^ _ Ij-^^^^^^A^A^V^^V^ 
The operator iZ is the Lie derivative Co acting on a spinor, twisted by T. 



B.4 Recovering A/^ = 4 from J\f = 2 

A special case of the M = 2 theory we have considered is when there is a single 
massless adjoint hypermultiplet, and no other matter fields. The field theory then 
possesses enhanced super symmetry and is, in fact, just A/" = 4 SYM theory. This 
thus provides a second route to the low-energy action that we obtained in Sec. 18.3.21 
Let us examine in more detail how this comes about. 

We start with the observation that the fermionic coordinates ip^ now live in the 
cotangent bundle of the moduli space, just as the A'' do. These are then naturally 
combined into a doublet, 

= ( ) ■ (B.4.1) 

The curvature JF on the index bundle for the ip naturally becomes the curvature 
tensor of the moduli space, 

^ oqMN Rpqrs ■ (B.4. 2) 

The vevs (if any) of the hypermultiplet scalar fields lead to bosonic potential 
energy terms, as well as to terms that are bilinear in both the vector multiplet and 
hypermultiplet fermions. All of these terms contain tensors on the moduli space. 
Since the sections Ka are now induced by adjoint scalar fields, they must become 
triholomorphic Killing vectors, on an equal footing with G. We therefore introduce 
the notation Gj by 

K,^G,, j = l,2,3; G^G^; K^^G^. (B.4.3) 

As we saw in Chap. El these five Killing vectors can be intermingled by the action of 
an S0(5) subgroup of the S0(6)ij symmetry of A/" = 4 SYM theory in such a way as 
to preserve the low-energy dynamics. 
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The antisymmetric tensor T and the I^^^ must also be associated with the moduh 
space itself. Using the mapping of Eq. (1B.4.2P in Eq. (lB.1.22p . we find that Tab 
becomes proportional to dG. More specifically, we have 

Tmn ^ T^r = -VgGr , (B.4.4) 

with the antisymmetrization of indices implicit because of the Killing properties of 
G. Finally, the I^^^ must become the three complex structures, J^^\ on the moduli 
space. 

When all of these changes are incorporated, we recover precisely the low-energy 
action for Af = 4 SYM theory that was given in Eq. (18.2.291) . 

Furthermore, the various conditions on the Ki and on G must be lifted to condi- 
tions on the Gj in such a way that the five Gj are on equal footing. Since G = G4 
has to be a triholomorphic Killing vector, so should all of the Gj, 

Cg,9 = 0; Cg,J^'^ = 0, J = 1,2,3. (B.4.5) 

Furthermore, T = —dG^^ implies that the condition of Eq. (]B.3.3P b 
0. Since the five Gi must be on equal footing, we must have 

[Gi,Gj] = Cg,Gj = Q (B.4.6) 

for all pairs. Equations (]B.2.5|) and (]B.3.5P imply that the two-forms dGi are all of 
type (1, 1) with respect to each of the three complex structures on the moduli space. 
That is, 

[J^'^VUJ^'^Gi]r = V,Gir (B.4.7) 

for j = 1, 2, or 3, and all five values of /. 

Using the condition that the Kiihler forms be closed, dw^^^ = 0, and Eqs. (IB. 4. 61) 
and flB.4.71) . we find that 

v[G''jW^JG'j]=0. (B.4.8) 

However, the supersymmetry actually requires that the quantity inside the parenthe- 
sis vanish, so 

Gjw^jjG'j = (B.4.9) 
for all three values of j. This is the condition lifted from Eq. flB.3.4p . 
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